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Summary. The aim of this paper is to examine the implications of material heterogeneity on brittle materiai 
response and on relevant surface effects. Statistical and fractal concepts are used for this purpose. In the 
statistical formulation the displacement gradients of the micro-medium are considered to be random fields 
characterized by stationary exponential or Gaussian auto-covariance and by the relevant correlation length 
or scale of fluctuation. Through Taylor series expansion around the mean of the random field, an important 
analogy is found between the statistical formulation and the micro-structural theory, originally introduced 
by Mindlin, where higher order gradients of deformation appear in the constitutive equations. The analogy is 
valid only when fluctuations are small, so that some simplifications are allowed. It is found that the so-called 
internal length appearing in the micro-structural formulation is analogous to the correlation length in the 
statistical one. In the statistical approach there are no extra boundary conditions in the formulation, as is the 
case when higher order gradients are introduced. However, what is known as "conditioning" of the field at 
the boundaries effects its behavior near/on them. The statistical approach can provide further information in 
the form of higher order moments not captured by the gradient theory. Material/structure response is 
strongly dependent on the aforementioned scale. Its effect is most pronounced near the boundaries of 
a structure where its role on surface related phenomena is paramount. In order to study heterogeneity at 
a hierarchy of scales, i.e. absence of characteristic length, complex disorderly system, fractal concepts and 
relevant power decay laws are considered. The formulation introduces the fractal dimension of the 
heterogeneous displacement gradient of the micro-medium, a length describing the overall size of the 
structure, and the lower cutoff of the scaling law. The physical interpretation of the lower cutoff is the lower 
limit of applicability of the power scaling law. Mathematically it is important since in this case the fractal can 
be "followed" in the spatial domain. Similarly to the statistical case, an analogy between the fractal 
formulation and gradient theories is identified. No extra boundary conditions appear in the fractal 
formulation. However, there are still open questions with respect to the behavior of a fractal after 
conditioning, as is the case on boundaries. The analytical solution of a relevant surface instability problem for 
the gradient, statistical, and fractal formulation is presented. The solution was obtained through symbolic 
computations by computer because the analytical work is tedious and error prone. The analytical solution 
provides significant insight into the problem of heterogeneity and skin effects in brittle materials, internal 
length estimation, and the role of fractal scaling properties. Finally, the concepts introduced herein are 
discussed with respect to experimental information and numerical implementation. 

1 Introduction 

It is well known that materials like concretes and rocks, often termed as '~ alike", are 

heterogeneous, even before any external load is applied. In general, every material is inherently 

heterogeneous due to the presence of microstructure. Micro- and meso-scopically, heterogeneity 

for rock alike materials means many things: size and properties of aggregates, pores, 

microcracks, composite structure, interactions with discontinuities and surfaces. These influence 

the analysis of such materials significantly, both experimentally (in the choice of scales of 



158 G. Frantziskonis 

observation) and theoretically (limitations of homogenization methods, for example). In 
addition, material resistance to microcracking/damage is smaller on or near the outer surfaces of 
a structure or specimen than in the interior, signifying the so-called surface (skin) effects. In other 
words, due to the interaction of the micro-structure, i.e. micro-cracks, voids, etc., with the 
surfaces, the effects of heterogeneity are "stronger" near them. 

Heterogeneity implies that local material properties vary spatially. If the process of averaging 
of local material properties over a representative volume element yields constant values, then it is 
possible to replace the real heterogeneous material with a homogeneous one. This replacement 
constitutes the homogenization process. When the heterogeneity is such that the length scale 
above which the material law may be regarded as homogeneous is large, homogenization is not 
possible. The well known size and shape effects observed in testing of rock-alike materials, then, 
suggest that heterogeneity is important. In other words, the interplay of correlations and 
fluctuations is important, if one wants to attribute scale and shape effects on heterogeneity and 
interactions with surfaces. Heterogeneity may sometimes be characterized by a typical scale 
directly related to, for example, the grain size in a polycrystalline or granular medium. For rock 
alike materials such fluctuation scale is typically of the order of centimeter(s) and depends on the 
initial as well as on the degraded, due to external load, state of the material. However, if one 
considers heterogeneity in a hierarchy of scales, there is no characteristic fluctuation scale 
present. Appropriate fractal scaling laws may be applicable in this case. 

It is difficult to observe and/or simulate the spatial pattern of material heterogeneity at 
a range of scales from micro to macro. Important information can be extraxted from models that 
simulate the material microstructure and spatial randomness of heterogeneity approximately. In 
a resent such study, Bazant et al. [1], micromechanics based conclusions are important with 
respect to the problem of material heterogeneity and degradation patterning. In another 
approach, the initial heterogeneity and its evolution are studied through degradation variables 
and/or heterogeneity data as measured from ultrasonic scanning tests Frantziskonis at al. [2], 
Frantziskonis [3]. It is rather difficult to characterize the microstructure using non-destructive 
techniques. However, it is feasible to measure bulk properties averaged over volume through 
wave techniques such as ultrasonic since the microstructure affects the attenuation of ultrasonic 
pulses and the velocity of the transmitted wave. In the light of appropriate modeling, wave 
measurements can provide information on the average state of the material and its spatial 
variation. Here, average is considered with respect to the material volume that the ultrasonic 
wave passes through. In [2] the purpose of the ultrasonic tests was to study the spatial variation of 
material state in a brittle material subjected to mechanical load. For this purpose ultrasonic 
measurements were taken at several locations of each sample in the direction transverse to the 
applied uniaxial compressive load. Thus the spatial variation of material state was studied. The 
brittle material tested was cast-in consisting of sand, cement, plaster of Paris, water at 
proportions 15:2:3:4 by volume. In order to demonstrate the effects of heterogeneity through 
experimental information and theoretical results, Fig. 1 shows the contour of initially (without 
any external load) assigned state mapped linearly from the experimentally measured contour of 
received ultrasonic energy for a specific sample. This pattern is assigned for the initial value of 
a scalar damage variable r. Then the finite element method is used to model the response of the 
specimen under external load. For this sample ($4), the damage growth pattern obtained at load 
P such that P/Ppeak = 0.46 is shown in Fig. 2 a, and, for comparison, the ultrasonically dissipated 
energy (measured experimentally) at P/Pwak = 0.45 is shown in Fig. 2 b. The above procedure 
has been applied to several such contours and results are shown in [2]-[4]. For each sample 
tested the dissipated energy pattern and the failure mode was different from all other samples, 
showing a rather random pattern of heterogeneity. The problem of obtaining information on 
heterogeneity through non-destructive techniques is discussed further in Section 6. 
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Fig. 1. Pattern of initial (scalar ro) mapped linearly 
from the experimentally measured contour of recei- 
ved ultrasonic energy. Width, height of sample are in 
inches, 1 inch = 2.54 cm 

I 

ii 
8! 

�9 a , . .  Z  72". 

Fig. 2. a Degradation pattern obtained at load P such that P/Ppe~k = 0.46, b dissipated energy pattern 
measured through attenuation of ultrasonic pulse 

The irregular and complex nature of spatial variability of material properties defies a precise 
quantitative description either because of insufficiency of information or because of lack interest 
in knowing the very details of the microstructure. An attractive mathematical framework to 
describe heterogeneity, its spatial correlation and the possible transition to average variables is 

the statistical one. In this paper, a series expansion analysis shows that introducing strain 
gradients in the continuum constitutive equations is analogous to the statistical formulation of 
the problem, with respect to average quantities. However, the statistical approach can provide 
information on higher order statistical moments missed by the gradient approach. Also, the 
statistical approach introduces an evolution law for the scale of heterogeneity fluctuation as 

a function of deformation related variables. Fractal scaling concepts are used to describe 
heterogeneity at a hierarchy of scales. It is interesting that both the statistical and fractal 
formulations do not introduce extra boundary conditions, as is the case for gradient theories. 
This is an important issue and is addressed subsequently. 

Surface instability analysis examines the problem of development of surface undulations in 
a homogeneously strained body with tractionless surfaces Biot [5], Hill and Hutchinson [6], 
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Vardoulakis [7]. In a more general formulation Benallal et al. [8], conditions for the so-called 
complementary instability at the boundary of a solid have been established. Since in the 
formulation of the problem there are not physical length quantities, the wavelength of the surface 
instability mode remains arbitrarily short or long. The exponential decay beneath the surface is 
also arbitrary since it depends on the surface instability wavelength. Analytical solutions for 
surface instability are difficult to obtain for incrementally linear (elastic or elastic-plastic) 
constitutive relations. Usually, semi-analytical procedures are used. The analytical procedure is 
brought up to a point beyond which the solution is sought through numerical techniques. In [7] 
the instability criterion is formulated in terms of the ratio of the strengths of the material in 
uniaxial extension and compression, and in terms of an appropriate hardening parameter. 
Despite the significance of the relevant material properties, the semi-analytical solution does not 
allow one to study the influence of material properties on surface instability, unless an excessive 
number of semi-analytical solutions are obtained. In addition, the inverse problem of material 
parameter evaluation through surface instability analysis becomes difficult. However, as 
demonstrated herein, symbolic computations by computer made the analytical solution of the 
problem possible. This, together with the graphics capabilities of the software used, provide 
significant insight into the surface instability probem, its implications, and the influence and 
significance of the material parameters. Before presenting the results from the symbolic 
computations for the surface instability a formulation for material micro-structure from a 
micromechanics, statistical, and fractal approach is presented. These formulations introduce 
a singular perturbation to the original surface instability problem, and the single perturbation 
parameter is the internal length or an "effective" one as obtained from the statistical and fractal 
approach. By setting this length equal to zero the analysis reduces to classical surface instability 
analysis as in [7]. Thus, quantitative information about skin effects can be obtained from such 
analysis, as compared to the "classical" surface instability one. 

In Frantziskonis and Vardoulakis [9] based on Mindlin's [10] theory for material 
micro-structure interesting surface effects under conditions of equilibrium are studied. The 
governing field equations for uniaxial plane deformations are considered. Then, surface 
instability analysis shows non uniform deformations for a layer of specified distance from the 
surface. A semi-analytical solution for fixed values of the material constants was obtained in [9]. 
In the formulation, a single perturbation parameter is introduced and a "dispersion" law for the 
surface buckling load is obtained. It is found that surface degradation and skin effects can be 
attributed to localized surface buckling instabilities. Experimental information on skin effects 
and the analytical solution presented in this paper can provide an estimation of the internal 
material length. Also based on Mindlin's [10] theory a general formulation involving higher 

order gradients is shown in Vardoulakis and Frantziskonis [11]. 
The paper is organized as follows. Section 2 is "background" and is "adopted" from [9]. This 

background is rather necessary since it serves as the connection between the statistical, fractal 
formulation and the microstructure considerations of Mindlin and others. Section 2 also makes 
the paper as self contained as possible and avoids cross-referencing of previous and current work. 
In Section 3 the statistical, and in Section 4 the fractal formulations are introduced and discussed. 
Section 5 presents the analytical solution for a surface instability problem for the micromechani- 
cal, statistical and fractal formulation. Finally, a discussion on the applicability of the results 
presented herein, comments on numerical procedures, and relation to experimental information 
are presented in Section 6. It is noted that part of the results presented herein have been 
considered with respect to composites such as whisker reinforced, fiber composite materials in 
Frantziskonis [12], where preliminary two dimensional numerical results are presented and the 
problem of free edge delamination is addressed, Frantziskonis [13]. 
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2 Relevant background 

As mentioned previously this section is based on parts of Ref. [9]. It is included in this paper  for 
understanding the relation of the statistical, fractal approach to micro-mechanics formulation 

appearing in [9], [10], and [11], and for understanding the surface instability analytical solution. 

Thus, only the relevant definitions and concepts appear  in this section. 
Let the displacement of a material  particle be ui. The so-called micro-volume V' is considered 

embedded in each material  particle and its corresponding micro-displacement is ui'. In V' the 

displacement gradient is ~bij = u~ d and a micro-deformation gradient is z~jk = ~bjk,~, a comma  

denoting spatial derivative with respect to coordinates x~, i = 1, 2, 3. The macro-strain is defined 
as e~ = (ul,j + uj,~)/2 and the difference between the macro and micro-displacement gradients is 

a relative deformation, i.e. ?'~j = u~,j - ~b~j. Dynamic  quantities dual in energy to the kinematic 
ones are defined, i.e. the Cauchy stress zij being dual to e~j, the relative stress a~j being dual to 7~j 

and the double stress #ijk being dual to Z~jk. The interpretation of #irk is double force per unit area 
such that  the first index designates the normal  to the plane across which the component  jk acts. 

Thus the double force per unit area acting on the plane transverse to axis 1 is #111. Using the 
equation of mot ion the equilibrium equations can be derived [9], [10] 

~j,i + ~j,~ = 0, /~;jk,~ + djk = 0 ~ ~jk = --/ik~j,~. (1) 

Further,  the equilibrium stress is defined as 

r~ij = ~ij + d-ij = ~j  - ~kij,k. (2) 

Similarly to [9], [11] a particular case of the micro-deformation fields is considered, the 

so-called restricted continuum, where the macroscopic strain coincides with the micro- 
deformation. In this case the rate of micro-deformation gradient is identical to the strain-rate 
gradient, and the virtual work of internal forces c~W ") is 

( ~ W  (i) ~- "Cij~C, ij -~ # i j k ~ X i j k  �9 (3) 

It is noted that, since there is no relative deformation rate, the relative stress is workless. 

A vanishing relative deformation rate does not imply vanishing relative stress, for example in 
a typical friction problem the normal  stress is workless but not necessarily zero. Using (3) for the 

variation of the internal virtual work done by the stress, the corresponding variation for a 
material  volume V can be computed by integrating 6W ") over V 

In classical continua the boundary  surface S of volume Vconsists of two parts, S, where the 
displacements, S, where the tractions are specified, respectively. The so-called second-grade 

models introduce second strain gradients and this calls for additional higher order constraints on 

S,. Since the displacement is already specified on S~, only the normal  spatial derivative is 
unrestricted. Thus the boundary  conditions for S, are 

u i = w l ,  nk(c~ui/~xk)=rl on Su, (4.1,2) 

where nk is the unit normal  to the boundary  surface. Using the virtual work equations, i.e. 
equating the virtual work of external forces to the virtual work of the internal ones the field 
equations are derived as 

rjk,j - ~jk,~ = 0. (5) 

The extra boundary  conditions (4.2) are discussed further in this section, and also after the 
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statistical, fractal formulations are introduced. Similarly to classical continuum formulations, 
the equilibrium stress tensor, r~ u can be written as a function of co-rotational stress r~f 

7~ij 7~ R " t j  -~  (A)ikT~kj - -  7 [ i kO)k j  ~ (6) 

where cb u is the rate of rotation tensor cO u = (tii,j - uj,i)/2. For the purposes of this work we 
consider the plane strain problem depicted in Fig. 3. We assume incrementally linear constitutive 
equations (elastic or elastic plastic) for the Cauchy stress-rate 

4~1 = 2/~*i,1 + (1 - sin qS) #, ~22 = 2 # * ~ 2 2  q- (1 + sin qS)/5, i ,2 = 2 ~ 1 2 ,  (7) 

where eu = (vlo + U,~)/2, vi = fil and p is the hydrostatic stress. Here 4) is the mobilized friction 
angle, 4#* is the so-called instantaneous tangent modulus and # is the instantaneous shear 

modulus for shearing parallel to the coordinate axes. Material parameters #,/~* and 0 are, in 
general, dependent on the histories of deformation. The particular dependence is specified in the 
sequence. Considering the uniaxial plane strain problem, the constitutive equation for the double 
stress rate is written as / i , t l  = # / 2 g l l , 1 .  Through dimensional analysis it can by verified that l 
has dimension of length and as shown subsequently this quantity has important implications. 

Equilibrium can be expressed in terms of the equilibrium stress rate, i.e. from (5), (6) and the 

definition of equilibrium stress (2) we obtain 

7~11,1 "J- 7~12,2 - -  T22d)21,2 = 0 ,  7~21,1 ~- 7~22,2 - -  T22(~)21,I = 0 (8) 

and z22 = o-, a being the external applied stress, cf. Fig. 3. Finally, from (8) and the constitutive 
equations described above we obtain for the problem of uniaxial plane strain 

/tit = 2/l*itl + (1 - sin q~)/5 - #12/ll.ll,  (9.i) 

7~22 ~--- "~22, 7~12 = 7~21 ~--- i12  = "C21" (9.2) 

As can be seen, micro-structure considerations introduce the second gradient of strain in the 
constitutive equations. Here, the interest is on surface effects thus only the quantity/1111 was 
considered nonzero. A more general formulation is shown in [11]. Similar second grade terms 
appear in the gradient models, Aifantis [14], [15], where the physical significance of gradients is 
addressed. Also, a series expansion of the terms appearing in nonlocal theories, Bazant [16], yields 
higher order gradients in the constitutive equations, Vardoulakis and Aifantis [17]. The extra 
boundary conditions appearing in gradient theories have been addressed very recently by several 
authors, Vardoulakis and Aifantis [17], [18], Muhlhaus and Aifantis [19], [20], and in [9], [11]. With 
respect to the statistical, fractal approach, this subject is discussed in Section 6. 

(7 (7 

~-)< i 

X 2  

Fig. 3. Uniaxial plane strain problem 
and corresponding coordinate system 
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3 Statistical approach to heterogeneity 

As shown in the previous section, micro-structure considerations introduce the second gradient 
of strain in the formulation. In the following, for the sake of simplicity in notation we make the 
following substitutions: ell --+ e, ~11 --+ 0, xl --+ x. Although the following derivation is with 
respect to quantities in direction xl, it is easily extended to three dimensional quantities, i.e. in 
principal directions. Statistically, the interpretation of the assumption of the restricted 
continuum is that the displacement gradient of the micro-medium is averaged in the spatial 
domain. This averaging has a smoothing effect, so that small scale fluctuations associated with 
heterogeneity are filtered out. This assumption, however, is circumvented in the statistical and 
fractal formulation. Thus, the restricted continuum formulation can be seen as a special case of 
the stastistical one, if some type of space averaging is performed on the micro-displacement 
gradients, over a domain large enough (assuming it exists) to justify the restricted continuum 
assumption. Note that in the fractal formulation, Section 4, a sort of space averaging is performed 
but for entirely different reasons. 

The strain is dependent on the microdeformation gradient. Then, statistically we write, in 
general, e = ~(~). Let 0 be the expected value of 0, thus <0} = 0. Assuming, for the time 
being, that the fluctuations of 0 are small, if ~'(0) is &(~)/&p evaluated at 0 we have the 
Taylor expansion 

1 
~(0) = ~(o) + ~'(o) (0 - o) + ~ ~"(o) (0 - o) ~ + o[.] ~. (io) 

From this expansion and since 0 = 0(x) is defined in the x-domain, taking the ensemble average 
in (10), it follows that up to second order terms 

1 /{[( '~0]-3 I(~50 ~2g 6320 ~ ] }  ) (11) 
@} = ~(0) -t- ~ Vat@) ~x ~xx ~X 2 OX 2 t)=O ' 

where Vat(.) denotes the variance. Differentiable random functions are characterized by twice 
differentiable auto-covariance functions, Vanmarcke [21]. The auto-covariances of 0 considered 
in the following are twice differentiable. For function 0 being sufficiently smooth with respect to 
x at 0 = 0 the last term in the above equation can be considered small as compared to the term 
preceding it. Although in a general statistical analysis this assumption is not necessary, as shown 
below the analogy between the statistical approach and the gradient requires this smoothness 
assumption. Note that smooth 0 at 0 = 0 does not imply that g is smooth. Here, the purpose is to 
show under what conditions the restricted continuum formulation is analogous to the statistical 
one. Then, in the case that the second gradient of e is small the restricted continuum reduces 
(asymtotically) to the classical continuum without higher order gradients. However, the 
statistical formulation will reduce to the classical continuum only if Var(O) is negligible, which 
also implies that it reduces to the restricted continuum formulation. Then, from (11) 

<~> ~- ~(o) + j vat(O) ~ ax2j~=o/. 0 2 )  

We assume the random function 0 to be weakly stationary with respect to its covariance 
structure, and ergodic, Vanmarcke [22]. Then the (two point) autocovariance of 0, denoted as 

CO(x 1, x 2) = (1/]'(x 1) @'(x2)) = (@(x 1) 0(.?(:2)5 -- (0(x115 (0 (x2)>  
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is a function of the distance between the two points 

(~' = 0 - ( 0 )  are the fluctuations) and 

Co(x ~, x ~) = C 0 ( x  1 - x 2) = Co(x 2 - x 1) = C 0 ( r )  = C 0 ( - r ) .  

In this case, the following holds [21] 

( fi~/(X) ~/()c -{- r)) _ c32Co(r) 
OX ~3X 6qr 2 

Then 

7 x  = a r  2 , = o  

We consider the following two autovariances for 0. 

(i) Exponential:  

CoX(r) = Var(O ) exp ( -  r/l). 

(ii) Gaussian: 

G. Frantziskonis 

and not of the particular location 

(13) 

(14) 

(15)  

(16) 

Co~(r) = Vat(O) exp ( -  ra/22), (17) 

Where 2 = 21/[ff~ and l is the integral scale or correlation length or fluctuation scale (in 
Vanmarcke's  terminology) of the r andom function 0. It  represents the length beyond which the 

random structure of ~ ceases to be correlated. Figure 4 shows the plot of these two covariances. 
Note  that  the exponential covariance has a discontinuous slope at the origin. It is used as 
a random field covariance for the sake of convenience. For  the above covariances, we obtain, as 

follows from (12), (15) under the assumption of small fluctuations in t~ 

<~> = ~(o) - =t ~ La~ 5 = o  2 

where a = 1/2 for the exponential and a = 1/7r for the Gaussian covariance, respectively. Then, 
considering a linear relation between the equlibrium stress and ( i )  such as (7), we have that 

{7~11) = 2(#*i11)  + ((1 - sin 4)) p )  (19) 

Covariance, C/Var 

1 

0.8 

0,6 

0.4 

0.2 Coordinate r/ l 
0.5 t 1.5 2 2.5 

Fig. 4. Normalized plot of exponential and gaussian covariance functions 
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holds, and from (18) and (19) it follows that, to first order approximation since #* depends on the 
history of deformation thus is smoothed out 

@11) = 2/~*~11(0) + ((1 - sin ~b)i0) - 2a#*Iz~ll.tffO). (2o) 

The analogy between (20) and (9.1) is obvious. Note however that (20) or (9.1) provide 
information on the first odor statistical moments only. Statistically, higher order moments for the 
equilibrium stress can be evaluated. In addition, the smoothness assumption mentioned 
previously can be relaxed. Thus, the statistical approach is analogous to the gradient one only in 
the case of small fluctuations in the relevant random fields. 

As shown in Section 5, for a particular type of constitutive equations, #* = # N ( -  sin (qS)), 
Eqn. (36). Substituting this expression in (20) we define is as the "effective" material length from 
the statistical formulation such that 

/~2 = 2a(1 -- sin ~b) 12 . (21) 

Thus the "effective" material length is not a constant but depends on the deformation (sin qS) and 
on the covariance structure of micro deformation (a). For monotonic loading the mobilized 
friction angle increases, thus the effective material length decreases as shown from (21). If one 
considers that increasing deformations in rock alike materials is accompanied with microcrack 
formation and propagation then the correlation length of micro-deformation decreases. Also the 
effective material length depends on the covariance structure of micro-deformation through 
constant a for the covariance considered herein. 

4 Fractal approach to heterogeneity 

Fractals provide a systematic approach towards the quantitative characterization of complex 
disordered systems. It is difficult to characterize the possibly fractal character of heterogeneity in 
brittle materials. However, it is known that fracture surfaces show fractal character, for many 
materials, although the subject is at the "embryonic" stage (thus controversial) and deserves 
further research, Chermant and Coster [22], Mandelbrot et al. [23], Allen and Scholfield [24], 
Underwood and Banerji [25], Allen et al. [26], Pande et al. [27], Pantie et al. [28], Blinc et al. [29], 
Lung and Mu [30], Mecholsky et al. [31], Skjeltorp and Meakin [32], Wang et al. [33], Davidson 
[34], Adler [35], Alexander [36], Castano [37], Tsai and Mecholsky [38], Lange et al. [39]. Since the 
spatial characteristic of fractured surfaces depend on deformational spatial characteristics of the 
material before (macro)fracture, it is interesting to examine the implications of fractal 
heterogeneity. The relation between pre-(macro) fracture fractal heterogeneity and fractal 
properties of the (macro)fracture network is discussed in Section 6. 

For a self-similar homogeneous fractal field the (two point) autocorrelation function CJ(r) is 
a homogeneous function of its arguments and scales as 

CS(r ) ~ r-2~, (22) 

where the exponent x is the codimensionality of the fractal, ~ = d - D, d, D being the Euclidean, 
the fractal dimensionality, respectively. Often the variance of increments (23) is used to 
characterize the spatial correlations of fractal fields, Mandelbrot [40], Voss [41]. The variance of 
increments is related to the autocorretation, and if we consider the scaling law to hold between 
a lower and an upper cutoff, separated by several orders of magnitude, then close to the cutoffs 
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the variance of increments is inversely proport ional  to the autocorrelation [41]. Some prefer to 

call such fields self-affine. This means that tp versus r repeats statistically when r and ~ are scaled 
by different amounts.  This autocorrelat ion (22) implies an unbounded variance for infinite 
domains. For  finite size structures the autocorrelat ion function will depend on the overall size of 

the structure described by a characteristic length L as well as on r. If Vo(r) is the variance of 
increments given by 

V~,(r) = ([~(x + r) -- tp(x)]2), (23) 

then for a finite size structure we define the variance to be Vat(O) = V(L) which is finite. If 

heterogeneity at larger scales are related to the ones at smaller scales by changes of length scales it 
is natural  to assume that  C~,(r, L) is a homogeneous function of r, L a n d  scales as 

Cr r, 7 L) = 7- 2~C~,V( r, L). (24) 

For  7 = L- ~ we obtain 

CeF(r, L) = L-  2~f(r/L). (25) 

Funct ionf(x)  is the scaling function and 2~ is the scaling exponent. Such scaling functions have 
been examined extensively, experimentally and computationally,  in different scientific fields 

[40] -  [441. The autocorrelat ion function has the above simple power law form in length scales 

limited by ~ < r < L. Here ~ is a lower cutoff length for the fractal; in practical terms, it is a 
fraction of the internal length 1 considered in the previous section. Then, the variance of ~p for 

a finite size structure can be defined as 

Var(O) = V(L) = C~(~, L). (26) 

It is well known the fractal fields are, in general, continuous but non-differentiable, Mandelbrot  
and Van Ness [44], Mandelbrot  [40]. The divergence of the second spatial derivative of a power 
law covariance ( ~  r -  2~) or of a power law for the variance of increments ( ~  r 2~) at the origin 

simply shows the non existence of the derivative of the fractal field. It  is mathematical ly 

inconvenient that fractal fields do not have a derivative, pointwise or in the mean square sense. 
One way to circumvent this inconvenience in a physically meaningful way is to consider cutoffs 

(especially a lower one). This allows one to define what M6haut6 [45] calls projective derivative, 
i.e. the sum over sections equal to the cutoff. Of course, the slope of the curve in this case becomes 
a multivalued variable and this leads to a probabilistic description. The literature on derivatives 
on fractal sets seems to be very rich. Mandelbrot  and Van Ness [44] addressed this problem 
rigorously, but the derivative of Brownian mot ion has been addressed long before (see references 

cited in Mandelbrot  and Van Ness [44], Mandelbrot  [40, pp. 250], Peitgen and Saupe [42, pp. 65]). 
Here, it may be appropriate  to quote Mandelbrot  and Wallis [46] discussing differentiation of 
fractals in time domain:  "Thus Bn(t) is continuous but has no derivative in the ordinary sense. 
Perhaps surprisingly, this seemingly 'pathological '  feature is needed to make BH(t) a realistic 
model ... One would not even want to follow it in continuous time, except after appropriate  
smoothing. In fact, if a model suggests that  instantaneous precipitation can be followed, it is 
unreasonable ... the formal derivative is acceptable because it becomes mathematical ly 
meaningful only after it is agreed that  it must  always be examined through some smoothing 
mechanism to eliminate high-frequency jitter". For  use of derivatives of fractal functions in 
differential equations we refer to several papers nicely collected together in Family and Vicsek 
[47], beginning with the important  paper  by Edwards and Wilkinson. 
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By introducing a cutoff (as done herein) it is easy to show (see Vanmarcke [21, pp. 200]) that 
the correlation coefficient between the "point process" and the moving average over the cutoff is 
unity. Then the two processes can be considered as statistically equivalent and the process has 
a derivative (Vanmarcke [21, pp. 209]). For derivatives on deterministic fractals we refer to the 
recent paper by Panagiotopoulos [48] and many references cited there, on propositions that 
justify the replacement of the fractal geometric elements by a sequence of classical geometric 
elements for the calculation of structures having fractal geometry. In short, introduction of 
a lower cutoff in the fractal field is physically meaningful and follows definition of deriva- 
tives. Since the point process and the one averaged over the cutoff are statistically equivalent, 
we have 

/ ( o r  o2co(,.,L) : 
\ \~-x]  / = ~?r2 , : ~  -(2)4 + 1)2zL-2"-2f"O/, ). (27) 

Then from (12), (26) and (27) 

(e)  = e(O) 2 2)4(2z + 1) L,~x~J~,=o 

and similarly to (20) 

(7~11) = 2#*~11(0 ) 4- ((1 -- sin 05)/~) 
4 2 

2)4(2~ + 1) 
#*i~1,11(0). (29) 

As can be seen from (29) and (20) for a finite size structure the fractal formulation introduces a sort 
of "equivalent length" I-I and 

_ ~ 2  

ls2 - 2~(2)4 + 1) (1 - sin 05). (30) 

In the fractal formulation the fractal dimension z = d - D, the lower cutoff 4 and the upper 
cutoff L enter the formulation. However, Eq. (26) provides a relation between these and the 
variance of r The slope of the corresponding covariance structure (24) with respect to r is much 
greater at low values of r (near 4) than for higher values (near L). Thus instead of specifying ~ it 
seems preferable to specify its range through the relation mentioned above. This also "avoids" 
the sensitivity of the spatial derivative of the fi'actal on the value of the cutoff. 

5 Surface instabilities 

In this section the analytical solution for surface instability is presented. In the previous two 
sections, an analogy between the micromechanics based gradient approach, the statistical, and 
the fractal formulation was shown. Then in the following we present an analytical solution for the 
surface instability problem and/-is either the length appearing in (9.1) or the/~, [y appearing in 
(21), (30) respectively. Consider the problem depicted in Fig. 3. Starting from a stress-free state 
Co, the structure is stressed uniaxially, under plane strain conditions. Let C be the resultant 
configuration. In order to study the stability of continued equilibrium in C, the existence of 
non-homogeneous infinitesimal transition, C --, C', is investigated, with C being the reference 
configuration. The equilibrium in C is unstable if an unbounded, non-periodic solution exists. 
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From the two equilibrium equations (8) by introducing a stream function ~' such that 

v l=~g,2  v 2 = - ~ , 1  (31) 

we imply incompressibility constraint, and we obtain 

-R2k~,z21111 + ~'1111 + b~'1122 + Ct//'2222 = 0,  (32) 

where 

b = [(22 + l )  (1 - 32) - (22 - 1) ~ i ] / ( ~ 1  + 42),  

c = ;~2(~2 - ~ 1 ) / ( ~ 1  + ~ 2 ) ,  

2 = tan (7t/4 + ~b/2), ~ = - a / 4 # * ,  32 = #/4#, 

R 2 = ~2f2/(~1 + 42), n = (mrc) 2 (R/1-1) 2, ~ = (m~) 2 (F/H) 2 

and 2~H represents wavelength. Differential equation (32) is a singular pertubation of the 

original (resulting without micro-structure considerations) one [9]. Following [5] plane strain 

surface instabilities can be analyzed. The problem finally reduces to the solution of the 

differential equation 

(1 -k n) 0 IV - -  (mrc) 2 0 "  -}- (rrtg) r cO = O, (33) 

subject to the boundary conditions 

(1 + n) 0"' -(m~z) 2 P0'  = 0, (34.1) 

0" q- (mrc) 2 0 = 0. (34.2) 

For solution of the above problem the expressions for # and #* must be specified. A one 
parameter family of stress-strain surves of the power law type is assumed, thus the stress-strain 

curve from plane strain uniaxial compression is given by 

"C O 

where N is a constant between zero and one, Co and Yo are arbitrary reference values of r and 
? respectively, ? is the second invariant of the deviator tensor of a u, and z is the second invariant of 

the deviator tensor of r For this kind of hardening function the shear moduli # and #* are 

expressed as 

#* #N(1 - sin qS). (36) 
7 

The mobilized friction angle 4) is expressed as 

M 7 _ (37) 
sinq~ = I + M  ( Z ~  N' 

where subscript c denotes value at failure and M is a constant related to the strength ratio 
(uniaxial strengh in tension over uniaxial strength in compression). The above problem is solved 
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through computer  symbolic computations.  The program Mathematica (Wolfram Res. [49]) was 
used and the solution procedure is shown in the Appendix, where the total Mathematica session 
has been condensed for compactness. The input data  are given, however. The printout  of the 
unconcensed session is 20 pages long! The length and complication of the procedure as observed 

from the computer  showed clearly the difficulty to obtain the solution without computer.  Part  of 
the analytical solution was also presented in Frantziskonis [50]. 

The final solution for the instability problem obtained from Mathematica is as shown in the 

Appendix 

~318(1 q-/7) My N + 8(1 q-/7) -/72] q- 7218(1 q-/7) My u q- 4n + 16N + 8/7N] 

- 7 [ 1 6 N ( 1 - N ) + 4 n + n  2 ] - n  2 - 8 n N - 1 6 N  2 = 0  (38) 

and for the case where the internal length/- = 0 -~/7 = 0 the formulation yields the final solution 

for the classical surface instability analysis 

73(1 + M7 N) + 72(2N + My N) - 27(N - 2N 2) - 2N 2 = 0. 

For  the special case of non-frictional material  (M = 0) Eq. (39) reduces to 

(39) 

~3 + 2N72 _ 2N(1 - N) ? - 2N = 0. (40) 

With the above final form of the surface instability analysis (38)-(40) an overall view of the 

problem can be obtained. 
Figure 5 a shows the influence of N on classical surface instability (l = n = 0) for a fixed value 

o f M  = 0.43. H e r e f d e n o t e s  the left hand side of Eq. (39). We see clearly that  as N increases the 
strain 7 (gamma) at instability increases. The linear case (N = 1) predicts very high strain at 
instability (7 ~ 0.81). The limit case of N = 0 corresponds to rigid-plastic behavior and in- 
stability occurs as soon as the plastic regime is reached. Figure 5 b shows an animation of the 
previous figure where the value of M changes. As can be seen from this figure and Eq. (39) 
parameter  M influences the strain at instability in a linear fashion. Note that in order to obtain 

Fig. 5 b (resolution is 80 x 80 in each figure) by semi-analytical means [9] one would need to solve 
the problem 9 x 80 x 80 = 57,600 times (semi-analytically) or perform 57,600 finite element 

analyses of the problem! 
For  the surface instability analysis with micro-structure considerations the problem is 

more difficult since the value of l- is not known a priori. However, the final form of the 
solution (38) allows investigation of the influence of all the variables. Figure 6a  shows the 
influence of exponent N on instability, for a specific value of r/(/7-bar). Here, g designates 
the left hand side of Eq. (38). Figure 6b shows ananimation of Fig. 6a  where the value of 
n changes. 

In order to study the effect of f o n  instability, we can look at the decay of the strain field, as 
shown in Fig. 7. Figure 7 b is an animation of Fig. 7 a, where the value of 17 changes. We see that if 

we consider that splitting parallel to the surface will occur at the first peak of the strain field from 
the free surface, then the distance to the crack varies between/-and 31. If splitting is considered to 
occur at that  distance from the free surface where significant percent of at tenuation occurs, then 
splitting occurs at about  4/-to 5{. The wavelength of the instability problem is difficult to specify, 
unless detailed experimental data  on different size specimes are available. In a series of tests, for 
example, of varying height of specimen h = L, it is well known that the stress/strain at instability 
decreases as h increases. Then, according to Fig. 6 b, the value of ~7 decreases as h increases. Then, 
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M = 0.43 

5. a Three-dimensional  plot showing the influ- 
of parameter N on surface instability, n-bar = 0, 

. . . .  imation of Fig. 5a  

M f O J  MffiO.2 M = O J  
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n =  t , M = 0 . 4 3  

g 

a l o 

i. a Three-dimensional plot showing the influ- 
of parameter N on surface instability, n-bar = 1, 

ammation of Fig. 6a 

M = 0 . 4 3 , n  = 0  M = 0 . 4 3 ,  n = 0 .2  M = 0 .43 ,  n = 0 .4  

M = 0 .43 ,  x = 0 . 6  M = 0 . 4 3 ,  n = 0 .8  3 [  = 0 .43 ,  n = i 

if we assume that very short specimes will develop a splitting crack at distance I 'from the free 

surface, and very long ones at 3/~ by interpolation the value of H for given specimen height h can 
be specified. 

6 Discussion and comments  on related research 

The "usual"  or traditional approach of modeling an engineering and/or  physical problem 
ignores the fluctuations and relevant spatial correlations in the system under consideration. This 
is mostly done by techniques called homogenizat ion in engineering or mean field approximat ion 
in physics and other scientific fields. However,  homogenization has its own limitations - for 
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many systems the "juice" is in the fluctuations rather than in the mean. For rock alike materials 
the well known size and shape effects provide a first indication that the fluctuations and 
correlations are important. Then, if we consider that the fluctuations are stationary (in the 
statistical sense) we expect their effects to be most prominent near free surfaces. Statistically, 
a (deterministic) boundary condition "conditions" the random field. Then the stationarity of the 
field breaks down near the boundary. Even if the mean value of the field is constant, the 
conditioned average depends on the position near the boundary. Similarly, the conditioned 
variance is not constant near the boundaries. Conditioning at the boundaries implies change of 
the mean and of the variance in the neighborhood of the boundary. From the mechanics point of 
view this is equivalent to the interaction of heterogeneities (i.e. microcrack, voids etc.) with the 
free surfaces. This interaction should effect the behavior near the surfaces and the instabilities 
near them as shown through the analytical solution. Experimentally, in uniaxial compression 
testing of rock alike materials, often the density of microcracks proliferates leading to vertically 
aligned microracks resulting in gross bursting of material from the tractionless surfaces, 
Fairhurst and Cook [51], Hudson et al. [52], Read and Hegemier [53]. In other words, irregularity 
of deformation in the specimen is not uniform, but there is a part in which the irregularity is 
greater than in other ones, that is near the tractionless surfaces. 

It was shown that under certain conditions the statistical and fractal formulations are 
analogous to gradient theories. These conditions call for small fluctuations in the displacement 
gradients so that the Taylor expansion (10) and the assumption involved in (12) are valid. For 
fluctuations being negligible the formulation reduces to classical continuum theories. Note that 
the analogy of the statistical (fractal) approach to the gradient one was established after assuming 
stationarity (stationarity of increments) for the relevant field. Since stationarity (stationarity of 
increments) ceases to prevail near a boundary, the behaviour changes in that neighborhood. For 
the stationary (statistical) case boundary effects can be studied even analytically as done in flow 
through porous media problems for example, Rubin and Dagan [54], [55]. For the fractal case the 
subject seems to be unexplored even numerically. If the governing equations for the statistical 
and fractal approach are approximated, as done in Sections 4 and 5, then the formulation is 
analogous to the gradient theories and boundary effects are taken care by the extra boundary 
conditions. However, the approach we propose in the following does not approximate the 
equations and several advantages can be identified. 

Let us first that the fluctuations are small. Then one can discretize a problem, i.e. finite 
elements, and implement the constitutive relations with higher order gradients. The advantage of 
using gradients becomes more prominent in the post-bifurcation regime where it is known that 
gradients "regularize" mathematical problems associated with that regime, e.g. [17]. The physical 
interpretation of bifurcation for rock alike materials would be the formation of a single or 
periodic "shear band" or bursting - surface instabilities, i.e. in a uniaxial compression problem. 
It may be argued that the extra boundary conditions needed by the gradient formulation pose 
difficulties in solving boundary value problems. Within the statistical approach one could 
naturally follow a different path. Instead of introducing higher order gradients in the constitutive 
relations, fluctuations in the micro-deformation gradients are used. Then, conditioning of the 
relevant random field at the boundaries will have important consequences in the analysis. No 
higher order terms appear in the constitutive relations since the only modification from classical 
continuum is that the displacement gradient is a random stationary or fractal field. Thus, there 
are no extra boundary conditions at the boundaries. One, then, performs simulations without 
higher order gradients, but with a displacement gradient being a random stationary or random 
fractal field. In the simulation of a uniaxial compression problem, for example, the random field 
will evolve. Due to conditioning of the random field at the boundaries, the variance of the evolved 
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fields will not be constant. Peak values can be used as the signal for the onset of microcrack 
formation. One could incorporate this crack formation into the random field by further 
conditioning at the crack formation site, or by allowing a crack to form there. Both approaches 
will account for energy release and reduction in the external load. Initial numerical results [12] 
have shown the following, for simulation of uniaxial load case under displacement control. When 
the correlation length of the random field is small as compared with the size of the specimen an 
irregular crack pattern forms. For correlation length comparable to the size of the specimens 
a "straight" crack forms; the dissipated energy along the crack length is not uniform, however. 
This implies that a small specimen, i.e. a concrete specimen of size about equal to the size of the 
large aggregates, will form a single "straight" crack (e.g. fracture of the aggregate or fi'acture 
between two large aggregates). A large specimen would develop irregular cracks that would have 
to propagate around the aggregates for example (through the matrix; we assume the specimen is 

loaded slowly). 
The above considerations apply when fluctuations are small. If the fluctuations are large 

a different picture may emerge. The large fluctuations will imply a highly irregular crack 
formation pattern with multiple crack intersections and/or self-intersecting cracks. It is known 
that high strength concretes and high strength rocks develop a highly irregular crack pattern 
accompanied by an "explosive" burst of chunks of material. A simple observation of the remains 
of a tested high strength concrete specimen will show that the material disintegrates into pieces at 
a range of scales fi'om "dust" to pieces of the size of the specimen. Does this indicate that the 
fluctuations in such high strength materials are large? In our opinion, yes. These are two 
variables that effect the behavior. One is the fluctuations, i.e. coefficient of variation of the 
random field, and the other one is correlations, i.e. correlation length of the random field (as 
compared with the size of the specimen/structure). Intuitively, one would expect the following: 
for large fluctuations and weak correlations a highly irregular and sudden crack pattern will 
develop, as in the case of high strength concretes and rocks; for low fluctuations and strong 
correlations a single more or less straight crack will develop. In between these two extremes, the 
behavior is governed by the interplay of fluctuations and correlations. Some initial numerical 
results [12], [56] do indeed show such trends. Also, an analytical solution [56] shows "universal" 
values for the coefficient of variation beyond which the specimen will develop multiple crack 
intersections in a sudden or "explosive" manner. 

Recently, there is increased research activity in characterizing the irregular characteristics of 
cracks observed in rock alike materials (see Lange [39] and references cited there and [22] - [38]). 
Characterizing the irregularity is important with respect to problems such as dissipated energy 
due to crack formation, material resistance to crack formation. For man-made materials like 
concretes and composites this is much more important if one is interested in maximazing 
material resistance to cracking. A better understanding of the fracture mechanisms would have 
significant industrial impact. In order to address such problems it is advisable to examine the 
state of the material before (macro) crack formation and failure. The statistical and fi'actal 
approach provide valuable means to address this assue. One way to examine the initial and 
subsequent (due to loading) heterogeneity is non-destructive methods, e.g. ultrasonic waves. The 
following problems arise, however. When a wave of specific wavelength is transmitted through 
a material it can capture information within a range close to the wavelength. Since high 
frequency waves cannot penetrate samples easily, such wave techniques can provide information 
within a small range of scales. For example an ultrasonic wave of 3 centimeters wavelength will 
not be affected by inhomogeneities in the range of one millimeter or less. Then, as an initial 
alternative, valuable information can be obtained by studying the characteristics of the crack 
network developing in such materials. By back analysis (inverse or identification problem) 



Heterogeneity and implicated surface effects 175 

one can, in principle, obtain information on the state of the material before macro crack 
formation. 

It has been found, numerically, Herrmann and Roux [57], that crack networks developing in 
systems modeled statistically often have a fractal character. So, if this in the case, a natural 
question addresses the possibility that before fracture the heterogeneity has fractal character. In 
our opinion, initially the primary importance of fractals came about from the fact that power 
decay laws (the only mathematically admissible form of scaling) have often been observed by 
experimentalists in various and diverse scientific fields (Mandelbrot and Van Ness [44], 
Mandelbrot [40]). Thus, it seems likely that exponential decay laws (as used in the statistical 
formulation in our paper) have been adopted mainly because they are mathematically tractable. 
In addition to that, another equally important reason for the recognized significance of fractals is 
that power laws account for self-similarity. They provide a rather simple way to look at the 
system under consideration at a wide range of scales concurrently. The idea of looking at a range 
of scales concurrently seems attractive in practically every field since most systems have 
information at a wide range of scales. This is probably the reason for the increased attention 
fractal concepts have received recently. In fact, this is so appealing that promising recent 
developments (mainly in mathematics) allow one to look at a system with a ~ eye" - e.g. 
theory of wavelets. 

7 Conclusions 

Heterogeneity in brittle materials is considered through micro-mechanical, statistical, and fractal 
approach. The micro-mechanical formulation yields higher order gradients of deformation and 
the so-called characteristic material length. The statistical formulation yields analogous results 
where the characteristic length is identified as the correlation length of the relevant random field; 
importantly, an evolution law for the effective length results. The fractal formulation yields the 
fractal dimension of heterogeneity and the corresponding lower and upper cutoffs. An analogy 
between the different approaches is identified. The analogy is valid only when fluctuations in the 
relevant fiedls are small. This analogy is useful when material behavior problems are studied 
through numerical simulations since it provides the connection between known continuum 
theories and the statistical, fractal ones, where the effects of disorder in materials are examined. 
The analytical solution of an instability problem provides significant insight into the problem of 
heterogeneity, surface effects, the role of the integral length, and the implications of heterogeneity 
at a hierarchy of scales. 

Appendix 

In[1]:= DSolve[(l + n)u''''[x] - mpi^2 b u''[x] + 
mpi^4 c u[x] == 0, u[x], x] //Short 

c[i] 
Out[l]//Short= {{u[x] -> ........................................... + <<3>>}} 

2 
(mpi Sqrt[b - Sqrt[b + <<2>>]I x)/(<<2>>) 

E 
In[2]:= solution = u[x]/.%[[l]]; 
In[3]:= solutionl = C[I] Coefficient[solution,C[l]] + 

C[3] Coefficient[solution,C[3]]; 
In[4]:= eqnl = D[solutionl,{x,2}] + mpi^2 solutionl; 
In[5]:= eqn2 = (i + n) D[solutionl,{x,3}] - mpi^2 p D[solutionl,x]; 
In[6]:= x=0; 
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In[7]:= tll = Coefficient[Collect[eqnl,C[l]],C[l]]; 
In[8]:= t12 = Coefficient[Collect[eqnl,C[3]],C[3]]; 
In[9]:= t21 = Coefficient[Collect[eqn2,C[l]],C[l]]; 
In[10]:= t22 = Coefficient[Collect[eqn2,C[3]],C[3]]; 
In[ll]:= tll t22 - t12 t21 //Short 

2 2 
2 mpi (b + Sqrt[b + <<2>>]) 

Out[ll]//Short= -((mpi + ........................... ) <<i>>) + <<i>> 
2 (i +n) 

In[12]:= Simplify[%] //Short 
Out[12]//Short= <<i>> 
In[13]:= temp = Coefficient[Collect[%,mpi^5],mpi^5]; 
In[14]:= templ= temp[[l]]; 
In[15]:= temp2 = temp[[2]]; 
In[16]:= templ^2 - temp2^2 //Short 

2 2 
(b - Sqrt[b - 4 c - 4 c n]) <<i>> (b + <<i>> - 2 p) 

Out[16]//Short ...................................................... + <<i>> 

3 
32 (1 + n) 

In[17]:= ExpandAll[%] //Short 

2 2 
-32 b Sqrt[b - 4 c - 4 c n] 

Out[17]//Short .............................. + <<23>> 
2 3 

32 + 96 n + 96 n + 32 n 
In[18]:= Simplify[%] //Short 

2 2 2 
Sqrt[b - 4 c - 4 c n] (-b + c + <<13>> - n p ) 

0ut[18]//Short ................................................. 

In[19]:= 
In[20]:= 
In[21]:= 
In[22]:= 
In[23]:= 
In[24]:= 
In[25]:= 
In[26]:= 
In[27]:= 
In[28]:= 
In[29]:= 
In[30]:= 
In[31]:= 

Out[31]//Short= -8 gamma - 8 gamma 
In[32]:= Collect[%,gamma]; 
In[33]:= finalsolution; 
In[34]:= Collect[%,gamma] 

2 3 nn 
Out[34]= n + gamma (-8 - 8 gamma 

2 
(i + n) 

finall = %; 
final2 = finall[[3]]; 
p = (lambda^2 + 1 + xil - xi2)/(xil + xi2); 
b = ((lambda^2 + i) (i - xi2) - (lambda^2 - i) xil)/(xil + xi2); 
c = lambda^2 (xi2 - xil)/(xil + xi2); 
final2; 
Simplify[%]; 
final3 = %; s =m gamma^nn/(! + m gamma^nn); lambda =Sqrt[(l+s)/(l-s)]; 
xi2 = 1/(2 nn (l-s)); xil = gamma xi2; 
final3; 
Simplify[%]; 
temp3 = %; temp4 = temp3[[3]]; 
finalsolution = Simplify[temp4] //Short 

3 2 + nn 2 
m + <<15>>- 16 gamma nn 

nn 2 
m - 8 n - 8 gamma m n - n ) + 8 n nn + 

2 2 nn nn 2 
> 16 nn + gamma (-8 gamma m - 4 n - 8 gamma m n - n - 16 nn - 

2 2 
> 8 n nn) + gamma (4 n + n + 16 nn - 16 nn ) 
In[35]:= n=0; 
In[36]:= %% 

3 nn 2 nn 2 
Out[36]= gamma (-8 - 8 gamma m) + gamma (-8 gamma m - 16 nn) + 16 nn 

2 
gamma (16 nn - 16 nn ) 
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