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Abstract. R ules for describing certain simple cellular aut omata in a
uni ver se of dense-packed sp heres are presented an d explored . Speclf
ically investigated are oscilla tors and other stable forms for a rule
int roduced in [2] as a. candidate for 2. game of Life. T he "signature" of
a form is defined , and t he signature s are given for all known smaUer
forms for the above ru le . Rates of growth a rc di scu ssed and computer
implementation techn iqu es are mentioned.

1. Int roduction

In a three-dimensional un iverse of close-packed spheres, wh ich is a lso called a
hexahedral tesselation [4J, each sphere, or cell, has 12 immediate neighbors.
T he spat ia l relationsh ip between neighbo rs is best illust rated by placing a
cell at the cente r of a cuboct ahedron. Th e 12 corne rs th en show the locati on
of neighbor cells (see figure l -AL which are arranged in fou r intersecti ng
planes, each containing a hexagonal ring of six neighbors touching th e cent ra l
cell. For examp le, in figure I-A, the four planes are defined by (1,2,3,4- ,5,6) ,
(1,7,8,4,12,10), (2,7,9,5,12,11), and (3,8,9,6,10,11). F igure 1-8 shows the
neighbors of a central cell as spheres; here, the cente r cell is surrounded by
its neighbors and hence is ba rely visible.

Although one can easily envision space when it has been packed full (see
figu re I -C), a disp lay of just a few cells arranged in some configuration can be
confusing. To help alleviate th is problem, all illustrations of configurat ions
are shown from th e same perspect ive: namely, the viewer is always looking
st ra ight down , in a dir ecti on perpendicular to plane (1,2,3,4,5,6) .

1. 1 Some no tation

Let n denote a universe of dense-packed spheres; R3 will be used to denote
our occas ional reference to a. th ree-dimensional Cartesian uni verse. A cell can
have two states, which we will ca ll living and dead. T he next gene rat ion sta te
of a cell is de termined by the current state of the cell and its 12 immediate
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neighbors . Define environment, E, as the number of living neighbors of a
given liv ing cell, c, so that c remains a live th e next generatio n. Fertility, F ,
is the num be r of living neighbo rs of a given dead cell, d, so that d becomes
a live next gen eration. The valid fert ility an d environment ranges a re given
as £1 S E S e; and FI ::s F S r; Thus , all rul es, R, under considera t ion
can be written as a-t uples of t he form R = (EI, E U 1 FI, F u ) . These rules are
semi-to talistic [1] in that the nex t generation out come depends solely upon
c and the quanti ty of livin g neighbors and not their relative positions.

Throughout this paper, we shall dea l mainly wit h fl . Compute r experi
mentation was done with various finite universe sizes, occas ion ally wrapping
coordinates in order to simulate an infin ite unive rse. Because of the method
of com puter implementation, th e finite values for n appear more or less cubic
in shape and may be considered as being composed of success ive, a pproxi
mately square layers. T he number of such layers is referr ed to as the grid
size.

Many ru les yield forms ca lled oscillatorsj t hat is, th ey are per iod ic. An
oscillator of period one is called a stable form . An osci llator that translates
in some manner through space is, by t rad ition , ca lled a glider.

In reference [2], t he au thor int roduces a totalistic cellular a ut omaton ,
defined by R = (3,3 ,3,3), that appears to sati sfy criteria for considerat ion
as a "ga me of Life". T his ru le can also be spec ified verb ally:

If a cell to uches three living cells, it becom es (remains) a live
for t~e next generation ; otherwise it dies (remai ns dead).

Due to its importance as a Life game, the rule (3,3,3,3) was investigated
tho roughly, in order to determine the nature and quantity of its sma ll osci l
lators and 'sta ble form s. It is important to note that many oth er ru les of th e
form (EI,E u , FI , Fl.,,) suppor t simila r quantities of such st ructures, a lthough
an extensive sea rch has &0 far revealed no glider for an y semi-totalist ic rule
in n, and for only two such rules in R 3

.

2. ' Oscillators and stable forms for R = (3,3,3,3)

Three methods of discovering form s were employed: a) conden sation from
random "soup" , b ) condensat ion from some symmet ric pat tern , and c) con
struction . A Macintosh P lus was used for all exp erimentat ion .

Method (a) reveale d most of the com mon oscillato rs, but eventually
ceased to yield any new discoveri es. This method was also used to discover
both gliders (see figure 2, Nand 0) by st art ing with a small cluster of ab out
30 randomly created cells rat th e center of a fairly large finite universe. Any
configuration which st ruck the "edge" of the universe was saved .

Method (b) yielded th e vast majori ty of form s. For each experime nt
und er th is method a small symmet r ic shape , S, (not necessarily stable und er
(3,3 ,3,3)) was placed at th e center of a large finit e univ erse, The shape was
"stirred " twice with ran domly created rules of t he form

2 ::; E I , e, ::; 4; 2 :::; Ph r; :::; 5.
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Figure 1: Th e neighbors of the cell at t he center of the cuboct ahed ron
(A) form four intersecting planes- e.g. (1,2,3,4,5,6), (1,7,8,4,12,10),
etc.: an individu al live cell can be illustrated as a sphere; (B) illus
t rates t he 12 neighbors of a cell along wit h the cell, which can be seen
in the middle; (C) depicts a universe of grid size = 4, since 4 planes
of cells pa.rallel to plane (1,2,3,4,5,6) have been constructed.
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After two sti rr ings, the (frequent ly larger ) shape was saved as the starting
shape for the next expe riment, and R was switched to (3,3,3 ,3). If the start ing
shape had become loa large, it was discarded and sha pe S was used again.

Most expe riments conducted under methods (a) a nd (b) yielded no debris;
a ll cells usually died a fte r 2 to 20 generation s depending up on th e size of t he
sta rt ing form. If an objec t las ted mo re than 70 generations , it was conside red
stable and was saved on a disk file. After a maximum of 25 such shapes were
foun d , th e program was stopped ; t he files were exa mined and new d iscoveries
were noted. Due to the viewing limita t ions imposed by the program, it was
somet imes very difficul t to dete rmine when two forms were different or merely
the same form viewed from another angle (see, for example, figure 3-[,, ).
Fur thermore, the re was no way to preven t different files from being crea te d
for similar forms. Bot h of th ese problems were alleviated by incorpora t ing
signa tures, descr ibed below.

2 .1 Signatures

Th e signa ture , 5 , of any configura t ion, is defined by the 25-tuple

where Ai gives th e to tal number of living cells in the configurat ion with
exactly i living neighbors and Dj gives the total number of dead cells in the
vicinity of th e configurat ion with exactly j living neighbo rs. Note that Do
represents "space" and hence is omitted. Also, leadi ng and trailing zeros may
be omitted when writi ng a signature; t he "o'' acts in a manner analogous to
a decimal poi nt. Some fairly obvious characterist ics of signatures arc given
below.

1. Two identica l configurat ions with different orientat ions have the same
signat ure .

2. A3 + D3 (at genera t ion k) = I: Ai (at generat ion k + 1).

3. Any stable form und er (3,3,3,3) has a signature whose Ai are zero
excep t for A3 , and whose D3 must be zero.

4. Oscillators whose ph ases ar e symmetric with each other in some way
have iden tical signa tures for t hese ph ases.

Sever al oscillators ex hibit (4); for example, figure 2-A through E. Ot.her
interes t ing obser va tions may be mad e; un fortunately, t he observation
that we would most like to make-that different oscillat.ors ar e guar
anteed to have d ifferent signa tures- is not tr ue. T his fact is s tated
below.

5. It is poss ible to const ruct as many disti nct oscillators as we wish, with
each oscillator beari ng t he same signa tu re.



Simple CA in a Universe of Dense-Packed Spberes 857

Clearly, we on ly include as "dist inct oscillators" those sha pes where all
cells play an integral part in the overa ll form. More formally, if the convex
hulls of two (or more) forms always remain at least two cells apart, th an we
would say that these form s are separa ted and hence do not affect each ot her.
Thus, we would not consider several sepa rated copies of, say, figure 2-A as
being anoth er oscillato r; here, we would mere ly have several copies of 2-A .
With th is in mind , a proof of (5) ca n be obtained by observing figu re II .

In spite of (5), under (3,3,3,3) no two dist inct small oscillators (or stable
forms) with identical signatures have yet been foun d. Hence, we have been
able (so far ) to classify all oscillators discovered to date by their signatures, or
in cases where different phases have different signatures, th e lowest signature
alone. Table 1 is a complete list of such signatu res for all known forms und er
(3,3,3,3). T hese forms have been illust ra ted in figures 2 through 9 and of
course do not include "const ruct ed" configurations-that is, configurations
unl ikely to be d iscovered by primordial experimentat ion on a comp uter. If
different phases of a given oscillator have d ifferent signatu res, t he lower sig
na ture was given .

Although work with signatures of oscillato rs under rules ot her tha n (3,3,3,3)
has been limited , never theless no two identical signatures for d ifferent forms
have been found-with th e interesting except ion of th e (4,6,3,3) oscillator
shown in figure 13.

One should note that the signat ure ca n be obtained at lit tle expense dur
ing most computer simulat ions, as all the neighbors must usually be checked
anyway. Of course the signat ure concept could be extended to include the
42 neighbors that are a distance of two from a part icular cell (or greater
distan ces if desired). Natu rally, this would increase the execut ion t ime and
would ca use th e signat ures to lengthen, although signature length is obv i
ously bounded by 2*[number of cells in the confi gurat ion]. No work has been
done with such "extended" signatures, nor has work yet been done with
signatures in R3 .

2.2 C haracter ist ics of (3, 3, 3, 3) oscill ators

As mentioned in [2], two d ist inct gliders have been discovered, both with
a per iod of two. These gliders move in a st raight line along any of the 12
"neighbor tou ching direct ions." T he lit t le glider (see figure 2-N) has a total of
24 orientat ions , and the more symmetric big glider (see figure 2-0) has 12. A
lengthy search has fa iled to turn up any oth er glider; if one does exist, it will
probably have to be manu fact ured rat her tha n discovered from primordial
experiments .

All but four of the oscilla tors discovered exhibit a period of two. T he
exce pt ions are t hree per iod-four oscillator s, figures 2-D , 7-0 and 8-H; and one
period-six oscillator , figure 5-C. The relat ive frequency of the most common
forms have been tal lied in table 2.

Almost all stable and oscillating forms th at have been discovered exhibit
symmetry of some sort . T he few oscillato rs that appear to be asymmet-
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Table 1: Th e signat ures for all small st able forms discovered to date
for R = (3, 3,3 ,3 ) are given here. When different phases have differ
ent forms (and therefore different signatures), the lowest signature is
given. Th e right-hand column gives the figure illustrat ing the form.
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OBJECT
SIGNATURE NUMB ER OF

( LEFT PART ONLY) OCCURRENCES

2-A 1 2 1 o • 139
2-8 2 2 0 o • 105
2-E 3 0 1 e 47
2-C 1 0 3 o • 42
4-A 4 0 0 o • 32
2-D 1 0 3 2 0 1 • 31
2-N 4 3 0 o • 4
2 x 2-8 4 4 0 o • 2
2-A,2-C 2 2 4 o • 1
2-0 2 0 4 o • 1
2-F 4 2 • 1

Table 2: Each experime nt was initiated by randomly placing about
32 cells in a cluster at the very center of a size-IS grid. T he relat ive
density of the cluster was around .35. Most experiments resulted
in the death of all cells afte r abou t ten generations. If a form st ill
existed afte r 75 generations, its signature was exam ined. Gliders were
detected when they hit the edge of the gr id. T he above t able lists every
obj ect t hat was found when 18,000 experiments were conducted. In
two cases, pairs of objects occur red.
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ric usua lly have another ph ase which is a reflection of the first . Exte nsive
random soup expe riments have produced only two compl etely asymmet ric
oscillat ors-figures 6-F and 6-G . Probably other small asymmetric oscilla
tors exist, and it is certainly possible to const ruct an infinite number of large
ones (e.g. figure 11).

T here is wide variat ion in the numb er of dist inct orientations possible for
a form. Spec ifically, forms that exhibit the least symme t ry have the highest
number of distinct orientat ions. For example, the form in figure 6-F has 48
d ist inct or ientations while 4-D has only one.

Some oscillators an d stable forms ca n be extended into larger configurat ions
see figure 3-D and figure 10. All such forms app ear to be quite rigid in that
they cannot be bent or twisted , bu t th ey can be made arbit rar ily large.

3 . G rowth of random p r imordia l p opulations under (3,3, 3, 3)

Ran dom finite configurat ions of different dens it ies and sizes were created and
were allowed to evolve. Althougb there was considerable var iation in the rat e
of evolut ion, event ually all forms eit her stabilized or disappeared (see figure
12). Th e max imum amo unt of stable residue was prod uced with a primer
d ial density of about .07. At th is density, successive generat ions evolved into
small, isolated clusters, some of which yielded stable objects, which never
th eless were few and far between. At higher densit ies, a large, more-or-less
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Figur e 2: Th e top two rows (A through E) illustrate oscillators that
commonly conde nse from primordial sou p expe riments . Oscillator D
is rather interesting- at high speeds it appears to revolve a bout a n
axis, wit h a lone d isconnecte d cell leadin g the way. T he two gliders
(N and 0 ) occas ionally appear, al though not frequently. Oscillators
G through L were discovered by starti ng wit h sou p t hat was sym
met ric about a plane perpendicular to plane (1,2,3,4, 5,6) and passing
through line (8,10) (see fi gure I- A). Most of these oscillators would
ra rely conde nse from sou p th at was comp letely random. All objects
in figures 2 th rough 11 are und er R = (3,3,3, 3) .
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Figur e 3: Most oscilla tors have a period of two . O bject B is shown
here in two differen t or ientations. We can add indefinitely to the
length of obj ect B and t hereby ob tain object D. Note the importance
of orientation-the two views of object 17' require close scru tiny to see
t ha t both views are of th e same oscilla tor .
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Figure 4: Stable form s are rare . Ob ject A a ppears frequ entl y in ran
dom soup exper iments. Objects B, C, and D can be found by star ting
with symmet ric blobs. The -168- and other similarly placed values
give th e number of living cells in the object .
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Figure 5: Note the difficulty in discerning t he precise placement of
cells for both views of st ate two, obj ect A. T his is one of the unavoid
able difficulties of representing forms in fl . Th e form "metamorphosis"
is a remar kable oscillat or of period 6. It exhibits a total of t hree differ
ent rotat ions; ot her objects have from 1 to 48 orientatio ns, dep ending
upon the type of symmetry inh eren t in the st ruct ure and the pattern
of oscillation for t he object.
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Figure 6: All previously illustrated forms ex hibit some sort of sym
met ry ; hence th e surprise when the l l -cell oscilla tor E and th e 8-cell
oscillators F and G were discovered. Object E ex hibits symmetry
about a p lane , and although ob jec ts F and G are asymmetric overall ,
parts of th e oscillators (if considered separately) ex hibit sym met ry.
The two halves of object H are symmetric but "tw iste d" with respect
to each ot her.
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Figure 7: T he oscillators at t he top are confusingly similar , but t hey
are distinct. The period-four oscillator "mitosis" contains 36, 2-t, 20,
and 24 cells .
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T WO VIEWS 4

Figu re 8: All the oscillators in figures 6 through 8 were discovered by
starting wit h a known form (e.g. figure 3· B) and applying two or more
randomly generated rules. Then the rule (3,3,3,3) was appli ed. Usu
ally, all cells died ; occasionally new forms were discovered and were
saved in a file. Duplic at e ap pearances were eliminate d by comparing
signat ures.
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Figure 9: The oscillators A through E were discovered by starting with
the inset pattern (not sta ble), applying randomly generated rules for a
few generations, then rever tin g to R :: (3, 3, 3, 3). Other starting pat
terns were used for the remaining forms. Note the similarity between
form I and figure 8-0 and between stabl e form J and period-four form
8-J .
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Figure 10: Some oscillators, such as figure 3-D, ca n be exte nded into
arb itr arily large forms. T he forms shown here exte nd to closed loops
of aribtrary size. Object A (see figures 3-A, 3-C, which are repeated
here for convenience) can be expanded to create objects such as B
and C. O bject D (see figure 2-K) extends into for ms such as E an d
F. Also, t he st.able form in figure 4·B can be exte nded into shapes
similar to G.
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Figure 11: P roof that we may create as many oscillators as we wish
t hat have the same signa tures. The oscillators here have been con
st ructed by st ringing toget her nine figu re-2D oscillators in dose prox 
im ity {i.e., th eir convex hulls in tersect ). Specifically, the lone revolv ing
cell (see capt ion , figure 2) disappears from time to t ime . (Without
thi s interaction we would simply have individual 2-D oscillato rs spaced
apart.) Oscilla tor "D" is const ructed by re moving the port ion of os
cillato r "A" marked wit h an "x" and placing it a t position "y.n The
arro ws indicat e where t he lone revolving cells ment ioned above have
disappeared , d ue to the proximity of the 2-D oscillators. Note th at we
can ex tend the arms of this V-shap ed oscillat or as far to th e right as
we wish, and repea t the above proced ure as many tim es as the length
of the ar ms permi ts. Thereby, we obt ain as ma ny oscillato rs as we
wish , an d all will have identical signatures.
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POPULATION SIZE AT
SUCC ESS IVE GENERATIO NS
FOR VAR IOUS INITIAL
PRIMOROIA L SO UP DENSIT IES

"'- -
<:«:

....-... -.-.-
'_',;,:~~,,_. [ .30

.....
"- -'''::'::~:'''-- -

."-.....~:.-.>- --'-.-' --
.........- < :-. - -,~ -._.

. ••... - ........~"""---.__ ...... -.---::::-----.._ _.• ~ .20

'". ....-....... -._~-- ---..... "---
)

.OS
~ .40 '- .09 l'

15 0 GEN ERATIONS

Figure 12: Plot showing the populat ion evolution for vario us starting
densities of ra ndom primordial sou p. The maximum final residue of
objects was realized when t he starting density was about .07. In th is
case, many indiv idual clusters formed and some of these conde nsed
into objects. Betwee n .15 and .35, t he entire mass gradually con
tracted and usually disappeared . T here was considerable variat ion in
the behavior of the populat ion mass over this range; i.e., the plots
for .20 and .35 could be easily interchan ged . 'When the ini tial den 
sity was larger than about .35, beha.vior reverted to that of the small
densities -after a first generat ion where mos t cells died . For these
experiments, a gr id size of 25 was used .

spherical mass formed ; this mass gradually diminished an d eventually disap
peared, usua lly leaving no residue. T he effect was most pronounced at ini t ial
dens ities of about .2 to .4. This interest ing ph enomenon is currently under
invest igat ion .

4. Other rules

By no means should one conclude tha t (3,3,3,3) is the only ru le worthy of
invest igation. One rat ionale for the extensive exp lorat ion of (3,3,3 ,3) was
that it appears to be the only rule that migh t be cons idered to be a game
of Life [2J. Other rules of the form (E" Eu , Fi, Fu ), though apparent ly not
support ing gliders, nevertheless exhib it remarkable oscilla tors; in part icular,
rules of the form (E"Eu,3,3) seem to be most interesting.

One such rule is (4,6,3 ,3), which allows unbounded growth an d for which
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Figure 13: Here ar e ju st a few of t he man y oscillator s for (4,6,3,3)
with a. period gr eater t han two. T he per iod-two (4,6,3,3) oscilla.tor at
the lower right is the only exam ple discovered to date where dist inct
phases have identical signatures . T he signat ure is 100 6 00 0 01 81 2 6.
The numbers separa ted by dash es give the live cell counts for each
phase.
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no glider has been discovered . Some of th e more fascina tin g osc illa tors for
t his rul e a re illustrated in figure 13, including one mentioned earlier that
bas disti nct phases with identical signatures . These were found wit.h only
a very limi ted search; undoubtedly oth er interesting forms could eas ily he
discovered for (4,6,3,3) and other rules. For this rule, unlimited growth can
be easily init ialed with sufficient ly large start ing random blobs.

5. Methods of computer implementation

T he non -orthogonality of n presents certa in pro blems when we want to im
plement a computer simulation . The simplest approach is given in [4}, where
R3 is utili zed and neighbors of a cell at (i,j,k ) are sit ua ted at (i,i,k - 1),
(i, j +I, k - I), (i +I , j , k - I), (i, j + I , k) , (i + I ,j, k), (i ,j - I , k) , (i -I ,j , k),
(i +l, j - I, k), (i -I ,j+I, k), (i,j, k+l ), (i ,j - I, k+ I ), (i- I,j, k+l ). When
this implementation is used , the (finite ) universe is sha.ped like a rhom bo he
dr on and must. be adjusted to fit more per fectly on t he ty pically square or
rectangular computer screen. One may eit.her adjust th e viewing angle , or the
coordinates ut ilized (i.e., chop off part of the rhombohedron with success ive
e-planes ).

Another meth od is part icularly attract ive if one has a lready at han d a
working implementat ion of a program that op era tes on t hree dimensional
cellular autom ata in If-e.g., th e Life ga mes mentioned in (2,3]. Here we
arrange th e universe as shown in figu re 14, wit h alternate loca tions (a nd
alte rnate rows) left vacant in the (i, i) planes. The neighbors of a cell at
(i , j, k) are at (i + I, j - I , k + I), (i + I , j + I , k + I) , (i - I ,j,k + I),
(i - I,j - I , k -I ), (i - I,j + I , k - I) , (i + I ,j, k - I) , (i, j + 2,k) , (i ,j - 2, k),
(i + 2, j-l, k), (i + 2, j+ l , k) , (i - 2, j- I ,k) , (i - 2, j + l ,k). For the display,
we change th e cubes to spheres and make ot her minor adj ustme nts. T he
universe will be ap proximately cubic in appearance (see figure l-C for a small
exam ple). Unfort unately, wra pping t he coordinates in thi s imp lementa tion
is a nigh tmare.

If t he part icular implementa t ion requires th at we look at eve ry cell, we

must a lter the manner in which we sweep throug h space. The followin g bit
of code will su ffice .
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DIM A(GRIDSI ZE*2,-GRIDSIZE*2, GRIDSIZE)
U NIT-ARRAY = 11,2,1,2)
J-I NIT..ARRAY = [2,1,1 ,21
FOR K = I T O GRIDSIZE

KMOD4 = K(MOD 4) +1 {set up starting points for row/ column}
ISTART = U NIT..ARRAY(KMOD4)
J START = J..INIT..ARRAY(KMOD4)
FOR I = ISTART TO GRIDSIZE*2 STEP 2

JSTART = JSTART + I MOD 2 {for next column}
FOR J = JSTART TO GRIDSIZE*2 STEP 2

{examine cell I) ,K in arr ay A etc. ]
NEXT J

NEXT I
NEXT K

Note that the above method requires four tim es as much memory as
is actually used. With megabyte memo ries, thi s is not really a problem.
Furthermore, if we employ the hash ing method describ ed in [2], then our
memory requirement will depend only upon the num ber of live cells: we
do no t need th e above code at all and only need to access the neighbors.
Execution tim es for th e various methods are discussed in [2].

6. Future and current work

An effort is current ly under way to devise a classification scheme according to
rate and pattern of growth for three-dimensional cellular au tomata. Part of
the difficulty in devising such a scheme is that when we allow non-totalist ic
ru les, or expand the neighborhood to include non-adjacent cells, even if we
reject a large percentage of the 28192 possible rules in n as "illegal" (see [5]),
th e possible number of rules is sti ll vast. Hence , mean ingful empirical studies
would probably be difficult to conduct.

Nevertheless, it appears that the (13 + 12 + II + .. . + I )' = 8281 rules
of th e form (EI, Eu , Ph Fu ) fall into three general classes according to growth
pattern s. Work is currently under way to det ermine in a more precise fashion
th e cha racterist ics of these three categories, and their relation to the four
types described by Wolfram [5J .

Fut ure work involves the application of signat ures to known oscillators in
oth er universes-most notably the two games of Life that exist in R3

, R =
(4,5,5,5), and R = (5,7,6, 6). Perhaps a type of signature could be devised
that would guarantee that different forms will have different signatures. For
example, one could design a method where we find the convex hull of a form
and map the N cells contained in the hull to the integers 1 t hrough N. Then,
find the product Pi t * Pi2* Pi 3 * ..., where the subscripts represent live cells
and Pk is the kth prime. T his "signature" would certainly be unique, but
probably of little practical value. Th en there is the unexplored world of
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Figure 14: Three-dim ensional Cartesian coordinates may be used to
emulate the hexahedral tessellation in a roughly cubic universe . Here,
only one in four cells is actually utilized. The valid ceUs are indicated
by the various shaded circles .
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R = (3,3 ,3,3): glider collisions, glider gun s, etc. This is work best left for
t he comp uter hobbyist or hacker and will undoub tedly keep some ind ividua ls
busy for lon g hou rs.
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