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1. Introduction

The study of cellular automata (CA) was mot ivated recent ly by their appli­
cation to syst ems whose complex behavior arises from the int eraction among
simple identical components . Actu ally, a CA consists of a linear biinfin ite
array of cells, each one connected wit h the r cells that precede it on th e left­
hand side and the r cells that follow it on th e right -hand side neighborho od .
Each cell is in one of finitely many st ates . The new st ate of a cell is computed
according to a local rule th at is a function of the states of the cells in the
neighborhood, besides th e old state of the cell.

All cells are assumed to change state simult aneously.
In [5] CA are classified with respect to their behavior. The great part

of CA falls in the third class, that is, the one whose evolut ion leads to a
chao tic pattern. Recently, however, Wilson [3] and Culik [1] exhib ited some
CA belonging to this class and having a very regular behavior , fractal-like
on particular init ial configurations.

In this paper , we study a class we will call pseudototalisti c cellular au­
tomata (PTCA).

In P T CA, the local rule defines the new st ate of a cell as a linear combi­
nat ion of th e state of its neighborhood . They have , in one case, the additive
CA studied by Culik in [1], where it is shown that they have a highly regular
behavior on an arbit rary finit e configurat ion as initial seed. Here we will
prove th at PTCA whose numb er of states is a prime numb er show regular
behavior when the initial configuration is a single non -idle state.

In section 4 we study the class of CA with radi us r and code on12m on

where n + m = r + 1, n 2: 1, m 2: Cr 2: 1, where e, is some constant
depending on r . Culik conjectu red in [1] th at they behave in a regular way
for finite configuration as initial seed. In· [1] it is proven th at CA with code
001100 and 011110 behave regularl y. on seeds of the form (00 + 11)°. Here
we prove that CA with code 0110 behave regularly on seeds belonging to the
set I = EO-r where E = {a, I} and r = EO000 EOUEOlll E O.
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2. Preliminaries

Formally a CA is a triple (S, I, r ) where S is a finit e set of states, r is the
neighborhood radius, and f : S2rH -+ S is the local funct ion called CA-rule.
At time zero, an arbit rary configuration is assumed: initial seed ; then, all
cells change st at e simultaneously accordin g to the local function .

A configuration is a function a : Z -+ S; the set of configurations is
denoted by SZ and a( i) represents the state of the ith cell for every a E
Sz; GJ : SZ -+ SZ is the global function such that if a and f3 are two
configurations , th en

GJ(a) = f3 iff j[a(i - r), . . . ,a(i), ... ,a( i + r)J = f3(i) for every i E Z;

Gj (a) represents the configuration obtained afte r k steps from a.

A CA A = (S, t, r) is called a totalistic cellular automata (T CA) if S is a
subset of Z and there exists a new funct ion f' such that f (s-" . . . , So, . .. ,Sr) =
f'( S-r +...+ So +...+ s.).

If S = {a, 1}, then the t ransition function can be expressed as b2rH , b2r, . . .,
bo, i.e. ,

f( S-r, ... , So, . .. , sr) = bi iff S-r +...+ So +...+ Sr = i

An interesti ng case of TCA are those defined by XOR-rule; wit h this
rul e a cell at time t + 1 will be act ive iff the number of cells act ive in it s
neighbor hood at t ime t is odd .

The class of P T CA is obtained by consider ing all the CA A = (S, f,r)
such that S = {O , 1, ... ,n - 1} and for every X_" .. . ,Xo, ..., Xr E S,
f( S-" ... , So, .. . , sr) = (S-r x _r+...+SOXo+...+Srxr) mod n where Si E S
for -r S; i S; r ,

From now on let Si(t) be the state of the ith cell at t ime t.
With this assump tion th e XOR-rule can be expres sed as Si(t) = (Si_r(t) +

...+ s,(t) +...+Si+r) mod 2. Note that this is a part icular case of a rule of
PTCA.

3 . PTCA

In this sect ion we will prove that the behavi or of PTCA A = (S, t, r) with
S = {a, 1, ... , p - 1} where p is a prime number , pPTCA, is very regular at
least when the init ial seed has only one nonquiescent state.

Fi rst we show how to compute the speed- up rule for PTCA, by giving a
closed form formul a for Si(t + k) for every k.

Theorem 1. Let A = (S, t, 1) be a PT CA . Th en there exist L k, " " tk such
that

(3.1)
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Moreover,

l~J ( k) ( k . ) "'1-" ' ''I ~ '.~ . - Z i+Jl.fL k- li l-2i i+JJ.4l-
L., . . . Xl X 2 X 3
i = O Z Z +J

l~J
I: C(k,i, j)X( k,i, j )
i =O
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Proof. The proof is by induction on k.lt is omitted because it is very long
and ted ious .•

We start by studyi ng pPTCA wit h initial seed WOsOW when Xl = X2 =
X3 = 1 an d s = 1. It is easy to genera lize to case s > 1.

Lemma 2. Given apPT CA A = (5, t. 1) with ini tial seed w010w and f (x , y, z) =

(x + y + z ) mod p, then

si(k p) = 0 for k ?: 1 and (j - l)p < i < jp Vj: - k + 1 :::; j :::; k

Proof. In figure 1 th e behavior claimed by lemma 2 is shown.
From theore m 1 we have

We provide th e proof only for i ?: 0, since the proof for i < 0 is symmetrical.
Let i > 0:

, ,(kp) ~ rrJ
( ': ) ( 7)}mod p

{

l kP; li
lJ (kp) I }

E h!(kp -2h -i)!( ~+i)!(h +i)! mod p I«]

I i
//~o"T ' o

xo .. Oxo . . Oxo .. 0xO . . Ox 2p s teps

Figure 1.
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Figure 2.
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First we note that the factor n can be found k times in (kp)!.
Since the factor p can appear at most k -1 t imes in h!(k - 2h - i) !(h+i)! ,

in each term of (*) the factor p occurs and cannot disappear becaus e p is a
prime number.

Then:

{

l2::.li.lJ )
s;(kp) = t: thP mod p = 0

h=O

Suppose now i = j with - k ~ j ~ k. When j 2": 0,

s;(kp) = {
l~J }2 kp kp hE ( h ) ( h +-j p ) mod p

{

l (k-;) PJ (kp)! }

E h![(k - j )p - 2h]!(h + jp)! mod p

The number of occurrences of the factor p in h![(k - j ) - 2h]! (h + jp )! is
k - 1- I (2x ) ~ k -1 if x> 0, k oth erwise, where I(c) = a if p ~ c ~ (a+ l )p
and x = h - I(h) X p.

Then not all terms are O. •
In figure 2 th e evolution of pPTCA A = (5,!, 1) when 5 = {O, 1, . . . , 4}

is shown.

Lemma 3. Given a pPTCA A = (5,1,1) with initial seed wOlOw, and
!(x,y ,z) = (x + y + z ) mod p then

Sjp(kp) = sj(k ) mod p

Proof. It can be noted that (3.2) is equivalent to the following :

(3.2)

Sjp (kp) = (s(j_l)p[(k - l )p] + sjp[(k - l )p] + s(j+l)p[(k -l)p]) mod p
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When k = 1 we only need to prove that G~ (WOlOW) = (101'- 1)3 (see figur e 3).
We prove the assert ion only for 0 ~ i ~ p since the proof is symmetrical for
i < O.

, ,(p) rrJ

( f )( f• ~ )}mod p ~ 1

so(p) = {}; ( ~ ) ( Ph h ) } mod P

Since P is a prime number [y/ 2J = (p - 1)/2,

, , (p) ~ {~( f ) (Ph h ) } mod P

{ 1 +~ h!(p !~h)!h! } mod P

But

p!
h!(p _ 2h)!h! mod p = 0 Vh : 1 ~ h ~ (p - 1)/2

sin ce h, (p - 2h) < p. Then so(p) = 1.
Moreover , Si(p) = 0 for i -=I- -p, 0, p as proved before. Now we prove that

(3.2) is true Vk > 1. From theorem 1,

From the last expression (t = (k - l)p and q = p) we obtain
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:i = jp

Figure 4.

As can be seen in figure 4, we obtain

Sjp(kp) = {( ~ ) ( ~ ) S(j_l)p[(k - l)p]

+ E( ~) (Phh )Sjp[(k-1)P]

+ (~) ( ~ ) S(j+l)p[(k - l)P]} mod p

{s(j_l)p[(k -l)p]+ sjp[(k - l)p]+ s(j+1)p [(k - l)p]} mod p.

The results obtained for Xl = X2 = X3 = 1 can be generalized for all
possible values of Xl, X2, X3.

Lemma 4. Given apPTCA A = (5, f, 1) with initial seed w010w and f(x, y, z) =
(XIX +X2Y + X3 Z) mod p, then

(a) si(kp) = 0 'v'k ~ 1, - k +1 $. j $. k, (j - l)p < i < jp,

(b) sjp(kp) = Sj(p) 'v'k ~ 1, - k + 1 $. j $. k.

Proof. (a) is easily proved analogously to lemma 2. (b) is equivalent to

Sjp = (XIS(j_I)p[(k - l )p]+ X2 Sjp[(k - l )p] +X3S(j+1) p[(k - l)p]) mod p

From theorem 1 (for t = k - 1 and q = p) we obtain

{ [

Ld!.lJ ]-: ~ (p) ( p- h ) h+¥ p- III- 2h h+l!.lf!
Skp L.J L.J h h + III Xl X 2 X 3

l=-p h=O

Si+I[(k - l)P]} mod p
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Figure 5.

For i = j p we obtain

Sjp(kp) = { ( ~ ) ( ~ ) XiS(j- I)P [(k - l )p]

+ [E (~ )(Ph h ) X~x~-2hx~] Sjp[(k - l )p]

+ (~) ( ~ ) X~S (j + 1 ) [ ( k-1 )p] } mod P

but , as before, we know that for 0 < h < p ,

and that x P mod p = X, so that
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•
T heore m 5. Given a pPTCA A = (5, I, 1) with init ial seed w010w and
f (x, y, z ) = (XIX+X2Y + X3Z) mod p, it holds that

Gjk(WOlOW) = wOX30Pk-l X2 0Pk-1 XlOw Vk;:::: 0

P roof. The proof is easily obtained from th e last lemma.•
An analogous result can be obtained when the initial seed is wOsOw for

every possible value of s .
In figure 5, the evolution of a pPTCA is shown. Triangles represent zeros .

In th e case of a PTCA A = (5, f, 1) such th at f(x, y, z ) = (XIX +X2Y +X3Z )
mod n, where n is not a prime number, we can find examples having very
different behavior.
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Example l.

A

f(x,y,z)
G j (WOl OW )

G}(WOlOW)

G}i(WOlOW)

G}i+l(WO lOW)

0 1 0
0 2 1 2 0

0 1 0
0 2 1 2 0

Cellular Automata with Regular Behavior

(5,f,7') 5 ={O,1 ,2 ,3} r =l

(2x + y +2z) mod 4
w2120w

-oio-

Ex ampl e 2 . Suppose n = x 2 and let A = (5, f ,r)

5
r

f( a ,b , c)

G1(WOlOW)

Gj(WOpxlpxOW)

WO(k + l)xl (k + l) xOW

{O,1 ,2, .. . , n - l }

1

(x a + b+ xc) mod n

{
WOlOW if k = 0 mod JTi
wOpx l pxOw if k = p mod JTi

WO px2(k + l)xl(k + 1)xkx20W=

since kx2 == 0 mod n .
Let n = 9 and f( a, b, c) = (3a + b + 3c) mod 9. The evolution of this

PTCA with initial seed 1 is shown'in the following:

010
o 3 1 3 0
o 6 1 6 0

o 1 0

Ex ample 3 . Let us consider a PTCA defined as follows:

A ts.], r)
5 {O,l, ... , n -l}

n k2 y

7' 1

f( a ,b , c) = (n / ka + b + n / kc ) modn
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The evolut ion of this CA with initial seed WOI 0Wis shown in the following:

0 1 0
0 n/k 1 n/k 0

0 (k -1)n/k 1 (k - l )n / k 0
0 1 0

T he following PT CA has a pa rt icular behavior.

Example 4. A = (5,1, r), n = 4, 5 = {O, 1, 2, 3}, f(a, b, c) = (3a + 2b+
2c) mod 4

1
2 2 3
0 0 0 0 1

0 0 0 0 2 2 3
0 0 0 0 0 0 0 1 0

Example 5. A = (5, f ,r), r = 1, n 4, 5 {0, 1,2,3}, f(a, b,c)
(2a +2b+2c) mod 4

1
2 2 2

0 0 0 0 0
0 0 0 0 0 0 0

In conclusion, pPT CA can have regul ar behavior st ar ting with an initi al
seed comp osed by a single st at e.

It is quit e possible th at it is true for ra ndom ini t ial seed also, bu t we have
no proof of this.

4 . CA with code 0110

It is easy to see th at 8i(t + k) depe nds on the state of cells at time t that are
distant at most k cells from the ith and then the following property can be
easily proved (see figure 6).

Property 1.

then

If G'(w) =,
and G'(Wi) = "I

hl = Iwl + 2k

b'l = Iw'l+2k

G;(wOXWi) = , Ox- 2k,'

In particular for CA with code 0110 the following lemma can be proved.
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,/ '-"'S"Z'-- '~,
o t:

Figure 6.

Lemma 6. Given a CA with code 0110, we have

Gr' (12
' ) = 12

'

Proof. From now on we will write a !... (3 whenever G~ (a) = {3.
For i = 1 the proposition is true be cau se

12 -+ 14

Consider now 12'. It is easy to prove that 12' ~ 1202'-212. For every k ~ k+ 1,
from prope rty 1 (since 2; _ 2k ~ 22k

-
1

) and by inductive hyp othesis, it follows
that

And then for k = i - 1,

-+
2

-+

1202'-212

1402'-4 14

1 802' -8 1 8

. . . -+ 12'-' 02'- ' 12'- '

12'+'

and then the assertion holds becau se

;-2
1 +L 2j = 2;-1.

j = o

Lemma 7. Given a CA with code 0110, we have

Proof. The proof is analogous to t he one of lemma 6.
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Actually, from lemma 6 it follows th at for k ::::: i - 2,
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V.ie know that 12'- 1 2~2 12; , but since 2i - 1 - 1 < 22 i - 2 property 1 cannot be
used to obtain the next configuration reached from 12;-102'-2,-1-112;- 1.

Note that by lemma 6,

12;-'02'-' 12'-' 2'-=:-1 wOOw --+ 12'+1

12;- 102,-1-112,- 1 2'-=:_1 wOw --+ 12'+1- 1

. i 2 ':- 1 i +1 .
Finally, 12 -1 --+ 12 - 1 and then the assertion holds. •

Let us see the evolution of the CA wit h code 0110 between the two con­
figurations 12' and 12'+1 (analogous considerations can be made for 12'-1 and
12'+1-1 ).

2,- 1 1 . . 1 .
We know tha t 12 ----=:; 12' and th at 12' --+ 1202'- 212. The two 1's in

1202'- 212 are dist ant more than 2i - 1 cells and then by property 1 the con­
figuration obtai ned from 1202'- 212 is the conca tenation of the two obtained
from 12 after 22,- 1_1 ste ps and itself. Since this observation can be recur­
sively repeated, lemmas 6 and 7 show that CA with code 0110 and initi al
seeds 12' and 12' - 1 have a fractal evolution. In fact , looking only at a part
of the figure, we know the st ructure of the entire figure and so we obtain a
so-called self-similar figure. In this case, the figure can be obtained from the
following well-known fractal construction:

Step 1 take an equilateral triangle;

Step 2 picture it in a new equilateral t riang le whose vertices are on the
middle of each side of the initial tri angle;

Step 3 repeat Step 2 (see figure 7).

Obviously, configurations like the following generate fractal figures also:
100101, 101001, . . . as .they give in one step 18 . In the following, we will
prove that CA with code 0110 behave regularly on initial seed 1", for every
n .

Lem m a 8 . Given a CA with code 0110, we have

Proof.

since 12 2~1 12; and from property 1 it follows t hat
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Figure 7.

where w is defined as follows:

hence

w

ww

Finally

(1 202)k1 2 k = (2i - 4)/4
2., 12' - 20212'- 2

12' - 2

12'-20212' - 2

~

12'-20 212'-2

1 202' - 4 1 402' -4

w12'w

12'-20 2'+212'-2
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-,

Figure 8.

that is,
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2' -1
----t

2 i - 1
----t

2i - 1 _ 2
----t

--t

In conclusion,

12'- 20212'-2

12'-202'+212'-2

ww04ww

12'-20212' -202 12'-20212'- 2

1202' -4 1402'-41 402' - 41402' - 412

w 132'w
12'-2032'+212'-2

12' - 2

2'+k
----t

12'-20212'-2

12'-2 032'+212'-2

12' - 2072'+212' - 2

Figure 8 shows the evolution of such a CA.

Lemma 9. Given a CA with code 0110 it holds that

P roof.

wher e y is defined as follows:

Iyl = 2i
- 4

k = (2i
- 8)/8
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yOy (1404)k14014(0414)k

-4 (1202)2k+1 13(0212)2k+1

-4 18k+6018k+6 = 12'-2012i- 2

Then

12i- 3

12' - 2012' - 2

w

w

w zw

12'- 201 2i- 2

1202'-41302'- 412
. 2 &-1 2 .

W ZW Z = 12'- 1 as 13 1---.; 12' -1

12
' Iw I= 2i

- 2
(1202)k12 k =(2 i -4) /4

(1202)k12'+3(0212l
14k+202'+114k+2 = 12'-20 2'+112'-2

In conclusion,

12' -3 ~ 12' - 2012' - 2~ 12' - 202'+112' -2

The lemma can be proved continuing in this way.•

Lemma 10. Every CA with code 0110 behaves regularly with init ial seed
1n for every n.

Proof. The lemma is proved using lemmas 8 and 9 and observing that each
configuration 12' - k for even k and 2 :s: k :s: 2i - 1 evolves like 12' - 2 and t hose
with odd k like 2i - 3 • •

Configurat ions like (10)n , and the ones in which at most two cont iguous
Os or 1's can be found, behave regularly as they evolve in one step to In, so
that we can state the following theorem.

T heorem 1 1. Every CA wit h code 0110 behaves regularly with ini tial seed
belonging to 1+ U (E" - r) where E = {a,I} and r = E" 000 E "I11 E "·

Exam p le 6. We list all configurations of length 4 and 5 that evolve regularly.

n=4

1 1 1 1
1 0 1 1
1 0 0 1
1 1 0 1

n = 5

1 1 1 1 1
1 1 0 0 1
1 1 0 1 1
1 0 1 0 1
1 0 10 1 1
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