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Abstract. We st udy th e sequences generated by neuronal recurrence
equat ions of th e form X n = l [~l<i< k a i X n - i - OJ, where k is called
the memory length. We show that, i f there is a neur onal recurrence
equat ion with memor y length k that generat es sequences of periods
PIo ' . . , Pc> then there is a neuronal recurrence equat ion with memory
length kr that generates a sequence of period lcmlp «, . . . , Pr )1', where
lem deno tes the least common multiple. As an applicat ion we show
tha t , for any integer ko, there is a neuronal equa tion with memory
lengt h 3k , k 2:: ko, that generates a sequence of period O(k3 ) .

1. Introduction

Caianiello and De Luca [1] have sugges t ed m odeling t he dynamic b eh avior
of a sing le neuron with mem ory that does not int er act with other neurons,
using the recurren ce equat ion

where

X n = 1 [ I: a i X n - i - ()]

l S;iS; k

(1.1)

• X n is a boolean variable represen ting t he state of the neuron a t t im e
t = n ;

• k is the memory lengt h , namely the state at time t = n , and de
pends on t he st a tes assume d by the neuron at t he k previou s steps t =
n - 1, .. . ,n - k ;
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• ai (i = 1, .. . , k ) are real numbers called the weighting coeffic ien ts;

• () is a real number called the threshold;

• l [v] = 0 if v < 0, and l [v] = 1 if v ~ o.

Such a recurrence sequence is ent irely cha racterized by the memory length k ,
the threshold () , the weight ing coefficients a; (i = 1, . . . , k), and the init ial val
ues X o , X l , ·· · , Xk- l . Hereafter we denote X n = f a ,O,k ( X n - k> Xn-k+ l , · · · , X n - l) .

The system obtained by interconnecting several neur ons is called a neural
network. Such networks were introduced by McCulloch and Pi t ts [7], and
are qui te powerful. Indeed , it can be shown that they can be used to simu
late any Turing machine. More recently, neur al networks have been studied
extensively as tools for solving various pro blems such as classificat ion , speech
recognition , and imag e and signa l processing [5]. In this pap er , we are int er
ested in the study of sequences generated by single neuronal equa tions.

Let P and T be two positive integers such that P > 0 and T 2: o. T he
sequence (1.1) is said to be of period p and tr ansient T if and only if x n +p = X n

for n ~ T , and xn +q =I Xn for n < T or q < p.
It is generally admit ted that the period and transient of sequences gener

at ed by a neur on are good measur es of the complexity of the behavior of the
neuron. In this interpretation a neur on with simple behavior corres ponds to
small periods and t ransient s. The trivial case is a neuron that never changes
its state , that is, p = 1 and T = o. On the ot her hand, a neuro n that gener
ates sequences wit h very long periods and tr ansient s is supposed to be very
complex.

In this paper we are interested in the longest period LP(k ) that can be
generated by a neur onal equation with memory length k . In [3] it was con
jectured that LP(k ) :::; 2k . T his conjecture has been disproved in [8], where
neuronal recurrence sequences with period 2k + 6 have been exhibited . We
show here that , for arbit rarily large values of k, there are neur onal recurrence
equations that generate sequences of period 3(k - 1)(k - 2)(k - 4).

2. T he shuffle construction

For any fun ct ion f from {O, l} k to {O, I} , and for any positive integer r , let
us define the shuffle image sT[f ] of f as follows:

With this definition , STU] is a fun ction from {O, l y k to {O, I}. A family 1> of
funct ions is sa id to be stable with respect to the shuffle operation if STU] E 1>
for all f E 1>. Many fami lies of functions are stable. Examples of such stable
fam ilies are polynomials and threshold func tions .

Let us assume that the threshold function defined by x ' = f a ,O,k ( X n - k ,

Xn-k+l , . . . , Xn - l ) generates r sequences (x~) ; m ~ 0) of periods Pi ,
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j = 1, ... .r. Let us consider the sequence

( . 0) _ ( 1) (2) (r ) (1) (2) (r )Yn, n :2: - Xo , Xo , , Xo ,X l , X l , . . . , X l , . . . ,

xg) ,X~) , , X;';;), . . .)
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obtained by shuffling the r sequences (x~) ; m :2: 0) . Clearly, the sequence
(Yn; n :2: 0) is of period lem (Pl " " ,Pr )r . Moreover , for n = (m - l )r + j - 1
and m > 1,

Yn = x~)
- (j) (j) (j)
- f Oo,o,k(xm_k, Xm-k+l ' . . . , Xm- l )

= f Oo ,o,k(Yn-rk, . . . ,Yn-2r, Yn-r)

= f Oo' ,o,k'(Yn- k' ,Yn-k'+l , ... , Yn- k,Yn- k+l ,Yn- k+2, .. . ,Yn- l )

where k' = rk and a' = (0, . . . , 0, al , 0, . . . , 0, a2, . . . , 0, . .. , 0, ak)' This shows
that , if there is a neuronal recurrence equat ion with memory length k t hat
generates sequences of periods Pl ,' . . , p. ; t hen there is a neuronal recur
rence equation wit h memory length kr that generates a sequence of period
lem (pl " " .v-r: where lem denotes the least common mult iple.

T he shuffle const ruc t ion is very instructive. Indeed , let us consider a
famil y of neur ons, characterized by a family of funct ions, that is stable wit h
respect to the shuffle operation . T he pr operty above says that the asymptotic
complexity of this family of neurons can be measure d by st udying either the
longest period genera ted by a neuro n of the fam ily, or the lem of the periods
of the sequences genera ted by a neuron of the fam ily.

Example . Let us consider a neuronal recurrence equat ion that genera tes
the periodic sequence (a,a' , a" ,a,a',a", . . .) of period 3, and the periodic
sequence (b, b' , b, b' , . .. ) of period 2. T he sequence obtained by shuffling these
two sequences is the sequence (a, b, a', b', a", b, a, b', a' , b, a" , b' , . . .) , which is of
period 12 = 2lem (2, 3). Moreover , if the two starting sequences are generated
by a recurrence equat ion wit h memory length k, t hen the shuffle sequence is
generated by an equat ion of memory length 2k.

3. A family of neuronal equat ions with long periods

In t his section we show that , for any integer ko, it is possible to constru ct
thr ee neuronal equat ions wit h memory length k :2: ko that exhibit recurrence
sequences with periods k - 1, k - 2, and k - 4. We then combine these three
neuro nal equations into a single neuronal equat ion with memo ry leng th 3k,
which generates a sequence of period 3(k - 1)(k - 2)(k - 4).

Lemma 1. Consider a neuronal recurrence equation with m emory length
k = 2s + 1 that satisfies the six following conditions:
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t ime t XO,X l , · · "Xn - l :L:l < i< k a i Xn - i condit ion

t =k - 1 10 . . . 0010 . . . 001 a l + as + a k (a)
t= k 10 . . . 0010 . . . 0010 a2 + as +1 (b)
. .. ... a i + a i+ s - l (b)
t =k +s-2 1 0 . . . 0010 . . . 0010 .. . 0 a s + a k-2 (b)
t=k+s-l 1 0 . . . 0010 .. . 0010 . . . 00 a s+1 + ak - I (c)
t= k +s 10 . .. 0010 . . . 00 1 0 . . . 001 al + a s+2 + ak (d)
t=k+ s+ 1 10 . .. 0010 . . . 00 1 0 ... 0010 a2 + a s+3 (e)
... . . . ai + ai+ s+ l (e)
t = 2k - 4 1 0 . . . 001 0 ... 0 010 . . . 00 10 . . . 0 a s- 2 + ak - 2 (e)
t = 2k - 3 10 . . . 0010 . .. 0010 . .. 00 10 . . . 00 a s_ I + a k _ 1 (1)
t = 2k - 2 10 . . . 0010 . . . 0010 . .. 0010 . . . 001. a l + as + ak (a)

Table 1: A sequence of period k - 1.

( a ) al + a s + a k < ()
(b) a; + a i+ s-l < () for i = 2, .. . , s

(c) a s+! + a k-l 2: ()

(d) al + a s+ 2 + a k < e
(e) a i + a i+s+! < () for i = 2, . . . , s - 2

(1) a s-l + ak- l 2: ()

Th e corresponding neuronal equation generates a sequence of period k - 1.

Proof. A sequence of period k - 1 is exhibited in table 1. In this table,

• the first column ind icates the time st ep t = n - 1 ;

• the second column shows the states xo , ... , Xn - l assumed at times t =
O, .. . , n - 1 ;

• the third column gives the sum Ll~i~k a iXn- i ;

• the four th column shows.the condit ion that is used to derive Xn .

• the var iab les Xn -k , Xn-k+1> ... , Xn - l are underlined .

For instance, at t ime t = k - 1, Ll<i <k aixk- i = al + a s + ai: T hus , from
condition (a), Xk = O. • - -

It is impor tant to note that the condit ions of Lemma 1 characterize all
the neuronal equat ions with memory length k such that the configuration of
the first row of tab le 1 generates a periodic sequence of period k - 1.

Lemma 2. Consider a neuronal recurrence equat ion with m emory length k
that satisfies th e eigh t following conditions:

( a) a 2 + a6 + ak < ()
(b) a; + a i H < () for i = 3, . .. , k - 7
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tim e t xo, XI, ... ) Xn-l L:l < i <k aiXn_i condit ion

t = k-l 10 . . . 000100010 a2 + a6 + a k (a)
t= k 10 ... 0001000100 a3 + a7 (b)
. .. ... ai + ai+ 4 (b)
t = 2k-1O 10 .. . 00010001 0 .. . 0 ak-7 + ak -3 (b)
t = 2k - 9 10 . . . 0001000 10 ... 00 ak- 6 + ak-2 (c)
t = 2k - 8 10 . . 000100010 ... 001 a l + ak-S + ak - l (d)
t = 2k - 7 10 .. 0001000 10 .. . 0010 a2 + ak-4 + ak (e)
t = 2k - 6 1 0 .. . 000 100010 . .. 00100 a3 + ak-3 (J)
t = 2k - 5 10 ... 0 0 0 1 0 0 0 1 0 .. . 001000 a4 + ak- 2 (9)
t = 2k - 4 10 . . . 0 00100010 . .. 0010001 al + as + ak-l (h)
t = 2k - 3 10 ... 0 0 01 0 0 0 1 0 . . . 00 1000 10 a2 + a6 + ak (a)

Table 2: A sequence of period k - 2.

( c) ak-6 + ak-2 2: B

(d) al + ak-S + ak-l < B

(e) a2 + ak-4 + ak < B

(I) a3 + ak-3 < B

(g) a4 + ak- 2 2: B

(h) a l + as + ak-l < B

T he corresponding neuron al equation generates a sequence of p eriod k - 2.

Proof. A sequence of period k - 2 is exhibited in table 2.•

As for the pr oof of Lemma 1, t he eight condit ions of Lemma 2 characterize
all the neuronal equat ions wit h memory length k such that the first row of
tab le 2 generates a per iod ic sequence of period k - 2.

Lemma 3. Consider a neuronal recurrence equation wit h m emory length k
that se iieiies the three following conditions :

(a) ai + ai+k- 4 < B for i = 1, . .. , 4

(b) a; < B for i = 5, . . . , k - 5

( c) ak-4 2: B

Th e correspon ding neuronal equation generates a sequence of period k - 4.

Proof. A sequence of pe riod k - 4 is exhibit ed in table 3. •

As for t he proofs of Lemmas 1 and 2, t he t hree cond it ions of Lemma
3 charac te rize all t he neuronal equations with me mory length k such that
t he configur a tion of t he first row of table 3 generates a per iod ic sequence of
per iod k - 4.

We are now going to show that , for any integer ko, there is an integer
k 2: ko such that lcm(k - 1, k - 2, k - 4) = (k - l )(k - 2)(k - 4).
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t ime t X o, X!, . . . , X n - ! I:l <i<k a i X n - i condition

t=k- 1 000 1 0 . . . 0 0 0 0 0 1 al + ak-3 (a)
t = k 0 00 10 . . . 0 0 0 0 01 0 a2 + ak - 2 (a)
t = k + 1 0 0010 . . . 00000 100 a3 + ak-I (a )
t =k+2 00010 .. . 00000 1000 a4 + ak (a)
t =k + 3 000 10 . . . 00000 10000 as (b)
. . . . . . ai (b)
t = 2k - 7 00010 ... 00000 10000 . . . 0 ak- S (b)
t = 2k - 6 00010 ... 00000 10000 ... 00 ak- 4 (c)
t = 2k - 5 000 10 .. . 00000 10000 . . . 00 1 al + ak 3 (a)

Table 3: A sequence of peri od k - 4.

Lemma 4. Ifk- 2 -# 2 (mo d 3) and (k -2) -# 0 (mod 2), then k- l , k - 2, and
k -4 are relatively prim e, hence lcm (k -l , k-2 , k -4) = (k - l)(k - 2)(k -4) .

Proof. If an integer q divides k - 1 and k - 2, then it divides the difference
(k - 1) - (k - 2) = 1, and hence q = 1. If an integer q divid es k - 1 and
k - 4, then it divides the difference (k - 1) - (k - 4) = 3, and hence q = 1 or
q == 3. If q = 3, then k - 1 = 0 (mod 3), hence k - 2 = 2 (mod 3), and this
contrad icts the hypothesis. This shows that k - 1 and k - 4 are relatively
pr ime. If an integer q divid es k - 2 an d k - 4, then it divid es the difference
(k - 2) - (k - 4) = 2, and hence q = 1 or q = 2. Since from the hypothesis 2
do es not divide k - 2, it follows that q = 1. T his shows that k - 1, k - 2, and
k -4 are relatively prime, hence lcm (k -l , k -2, k -4) = (k - l)(k-2)(k -4) . •

We are now ready to establish the main result of this pap er.

Proposition 1. For any integer ko, there is a neuronal recurrence equa
tion with mem ory length 3k (k :::: ko) that generates a sequence of period
3(k - 1)(k - 2)(k - 4).

Proof. From the preceding lemma, and from the shuffle construction , we
just need to exh ibit a weight ing vector a = (aI, .. . , ak) and a thresho ld e
such that all the condit ions of Lemmas 1, 2, and 3 are sa t isfied . Let us
consider the thresho ld fun ct ion defined as follows:

• e= k;

• ak-4 = k ; ak-2 = (k - 4) ; ak-l = (k - 1).

• a: = 1 otherwise .

Hereafter we assume that k is sufficiently large to ensure that all t he indices
that ap pear in the above defini ti on are different . Let us first note that all the
condit ions of Lemmas 1, 2, and 3 involve at most three weighting coefficients.
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We assume that k ?: 9. As a consequence , from the definition of the weighting
coefficients, all sum s of weight s that do not involve ak- 4 , ak-2 , or ak- l are
less than or equal to k . This propert y is verified by all the conditions of
Lemmas 1, 2, and 3. Now, we just need to check the condit ions that involve
a k - 4 , a k-2, or a k- l' The corresponding sums are the following:

In Lemma 1: k = 2s + 1 (we assume that s < k - 4).

(b) a s-2 + a k- 4 = k - 1

a s + a k-2 = k - 3

( c ) a sH + a k-l = k

(e) a s-4 + ak-4 = k - 1

a s- 2 + ak-2 = k - 5

(J) a s-l + ak-l ~ k

In Lemma 2:

(b) a k- 8 + ak- 4 = k - 1

( c) a k-6 + ak-2 = k

(d) al + a k-5 + ak-l = k - 1

(e) a 2 + ak-4 + a k = k - 1

(J) a 4 + ak-2 = k

(g) a l + a5 + ak- l = k - 1

In Lemma 3:

( a ) a 2 + ak- 2 = k - 6

(b) a 3 + a k-l = k - 2

( c) ak-4 = k

This ends the proof of the propositi on . •

4 . Conclusion

We have introduced here a shuffle const ruct ion that establishes an equiva
lence between neuronal recurrence equations that generate sequences wit h
large periods and neuronal recurrence equa t ions that generate sequences
whose periods have a large least common multiple. This approach has en
abled us to exhibit a neuronal recurrence equation with memory length 3k
and period 3(k - l)(k - 2)(k - 4).

Note that st ru ct ural cons truct ions are very genera l and powerful tools for
the study of the sequences generated by recurrence equations. In [9] another
st ruct ural const ruct ion was introduced to establish strong relationships be
tween the sequences generated by parallel and sequent ial iterat ions. Other
result s on neuronal recur rence sequences may be found in [2, 3, 4, 6, 8].
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