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Monomial Cellular Automata

Ron Bartl et t '
Max G arzon!
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The University of Memphi s,
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A bstract . We investigate the dynam ics of monomial cellular au­
tomata, whose next-st ate is given as a product of t he neighb orin g
states . Monomial cellular auto mata prov ide a multi plicative analogue
of addit ive cellular automata with novel dynamical features. Phase
portrait s are given for monomials of degree two and t hree , along with
general methods to obtain them. Monomials of higher degree are an­
alyzed via a superpos it ion prin ciple.

1. Introduction

Linear or addit ive cellular auto mata (CAs) have remained, since. their early
inception , the most ame nab le to rigorous analyt ic treatment [1 , 2, 3J due to
the superposition principle. Recent ly, Reimen [4] exte nded the superpos it ion
principle to CAs over commutative monoids. With the binary operation
given by juxt ap osit ion, the superposit ion principle is then given by

T (xy) = T (x )T(y) (1)

where T is the global dynamics and x and yare configurations consist ing of
bi-infinit e words over a finit e set of states Q, that is,

Xi E Q

and the binary operation is applied pointwise, that is,

(XY)i = XiY;.

Subst itut ing for both sides of equation (1) gives

(XiYi)(Xi+lYi+l) = (XiXi+l)(YiYi+1) '
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(mod m) ,

Therefore,

Va,b,c,d, (ab)(cd) = (ac)(bd).

As Reimen pointed out , this condit ion is satisfied by a commutative monoid:
examples include (Zm,. ), t he residue classes of integers modulo m under
mult iplication .

Indeed, a mult iplicative version of the superposit ion principle provides a
direct approach to analyze CAs over (Zm, . ), whose local rule is given by a
product of the neighboring states

n

Omono(x) := II xf~j
j= l

where Xi is the ordered neighborhood vector (Xi" ' " XHn-l) of cell i. We
refer to these as mo nomial cellular auto mata because they are a part icular
case of a more genera l class of CAs whose local rules can be expressed as
polsmomials, th at is, as sums of S monomial terms with coefficients ai:

Opoly (X) :=tak(UX~j ) (mod m).

Hedlund [5] has shown that any CA over a prime numb er of states p can
be expressed as a polynomial of degree less than p , where the degree of t he
polynomial is given by m ax (pj ). We t hen associate the compl exity of a CA
with the degree of the polynomi al P (Xl ... x n ) = OpolY(X) , The lowest degree
CAs are those with linear (addit ive) rules such that m ax (pj) = 1. The degree
of a monomial te rm TIj=l x~j is t he numb er of variables X j with nonzero
exponents Pj (we assume x~ = 1). Thus, linear (addit ive) CAs consist of
sums of monomials of degree 1, whereas bilinea r (quadric) CAs consist of
sums of monomials of degree 2, and so on.

1.1 R ela tion t o linear CAs

Monomial CAs are the multiplicative analogues of addit ive (linear ) CAs. The
tra jectories of single pixels are describ ed by rows of Pascal 's triangle modulo
k . For example, consider the orbi t of I under

7l"l,l(X)i := Xi-lXH l (mod m)

below.
... 11111§11111 .
. .. 11118181111 .
.. . 11181§218111 .
. . . 1181831831s11 .
... l sl s41 §61s4 1s1 .

(2)

T he underscore § indicates the center cell. Here the exponents of s are the
binomial coefficients . The following definit ion is taken from Aho and Honda
[2].



Monomial Cellular Autom ata
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logg 1 1 logg
C ~ C
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Figure 1: Conjugacy between linear and monomial CAs over
(Zp,+,e).
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Definit ion 1.1. A state s is quasi-idempotent if there exist d, k E Z+ such
that sd+k = sd, where the least such d is called th e idempotent degree of s
and k is called the idempotent order of s , denoted ord(s).

Now if sd+k = Sd for some integer k > 0, then th e exponents repeat
modulo k where k = ord (s). These patt erns are well und erstood for pr ime k
([6]; see also [7] and [8]), but not for composite k. For the monomial of degree
2 given by equat ion (2), if k is a power of 2, t he orbi t of I = . . . 111 . .. will
converge to a limit cycle, otherwise it will diverge. Since a unit (invert ible
element ) cannot be idempo tent , all finite perturbations of I by uni ts have
divergent orbits . In particular , only the orbits of finite perturbations of I by
zero divisors can converge.

For prime p, (Zp,+, e) is a field that cont ains only one non-unit, O. There­
fore, only configurat ions containing a 0 can lead to convergent orbits. For m
with primit ive roots, (Z::n, e) ~ ( Z ¢(m) , + ), where ¢(m) is Euler's ¢-funct ion
and (Z::n ,e) is t he set of units modu lo m (those coprime to m). If g is a
primit ive root of m , (Z::n , e) is a cyclic group generated by g. In th is case
the discrete logarithm logg given by

6dX') == logg(6rr) == log, (If x?
== L Pj loggxj

j

(mod m))
(mod ¢(m))

(3)

(4)

provides a topological conjugacy between a monomi al CA over (Z::n , e) and
a linear CA over ( Z ¢ (m), +) , (log, is locally defined, hence it is cont inuous
and surject ive). If C denot es the configuration space consisting of the set
of configurations endowed with the product topology, then the diagram in
Figure 1 commutes .

It is well known that the integers

1,2 ,4,p"',2p'"

have primi t ive roots where p is any odd prime (see [9, Theorem 4.11]).
In the general case, logg provides an isomorphic copy of a linear rule over

the units only. It is also necessary to examine the behavior over t he zero
divisors.
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1.2 R ela t ion to Wolfram classes

The CA classificati on scheme proposed by Wolfram [11] and refined by Culik
and Yu [10] (for which the general problem of classificat ion is undecidable)
provides anot her approach to st udying monomial CAs. Here we briefly review
this scheme as given by Culik and Yu [10].

In what follows, a stable state s is one th at is invariant und er iterat ion of
the local rule, that is, b(s . . . s) = s . A homogenous (bi-infinit e) configuration
of s , denoted s, is one in which every cell is in state s . A fin it e s-co nfiguration
is one in which all but finitely many cells are in state s . T he stable state
for an addit ive CA over (Zm, + ) is 0, and the corresponding homogenous
configuration is O. The notat ion ~ ident ifies s as the cell at the origin. For
a mult iplicative CA over (Zm, .) the stable state is 1 and the homogenous
configurat ion is T.

D efinit ion 1.2. (Wolfram Classes as refined by Culik and Yu [10].)

C lass I (Black Hole): All finite s-con figurations evolve to the homogeneous
configuration of s.

C lass II (Periodic Orbi ts): All finite s-configurations have an eventually
periodic evolut ion.

Class II I (Chaotic Orbits): it is decidable whether Cl evolves to C2 for ar­
bitrary finite s-con figurat ions Cl and C2 ·

Class IV (Universal) : A ll cellular automata.

Note that Class I c Class II c Class III C Class IV.

Following t his scheme , we investigate the dynamics of monomial CAs
by examining t he evolution of finite l- configurations , which we refer to as
perturbations of T. We show tha t monomial CAs only belong to Classes I, II,
and III.

For CAs, limit cycles correspond to period ic configurations. We describe
a periodic configuration by a pat tern . For example, we denote the pat­
tern .. . 010101 ... by 01. ote t hat we do not distin guish an origin, as in
. . . 01Q101 ... . A patt ern is the equivalence class of periodic configurations
modulo a shift . For monomial CAs, this is t he same as considering equiva­
lent classes of limit cycles modulo the cycle length , or period. For examp le,
we will consider the 2-cycle 01Q10 10101 to be in the same
class as the fixed points . . . O1Q10 . . . and 10101 . This is because all
t he patterns in the basic block of a limit cycle must have the same number
of Os, as we shall explain.

The st ructure of t his pap er is as follows. In sect ion 2 we examine t he
monomials of degree 2 over Zz. In sect ion 3 we investigate monomials of
degree 3 over Zz . In sect ion 4 we consider higher dimensional analogues of
the monomials in previous sect ions. In sect ion 5 we consider the effects of
exte nding the state sets , that is, for monomials over Zm.
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.. . 111111101111111 .

. . . 111111010111111 .

. . . 111110101011111 .

. . . 111101010101111 .

... 111010101010111 .

.. . 110101010101011 .

. . . 101010101010101 .
. . 010101010101010 .

Figure 2: Perturbati on of I under 7r1,I(X) i == Xi - IXi+ 1 (mod 2).

371

2. Monomials of d egree two

We begin by examining monomial CAs in dimension one by dist inguishing
two subcases:

1. the symme tric monomials, given by

7rr ,r ( X )i == Xi-rXi+ r (mod m )

2. the asymmetric monomials, given by

1Tr ,k(X)i == Xi- rXi+k (mod m)

where r > k (neighborhoo d of radi us r) .

2.1 Symmetric monomials of degree two

We begin with a typical example. Consider the monomial , given by

1TI ,I(X)i == X i-I Xi+ 1 (mod 2) .

F irst note that 0 is a fixed-point attractor, as any per turbation (replacing
a finit e number of Os wit h Is) lead s back to O. In cont rast , T is a fixed­
po int repellor , as any perturbation (replacing a finit e number of Is wit h Os)
never leads back to T. Not e fur ther that any perturbation of the cente r
neighborhood of T is propagated left and right into adjacent neighborhoods.
We call this idempotent propagation (idemprop) . For exa mple, consider the
simplest perturbat ion of T under 1TI,1 in Figur e 2.

The limi t cycle is a 2-cycle given by 01 f-7 10. Other perturbations of T
consist of inject ing a finite number of Os. Given idemprop, we envision two
waves of Os meeting in or ou t of phase. For example, perturbing T with a
pair of Os, separated by an odd block of Is, also yields an orb it converging to
the 2-cycle 01 f-7 10:

2l+l
t - 2l+l - t ~ - -

1T1,1(101 01) = 1T1,l ..1101 . . . 1011 .. .) -----+ 01 f-7 10
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... 111111101111101111111 .

. . . 111111010111010111111 .

. . . 111110101010101011111 .

.. . 111101010101010101111 .

. . . 111010101010101010111 .

. . . 110101010101010101011 .

. . . 101010101010101010101 .

. . . 010101010101010101010 .

Figure 3: Superimposing waves for 7fl ,l(X) i == Xi - 1Xi+1 (mod 2).

... 11111110111101111111 .

. . . 11111101011010111111 .

... 111110101Q0101011111 .

... 111101000Q0010101111 .

.. . 111010000Q0001010111 .

.. . 110100000Q0000101011 .

. . . 00000000000000000000 ...

Figure 4: Annihilat ing waves for 7fl ,l(X) i == Xi-1 Xi+1 (mod 2).

We say tha t the waves are superimposing (see Figure 3).
In cont rast, perturbing I with a pair of Os, separa ted by an even block of

Is, yields an orbi t converging to t he attrac tor 0, tha t is,

21
t-21- t ~ -

7fll (101 01) = 7fll(. .. 1101 .. . 1011 .. .) ----> 0, ,

We say that the waves are annihilating (see Figur e 4).
Having considered all possible perturbations of I , we t urn next to per­

turbations of the 2-cycle Q1 f--7 10. Perturbing this 2-cycle by replacing a 0
with a 1 returns the 2-cycle.

7fi,1 (01110) = 7fi,1 ( . .. 010111010 .. .) ----> 01 f--7 10

Perturbing the 2-cycle by replacing a 1 with a 0 gives rise to an orbit con­
verging to O.

The 2-cycle Q1 f--7 10 is a saddle pat tern , in the sense tha t it attrac ts some
nearb y pat terns (pert urba t ions) yet repels others.



Monomial Cellular A utom ata

Figure 5: Phase portr ait for 7fl,l(X) i == Xi- 1Xi+1 (mod 2).

. . . ll l r- 111r- 101r-111r-111 .

. .. l l l r-101r-111r- 101r-111 .

. .. 10Ir- 111r- 101r- 111r-101 .

. .. ll l r- 101r- 111r- 101r-111 .

. . . I 01r- 111,·- 10F - 111r- 101 .

. . . l l l r- 101r- 111r- 101r-111 .

Figure 6: Perturbat ion of I under 7fr,r(X)i == Xi-rXi+,' (mod 2).
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T he phase port rait is given in Figure 5. To simplify th e diagrams , we
have followed several convent ions. Fir st , as mentioned in the introduction,
we give only one of the patterns in a limit cycle, and indicate the length of
the cycle by a subscript. For example, the 2-cycle 01 t--t 10 is denoted Oh
Second, pat terns are arr anged so that they can be reached by a pert urbation
of patterns in a level above. The pat terns in consecut ive levels in the diagram
differ in the numb er of Os, by a single O. The basin of at t ract ion of 0 is nearly
the ent ire configurat ion space , that is, 7ft 1(x) ---> 0 almost everywhere.

Next we analyze the dynamics of t he symmet ric monomial given by

Consider t he orb it of th e slightest pert urbat ion of I in Figure 6. The limit
cycle is given by the pair of bi-infinite patterns O1r 111 r 1 t--t l I" 1Ql r 1.
Again, it is easy to see that 0 is a fixed-point attractor, while I is a fixed­
point repellor.

Due to idemprop, the perturbat ions of I that are contained in a single
block of size n - 1 = 2r (neither all Is, nor all Os) are all gardens of Eden.
There are at most 2n- 1 dist inct blocks b1.. .bn- 1, each of which tends to a
limit cycle pat tern b1 . .. bn - 1 . T hese blocks then consti tut e a sufficient set
of perturbations of I to produce all the limit cycles. Of course , a given limit
cycle may contain more than one pat tern.
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Figure 7: P hase por trait for 7f2,2( X )i == Xi-2XH2 (mo d 2) .

Next , we perturb each of the patterns in each limit cycle in order to de­
term ine their asymptot ic behavior. This is easily accomplished, as changing
a 1 to a a in any pat tern leads to a pat tern with fewer Is, while changing a
a to a 1 in any pat tern returns the pattern. So each limit cycle is a saddle
cycle, except the attrac to r 0 and th e repellor T. Also, each set of pat terns
consti tuting a limit cycle must have the same numb er of as. Hence, we have
a partial ordering on the limit cycles, det ermined by the numb er of as in any
one of their constituent patterns.

The globa l dynamics of th e rule acts as a gravitational fie ld, originat ing
at 0 and pull ing every configuration under the rule's evolut ion from T down
to O. We summarize these observati ons in the following.

Proposition 2.1. (The dynamics of 1Tr ,r(X ) i == Xi -rXHr (mod 2).)
If n = 2r + 1, then

1. Th ere are at most 2n
-

1 limit cycles, each given by a distinc t pattern ,
of the form b1 ... bn - 1 . Each is a saddle cycle, except the repellor T and
the att ractor O.

2. Th e basin of attraction of0 properly contains the set of configurations
with at least one block of on- I.

In Figure 7, we give the phase portrait for r = 2. The pat terns may have
more than one repr esentation. For example 1110 = 0111 = 1011 = 110l.
Any given pattern can be reached by a perturbation of a pattern above it in
the diagram , and x ---> 0000 almost everywhere.

In Figure 8, in order to gain an idea of the sequence of portrait s for
increasing r , we present the phase portrait for r = 3 as well. Recall there are
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Figure 8: Phase portr ait for 'lr3,3 ( X )i == Xi-3Xi+3 (mod 2).
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paths in the diagram between higher and lower pat terns where the arrows
are not writ ten in .

In the general case, the mixture of limit cycles depends on certain proper­
t ies of r . For example, as r changes, the orbits of the alternating configuration
0011 = ... 00110011 . .. are

7f;,r(OO l1) ---> 00112

7f;,r(OOl1) ---> 0011

7f;,r(0011) ---> 0000

r = 2, 3, 6, 7,10, 11, . . .

r = 4,8 , 12, .

T = 1, 5, 9, 13, .

Next we consider the asymmetric case.

2.2 Asymmetric monomials of d egree two

First notice t hat an asymmetric monomial of degree 2 is equivalent to a
one-sided monomial of degree 2 composed with a shift:

7fr ,k ( X )i == Xi -rXi+k (mod 2) = a
k (7fr+k ,O(X) )i

where ak(x)i = Xi+k is the left-shift applied k t imes. We begin then by
examining the case where k = O.

Consider the smallest perturb at ion of I in Figure 9. In general, there
are 2r dist inct basic blocks b1b 2 . .. b. , each of which tends to a distin ct fixed
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.. . 111101r- 1l ll . . .

. .. 111101r- 10lr- 1ll l . . .

. . . 111101r- 10l r- 10l r- 1lll . ..

Figure 9: Perturbat ion of I under 1rr ,k (X )i == Xi-rXi+k (mod 2).

point . Since we may pick any cell as the cell with the left-m ost 0, denoted 0,
there are countably many fixed points for each distin ct block. We summarize
t hese observat ions as follows.

Proposition 2.2. (The dynamics of 1rr ,O( X ) i == Xi-rXi (mod 2).)

1. Th ere are countably many fixed points in each of the 2r distin ct right­
periodic pat terns of th e formI~. Each is a saddle point , except
the repellor I and the at tractor O.

2. Th e basin of att raction of 0 consists of the set of configurations of the
form 01bH1bi +Z . .. , where the position of the leftmost 1 is arbit rary.

T he phase portrait for this case is well described by the proposition, so
we omit a diagram.

Next we investigat e the shifted dynamics of

1rr ,k ( X ) i == Xi - rXi+k (mod 2) = a k (1rr+k,O( X ) ) i

where T > k > O. The dynamics are two-sided, so there are no longer
countably many limit cycles for each of the 2n (n = T + k) patterns, but at
most one for each pat tern . In genera l, each pat tern represents a un ique cycle
of length n = T + k . However , patterns containing a subpattern may lead to
a shorter cycle of length of the subpattern. We summarize these observations
as follows.

Proposition 2 .3 . (The dynamics of 1rr ,k ( X ) i == Xi-r XHk (mod 2).) If n =
T + k , then

1. Th ere are at most 2n limit cy cles, each given by a distin ct pattern of
the form b1bz . .. bn- Each is a saddle cycle, except for the repellor I
and the at tractor O.

2. The basin of attraction of 0 prop erly contains those configurations with
a block of on.

All the phase port raits consist of the pat tern 01, as either a fixed point or
a 2-cycle. The rest of the pat terns consist of p-cycles, where p divides n . The
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Figure 10: P hase portra it for 7fl ,3(X)i == Xi-1Xi+3 (mod 2) .
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phase portrait for T' = 1 and k = 3 is given in Figure 10. Note the similarity
wit h t he symmetric case T' = 2 in Figure 7.

When T' = 4 and k = 2, 01 is a fixed point , and the rest of the phase
portrait consists of only 3-cycles. We omit the diagram in the interest of
space .

3. Monomials of degree three

In this sect ion we examine monomials of degree 3 whose global dynami cs in
one dimension are given by

Again , we distinguish between two subcases: the symmet ric case where T' = k
and j = 0, and the asymmetric case where T' 2: k > j > O. We begin with
the symmetric case.

3.1 Symmetric monomials of degree three

Consider t he symmetric monomial of degree 3 given by

This is just t he two-sided analogue of 7fr ,O( X ) i == Xi-rXi (mod 2) summarized
in Proposition 2.2. A canonical example is t he doubly infinit e pa ttern O1 r - l

in Figure 11. Thus we have the following.

Proposition 3.1. (The dynami cs of 1l"r,O,r(X )i = Xi-rXiXi+r (mod 2).)
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. .. 111r-111r- 101r- 111r- 11 1 .

. .. 111r-101r- 101r- 101r- 11 1 .

. . . 101r- 101r- 101r- 101r- 101 .

Figure 11: Typical orbit of 7Tr,O,r(X )i == Xi -rXiXi+l' (mod 2).

Figure 12: Phase portr ait for 7T4,O,4 ( X )i == Xi -4XiXiH (mod 2).

1. There are at most 2r fixed points, each given by a distinct patt ern of
the form b1b2 . .. b. : Each is a saddle point, except the repellor I and
the attrac tor D.

2. The basin of attraction ofD properly contains the set of configurations
with at least one block of or.

The phase port rait is similar to th at in Figure 10. We give the portrait
for r = 4 in Figur e 12.

3.2 Asymmetric monomials of degree three

Consider t he asymmet ric monomial of degree 3 given by

1l'r ,O,k ( X )i == X i-rXiXi+k (mod 2)
== (J" j ( X i - (r+ j )X i - j X i+ (k - j ) ) (mod 2)

== (J" j (1l'r+j,j,k-j (X )) i (mod 2)

We will first consider th e centered asymmet ric case and then shift it to
obtain t he off-center asymmet ric case. Figure 13 illustrates the idea of fold-
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... 1111r- k- l11r- l11r- k- lQ1k-l11r- k-l111 .

.. . 1111r- k-l01k-l11r- k-lQ1k-l01r- k- l111 .

... 1111r- k- l01k- l01r- k- lQ1 k-l01r-k- l111 .

Figure 13: Folding under 1rr ,O,k ( X )i == Xi-rXiXi+k (mod 2).
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mg. The dynami cs essent ially folds the block 01k-lQF -lOabout th e center
0, from which the limit pat tern Olr- k-l inevitably follows.

So t here are at most 2r - k distinct patterns represent ing 2r - k distinct limit
cycles. Again , we summarize these observations in the following

Proposit ion 3.2 . (The dynami cs of 1rr ,O,k == Xi-rXiXi+k (mod 2).)
If f = T - k , then

1. There are at most 2f limit cycles, each given by a distin ct pattern of
the form b1b2 ... bf . Each is a saddle cycle, except for the repellor I and
the at tractor D.

2. The basin of attraction ofD properly contains those configurations with
a block Of.

Adding a shift of (J j to th e dynami cs, we obtain the off-center asymmetri c
case. As in case of monomials of degree 2, the shift reduces the numb er of
distinct limit cycle pat terns modulo th e length of t he subpatterns .

Proposition 3.3. (The dynami cs of Jrr - j ,j ,k - j == Xr_jXjXk_j (mod 2). )
If f = T - k , then

1. There are at most 2f limi t cycles, each given by a distinct pattern of
the form b1b2 . .. bf . Each is a saddle cycle, except for the repellor I and
the attrac tor D.

2. Th e basin of attraction ofD properly contains those configurations with
a block of Of .

In keeping with the previous cases, we give an example of a phase portrait
in Figur e 14.

4. Higher-dimensional analogues

The two-dimensional analogue of Jrr ,r(X) i == X i-rXi+r (mod 2) is a monomial
of degree 4 given by
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Figure 14: Phase portr ait for 'if4,O,S(X) i == Xi-4XiXi+8 (mod 2).

where E , W, N , and S correspond to East, West, North, and Sou th on the
von Neumann neighborhood centered at cell i

N

W E

S

and r E ; rW, rN; and r S denote r cells to the East of i , r cells the West
of i, etc. Consider, for example, th e evoluti on depicted in Figure 15 of the
simplest perturbation of the homogenous configuration of Is leading to a
2-cycle.

The three-dimensional analogue is easy to visualize as well and is given
by

where F and B denote the Front and Back faces of the neighborhood cube.
The K -dim ensional analogue has 2K directions D and globa l dynamics given
by

2K

7fr , r , . . . , r (X)i = II X i+rD (mod 2).
'-v--' D=l

2k

T he natural exte nsion of 7fr ,k to two dimensions is

which has the one-sided special case

7fr"o,k
"

O( X) i == Xi+r,EXi X i+k, NXi

== Xi +TIEX;Xi+h2 N

(mod 2)

(mod 2).
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· . . 1111111 · . .
· .. 1111111· . .
· .. 1111111 . . .
· .. 1110111· . . f-7

· . . 1111111 .
· .. 1111111 .
··· 1111111 ···

.. ·1010101·· ·
· .. 1010101 .
· . . 1010101 .
· . . 1010101 .
.. ·1010101 ···
.. · 1010101 · · ·
· .. 1010101 .. .

· . . 1111111· ..
· .. 1111111· . .
· .. 1110111 · . .
· . . 1101011 . .. f-7

· ··1110111· · ·
· . . 1111111 . . .
.. · 1111111· · ·

· . . 1111111 · . .
· . . 1110111· . .
.. · 1101011 · · ·
· .. 1010101 . .. f-7

. . · 1101011···
· · ·1110111 · · ·
· . . 1111111 . . .

··· 0101010 ·· .
· ·· 0101010 · · .
· · · 0101010 · · .
· · · 0101010 · · .
· · ·0101010 ·· .
·· ·0101010 · · .
· . · 0101010 · . .

Figure 15: An orbit of 7fl ,l ,l ,l ( X) i == Xi+EXi+WXi+NXi+S (mod 2),
the two-dimensional analogue of the orbit computed earlier.

Consider the orbit for 7'1 = 3 and k1 = 2 given in Figur e 16, which tends
to a fixed point with the upper half-plane all Is and right half-plane all
Is. Clearly this is the two-dimension al analogue we seek, with countably
many fixed-po int s for each two-dim ensional pattern of Os and Is. Higher­
dimension al analogues should be equally visible to th e reader. The two-sided ,
shifted dynamics is also easy to visualize, leaving only the det ails of th e cycle
lengths, which we omit .

T he two-dimensional analogue of 7f T ,O,r is given by

In Figure 17, we give the simplest orbit for the 7' = 2 case. The strict ly
fixed-point dynami cs is clear from the one-dimension al case, as should be
the dynamics for three and higher dimensions.

The two-dimension al analogue of 7f r ,O,k above is given by

Folding occurs in both dir ections, but is difficult to portray in limited space,
so we omit the example. However, the dynamics should be clear from the one­
dimensional case, as should the dynamics for three and higher dimensions.
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... 11111111111 .

. .. 11111111011 .

. . . 11111111111 .

. . . 11111111111. .. f->

. . . 11111111111 .

. . . 11111111111 .

. .. 11111111111 .

. .. 11111111111 .

. .. 11111011011 .

.. . 11111111111 .

.. . 11111111011 .

. . . 11111111111 .

. . . 11111111111 .

. .. 11111111111 .

. .. 11111111111 .

. . . 11011011011 .

. . . 11111111111 .
· · ·11011011011 .
. .. 11111111111 .
... 11011011011 .
... 11111111111 .

. . . 11111111111 .

. . . 11011011011 .

. . . 11111111111 .
f-> ... 11111011011... f->

. .. 11111111111 .

. .. 11111111011 .

. .. 11111111111 .

Figure 16: An orb it of 7r3,O,2,O(X)i == Xi+ 3E X; Xi+ 2N (mod 2).

.. . 111111111 .

.. . 111111111 .
· .. 111111111 .
.. . 111111111 .
· . . 111101111 . . . f->

· . . 111111111 .
· .. 111111111 .
· .. 111111111 .
. . . 111111111 .

. .. 111111111 .
· . . 111111111 .
· .. 111101111 .
. . . 111111111 .
· . . 110101011. . . f->

. . . 111111111 .

. .. 111101111 .
· . . 111111111 .
.. . 111111111 .

· . . 111101111 .
· .. 111111111 .
· . . 110101011 .
· . . 111111111 .
· . . 010101010 .
· .. 111111111 .
· .. 110101011 .
· .. 111111111 .
· . . 111101111 .

Figure 17: An orbi t of 7r2,2,O,2,2 (X) i == Xi+2EXi+2WXiXi+2NXi+2S

(mod 2), the two-dimens ional analogue of t he orbit computed with
r = 2.
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The two-dimensional analogue of th e shifted version of the above requir es
combining two shifts , one for each dimension .

1rr,-j,r2-j,j ,l,k,-I,k2-1 (z),
== xi+(r,-j )EXi+(r2-j)WXi+jE+INXi+(k ,-l)NXi+ (k2 -I)S (mod 2).

For example, if t he Nort h-South shift is 2N and the East-West shift is 3E,
then the resultant shift is 2N + 3E. Other than thi s, the dynamics follows
t he one-dimensional case. Similarly, three components are used to compute
the result ant shift in the 3D case .

An interesting monomial of degree two in two dimensions

While searching for two-dimensional analogues of monomials of degree 2, we
discovered an interesting case given by

1r( X ) i == Xi+EXi+N (mod 2).

Init ially, this seemed analogous to the one-sided dynamics of 1rO,r ( X ) i == XiXi+r

(mod 2). However, this is a monomial of degree 2 in two dimensions, hence
it is an analogue in a different sense than the degree-4 monomials above. In
this case, all finite perturbations of III (the homogenous configurat ion of 1)
by Os disappear to the South-West . A vert icle line of Os perturbing a sea
of Is reproduces itself downward and to th e left (NE idemprop), eventua lly
tending to the configuration with a half-plane of Os to the left of the line and
a half-plane of Is to the right. We denote this configurat ion by OIl. Similarly,
a horizontal line of Os tends to ~ , the configuration with a half-plane of Is
above the line and a half-plane of Os below. Interestingly, lines of Os with
posit ive, rat ional slope mi n tend to cycles with period m + n , while lines of
Os with negative, rational slope disappear to the South-West , tending to III .
All this is also true for half-lines.

Essent ially, th e rule prop agates parallel lines of Os with slope - 1 cor­
responding to the NE idemprop. Each cell eventua lly cycles with period
m + n > 1 if and only if there is a half-line of Os with slope 0 < min < 00.

In that case, there are event ually periodic points of every period. We give
an example in Figure 18 where m = n = 1 tends toward a 2-cycle.

We extend thi s map to asymmet ric neighborhoods in a natural way,
namely,

1rr ,k ( X )i == Xi+rEXi+kN (mod 2).

T his map propagates parallel lines of Os with slope - kl r corresponding to
the k N r E idemprop. As in the case r = 1 = k above, finite perturbat ions of
III by Os disappear to the South-West . Infinite perturbations by lines of Os
with negative slope also disappear to the South-West. A vert ical line of Os is
copied r places to the West , while a hori zont al line of Os is copied k places to
the South. Again , lines of Os with posit ive slope tend to limit cycles. A line
with slope min for m ,n E Z+ tends to a cycle of length lcm(k,m)+ lcm(r , n ),
where lcm(x , y) is the least common multiple of x and y.
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.. . 1111101 1111010 1110101 .

. . . 1111011 1110101 1101010 .

. . . 1110111. .. . . . 1101011... . . . 1010101... ---+

... 1101111 1010111 0101011 .

. . . 1011111 0101111 1010111 .

. . . 0101010 .

. . . 1010101 .

. . . 0101010 .

. .. 1010101 .

. . . 0101010 .

. . . 1010101. . .
· . . 0101010 .
· .. 1010101 .
. . . 0101010 .
· . . 1010101 .

Figur e 18: A limit cycle in 71"( X) i == Xi+NXi+E (mod 2).

Oth er neighborhoods- such as the Moore neighborhood or the Margolis
neighborhood , as well as more genera l grids- have similar features and can
be analyzed using the same techniques.

5. Extended state sets

Next we consider the effects of int roducing more states. Reimen [4] has shown
t hat a CA over a commutative monoid has divergent orbits with spac e-t ime
tr ajector ies isomorphic to Pascal's triangle modulo m . For m with primit ive
roots, this can also be inferred for the cyclic groups (Zm, e) from the work
on linear CAs over (Zm, +) by Aso and Honda [2] using the topological
conjugacy provided by the discrete logar ithm (2), except for the add it ional
O. Here we show that there may also be more limit cycles.

Consider the monomial in one dimension given by

71"1 ,1 (z), == X i-1Xi+ 1 (mod 14)

and the orbit of x = 5 with H = 11 below.

. .. 555555 5 .

... 9999999 .
... HHHHHHH .

. .. 9999999 .
. .. HHHHHHH .

In the example above, 5 has idempotent degree 2 and idempo tent order 2.
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Now consider the homogenous configurat ion s. Clearly, if S2 = S, then
Xi-rXi+r = s, for every i (and r ), and s is a fixed point . Now if S4 = s, but
S2 i- s, then s is a 2-cycle. Continuing, if s 2t = s , but s2 t' i- S for tt < t ,
then s is a t-cycle. In t he example above, S = 4, S2 = 2, and we have a
one-step t ransient , which we might refer to as vis = 8. T he phase portrait
for Xi -IXi+1 (mod 10) is the sam e as that for Xi - I Xi+1 (mod 6) given in
Figure 12.

More exa m p les

T he monomial njjfz ), == Xi - I Xi+1 (mod 3) over (Z3' e) has been extensively
analyzed under the guise of its isomophic image, the addit ive CA with local
rule 8 ( X) i == Xi-l + Xi+! (mod 2) (see Wolfram Rule 90). By includin g 0,
we obtain the state set (Z3,e). We already know the general dynamics on
configurations consist ing only of Os and Is. From previous work on Rule 90,
we obtain the dynamics on {I , 2}-configurations. And since 22 == 1 (mod 3),
we also know the dynamics for {0, 2}-configurations, as illustr ated below.

. .. 222222202222222 .

. .. 111111010111111 .

Only the {O , 1, 2}-configurations remain , which have the divergent dynamics
of the space-t ime tra jectories of Pascal's triangle modulo m , as seen in the
following orbit .

.. . 111111202111111 .

. . . 111112010211111 .

. .. 111120202021111 .

. .. 111201010102111 .

... 112020101020211 .

. . . 120102010201021 .

The phase portrait is given in Figure 19.
The phase portrait for ?TI ,I(X) i == Xi- I Xi+1 (mod 4) is similar to that

for ?TI,1 (z), == Xi- I Xi+1 (mod 2) given in Figure 5. No new limit cycles
are added; only divergent orbits appea r. The phase port rait for ?TI,1 (r ), ==
Xi-IXi+1 (mod 5) is similarly repeti t ive.

Figure 20 gives the phase portrait for ?TI ,I(X) i == Xi-IXi+1 (mod 6). The
ph ase por trait for ?TI ,1 (z ), == Xi - IXi+1 (mod 10) is the same as that in Figure
20, provided 3 ---> 5 and 4 ---> 6. Again not all arrows are present . An
exception here is that not every pat tern lower in the digram can be reached
from a pattern above it . However , every limit cycle pat tern can be reached
via a perturbat ion of T. In addit ion to the limit cycles, there are divergent
orbits with space-time tra jectories of Pascal's t riangle modulo m. See, for
example, Figure 21 (where (*) is either 2 or 5, initially 5).
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Figure 19: P hase por trait for '7fl ,l (X ) i == Xi - l Xi+ l (mod 3).

( IT "\

( w~ ~b')

~

Figure 20: P hase port rait for '7fl ,l(X)i == Xi -lXi+l (mod 6) .
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11111111111111111111111**11111111111 111111111111
1111111111111111111111****1111111111111111111111
111111111111111111111**41**111111111111111111111
11111111111111111111********11111111111111111111
1111111111111111111**414141**1111111111111111111
111111111111111111****4141****111111111111111111
11111111111111111**41**41**41**11111111111111111
1111111111111111****************1111111111111111
111111111111111**41414141414141**111111111111111
11111111111111****414141414141****11111111111111
1111111111111**41**4141414141**41**1111111111111
111111111111********41414141********111111111111
11111111111**414141**414141**414141**11111111111
1111111111****4141****4141****4141****1111111111
111111111**41**41**41**41**41**41**41**111111111
11111111********************************11111111

Figure 21: A divergent orbit of 1rl ,l ( X) i == Xi - lXi+1 (mod 4).

Figure 22: Phase port rait for 1r2,O,1 ( X) i == Xi -2Xi Xi+1 (mod 6).

387

Clearly, these monomials fall into Wolfram Class II since every limit cycle
can be determin ed in finite t ime from one of a finite number of perturbations
of s, for some s E Zm.

As a final example, we present in Figure 22 th e phase port rait for 1r2,O,1 (z ),
== Xi - 2XiXi+1 (mod 6).

6. Conclusion

Monomials of arbit rary degree can be obtained as a pro duct of monom ials of
degrees 2 and 3. Monomials of even degree are the product of monomials of
degree 2. Monomials of odd degree greate r than 3 are the product of a mono­
mial of degree 3 and monomials of even degree. We apply the superposit ion
principle to find the limit cycles. Given an initial configuration, limiting
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configurations ar e the pointwise multiplication modulo m of the respective
limiting configurations under the component monomials of degrees 2 and 3.

Monomial CAs over (Zm ,.) fall into the first three Wolfram Class es. We
need only simulate t he dynamics over a finite window for a finite time to
determine whether they obtain a particular orbit .
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