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A Note on Inj ectivity of
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Abstract. Additive cellular automata on finite sequences with peri­
odic boundary conditions are tr eated in terms of complex polynomials
whose arguments are roots of unity. It is shown that the condit ion for
a binary one-dimensional addit ive cellular automaton to be injective
is that the associated complex polynomial have no zeros that are roots
of unity.

1. Introduction

Cellular automata are discrete symbo lic dynamical syste ms defined in terms
of a lat t ice of sites , L; an alphabet of symbo ls, K ; and an evolut ion rule,
X , which maps configur ati ons at any given time t to new configurat ions at
t ime t + 1. A configuration, or state, is an assignment of a symbo l from K
to every site of the lat t ice L. The set of all possible configurations is called
the configuration space , denoted by E in the generic case.

Given a configuration p(t), t he evolution ru le generates a new configura­
tion p(t + 1) by assigning to every site in the lat tice a symbol chosen from
the alphabet on the basis of the symbo ls in a neighborhood at that site.

In t his not e t he lat tice is taken as a finite set of n sites located on the
circumference of a circle. This gives what has been called a cylindrical cellular
automa ton [1], because the evolution can be visualized as occurring on a
cylinder. In this case , the configuration space En consists of all periodic
sequences of symbols with periods t ha t divide n . In addit ion, consideration
is rest ricted to bin ary cellular automata, for which the alphabet is the set
{a, I}.

The neighborh ood of a site consists of a consecut ive block of k sites within
which the given site occupies a designated position. Here th is position is
assumed to be located at the left-hand endpoint of the neighborhood; t hat
is, th e neighborhoods are left just ified.

The evolution ru le is defined locally by a rule table specifying th e symbols
that are assigned to the designated site, for every neighborhood. This also
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defines a unique global operator X : En ----> En. The global operator is rep­
resented in terms of local neighborhood maps by defining its ith component
as

X i = X (io ... ik - I ) (1.1)

where io . .. ik - 1, t he ith neighb orhood , is the binar y expression for the
index i . The component form of X is writ ten as a "vector" with respect to
the "neighborhood basis,"

(1.2)

The map X is surject ive if for every configuration (3 there is a configuration J-t
such t hat X (J-t) = (3. If, in addition, this predecessor configurat ion is unique,
t hen the map X is inject ive. For cellular automata, injectivity is equivalent
to reversibility. Hence, if X is injective, there is another cellular automata
rule X -I such that if X (J-t) = (3, t hen X -I ((3) = J-t .

It is known th at t he question of whether or not a particular cellular
automaton is injective is decidable only in dimension one [2, 3]. Recent
theoret ical studies of reversible cellular automata have been carried out by
Head [4], Toffoli and Margolus [5], McInt osh [6], and Hillman [7]. Fredkin [8]
has suggested t hat reversible rul es may provide a basis for modeling reversible
physical processes.

In this paper considerat ions are rest ricted to addit ive cellular automata
ru les, that is, those that sat isfy the condition

(1.3)

where all sums are computed mod ulo 2.
Restriction of the configuration space to En rather than a set of infinite or

half-infinite binary sequen ces, is not a serious constraint as far as injectivity
is concerned since it is known that a cellular automata rule is injective on
t hese larger spaces if and only if it is inject ive on all periodic configuratio ns
[9] .

The addit ivity condit ion (1.3) requires that Xo = O. In addit ion, equat ion
(1.1) for addit ive rules takes the form

k- I

X(io. . . i k - I ) = L asis
s=o

(1.4)

It also possible to give an expression for an addit ive rule X in terms of the
left shift operator (J" , defined by [(J" (J-t )] i = J-ti + J-ti + 1:

k- I

X = L as(J"s
s=o

(1.5)

The coefficients in (1.5) are easily determined in te rms of th e components of
X by solving equation 1.4 with X(io . .. i k- I ) = Xi.
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In section 2 a representation of additive cellular automata defined on En
is given in terms of complex polynomials. Sect ion 3 proves that an addit ive
cellular auto maton rule X : En --+ En is inject ive if and only if its associat ed
complex polynom ial has no zeros that are nt h roots of unity. Fin ally, in sec­
tion 4, a rest atement is given of a theorem of Martin, Odlyzko, and Wolfram
[10] relating injectivity and reachabili ty of configurations .

2. R epr esent a tions of ad d it ive rules

In their classic st udy of addit ive cellular automata, Mart in, Odlyzko, and
Wolfram [10] made use of a dipolynomial representation, that is , states i.L E

En were represented as polynomials of the form

n

'" t S
-

1
i.L --+ ~ i.Ls .

s=l

(2.1)

The act ion of t he cellular automaton rule was repr esented as multiplication
by a dipolynomial of the form

k-1
r: L cst S

s=o

(2.2)

with all indices and powers reduced modulo n . T his corresponds to the shift
representation (1.5) when r = a since left-just ified neighborhoods are being
used.

Taking a different approach to additive rules, Guan and He [1] represented
configurations as n-dimensional vectors and evolut ion rules as multiplicat ion
of these vectors by certain circulant matrices, with all terms reduced modulo
2. They also made use of left-justi fied neighborhoods, and t he circulant
representat ion of a rule given in the form of equation (1.5) is obtained by
subst itut ion of the circulant form for the left shift operator:

(

0 1 a a

a ~ ""1010 0) ~ !!:l
100 a

(2.3)

A connection between these different approaches can be made in terms
of a complex polynomial p associat ed to each rule. It t urns out that what
is import ant are the values p(wn ) where W n = exp( 27ri/n) is an nth root of
uni ty. In what follows t he subscript on W n will generally be supressed, with
the understanding that W is defined in terms of whatever value of n is under
consideration.

Configurations are now represented as polynomials in the roots of unity:

n

i.L = L i.LsW S-
1

.

8= 1

(2.4)
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A cellular aut oma ton rul e X t akes t he form of multiplication by the complex
conjugat e of t he polynomial

n -l

p(W) = 2::'>sws
s=o

(2.5)

where the coefficients as are the entries in the circulant representation of
X : circ (aOal ' " an-d , and all sums are t aken modulo 2. Redu ction modulo
n, necessar y in the dipolynomial approach, is au t omatic since w n = 1.

Much is known about circulants and their relation t o roots of unity, and
a bri ef summary of resul t s that will be useful in this note concludes t his
section . These results are taken from the detailed st udy of circulant matrices
by Davis [12].

Lemma 2.1.

1. An n x n matrix A is circulant if and only if it commutes with the shift
operator.

2. An n x n matrix A is circulant if and only if it has the form A = PA((J )
where (J is the shift .

Definition 2.2. Th e Fourier matrix of order n is the matrix

1 1 1 1 1
1 wn - 1 wn - 2 wn - 3 W

F = _I_ I wn - 2 wn - 4 wn - 6 w2

(2.6)
yin

1 w2 w4 w6 wn - 2

1 W w2 w3 n -lW .

Th e Hermitian conjugate of this matrix (i.e., the transpose of the complex
conjugate) is denoted F *. This matrix is unitary, that is, F F * = F *F = I ,
and its eigenvalues are ±1 and ±i with multiplicity depending on the value
ofn.

Lemma 2.3. Let A = circ(aOal ... an- I) have associated polynomial PA(W )
and let A(A ) be the diagonal matrix

A(A) = diag(PA(I ),PA(w ), .. . ,PA(Wn
-

1)).

Th en A = F *A (A )F.

Corollary 2.4. The eigenvalues of A are A i = PA(Wi
) .

Remark. Since [(J(p.) ]i = P.i+l , the shift is equivalent to mul tiplication by
wn - 1

, the complex conjugate of w . Hence the act ion of a rul e X, represented
by circulant matrix A, on a state p.(w), is ob tained by multiplying p.(w) by
PA(Wn - 1), t he nth eigenvalue of A. .

Corollary 2.5. If A is non-singular, then A-I = F *A- I(A) F .
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3. Injectivity of additive rules

Since reversibility and inject ivity are equivalent , an ad dit ive cellular au tom a­
ton rule X : En ---> En represent ed by a circulant matrix A will be injective
if and only if A- I exists. From Corollary 2.5 we see t hat t his will be the case
if and only if none of the diagonal ent ries of A(A ) are zero . Recalling th at
these ent ries are reduced modulo 2, and not ing that PA(1) = I:~~~ as> this
yields the condit ions for injectivity of additive cellular automat a rules.

Theorem 3.1. Let X : En ---> En be an additive cellular automaton repre­
sented by a circulant matrix A = circ(aOa l .. . an- I). The rule X is injective
if and only if no nth root of unity is a roo t of the complex polynomial PA
modulo 2.

R emark: Since ui" = 1 is an nth root of un ity, t his condit ion requires that
an odd number of the coefficients as be nonzero. We also not e that the roots
of complex polynomials come in complex conjugate pa irs. Hence if wT is a
root , then so is ur" ,

The condi tion in Theorem 3.1 requires that PA be irreducible with respect
to the nth roots of unity. If we are only interest ed in whether or not PA has
roots that are nth roots of unity for some n , rat her than for specified values
of n , this can be determined from the conto ur integral

No = lim _1_ 1 p~(z ) dz (3.1)
<-.0 21ri ! C « ) PA(z)

where p~ (z) is the derivati ve of PA(Z), and C(E) is the annular curve indicated
in Figure 1.

It is a well-known result of complex funct ion theory that for any closed
contour C th is integral counts t he numb er of zeros minus the numb er of poles
of PA(Z) th at lie inside of C . Since PA is a polynomial, it has no poles and
only isolated zeros . Hence No given in (3.1) is the numb er of zeros th at lie
on the uni t circle, and the rule represented by PA is injective for all n if an
only if No = O.

Since an addit ive cellular automaton is injective on a configurat ion space
of infinite or half-infinite binary sequences if and only if it is injective on all
periodic sequences we have as an immediate result .

Corollary 3.2 . An additive cellular automaton X : E ---> E represented by
a circulant matrix A = circ(aOa l . .. an-d will be injective if and only ifpA(z )
is irreducible with respect to all roots of unity.

As an example, consider the well-known t hree-site rule 150 defined by
[X( J-i )Ji = J-ii + J-iH I + J-iH 2· T he act ion of this rule on a configurat ion J-i (w) is
obtained by mult iplicat ion of J-i (w) by PA(Wn- l ) = 1 +wn- l +wn- 2 For this
rule PA(Z) = 1 + Z + Z2, which has roots given by Z = - ~ + i~ . These are
powers of w = exp(21ri/3) . Hence rule 150 is not injective when 3 I n , and is
injective on all periodic sequences for which n I- 3m for any integer m. The
next theorem extends t his well-known result [11,13].
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Figure 1: Contour for computation of No in equation (3.1). Integra­
tion is counterclockwise around t he circle ofradius 1+E, and clockwise
around t he circle of radius 1 - E.

Theorem 3.3 . Let X : En -+ En be k-site additive cellular automaton for
which every coefficient as in equation (1.5) is equal to 1. If k is even, X is
never injective. If k is odd, X is injective for all values of n which are not
divisible by k .

P roof. If all coefficients in equat ion (1.5) are unity, then PA(Z) = 1+Z + Z2 +
...+ zk- l . If k is even , then there are an even number of non zero coefficients
as, and PA(1) = 0 (mod 2) . Hence X cannot be inje ctive in this case .

If k is odd, PA (1) = 1 (mod 2), but w = exp(21rri/k) is a root for
1 :::; r :::; k. Hence for n = mk,exp (21rmi/ n ) will be a root . Further , PA has
degree k - 1, and hence has only k - 1 roo ts, so no other values of n can
yield roots . Thus, so long as n #- mk, the rule is injecti ve. •

Tabl e 1 list s the addit ive rul es for up to five site neighborhoods, and
indicates condit ions for their reversibility.

In those cases where a rul e is injective, its inverse can be computed. The
example of rul e 150 acting on E4 and E5 indi cat es, however , that this inverse
must generally be expected to dep end on the period n . For n = 4, the inverse
of rul e 150 is compute d to be 1+ (J2 + (J 3, while for n = 5 it is (J(I + (J + (J 3 ).
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as Shift Form of Number of Inject ivity
coefficients Rule Sites Condit ions

00000 0 1 never
00001 0-

4 5 always
00010 0-

3 4 always
00011 0-

3 + 0-
4 5 never

00100 0-
2 3 always

00101 0-
2 + 0-

4 5 never
00111 0-

2 + 0-
3 + 0-

4 5 n i' 3m
01000 0- 2 always
01001 0- + 0-

4 5 never
01010 0- + 0-

3 4 never
01011 0- + 0-

3 + 0-
4 5 always

01100 0- + 0-
2 3 never

01101 0- + 0-
2 + 0-

4 5 always
01110 0- + 0-

2 + 0-
3 4 n i' 3m

01111 0- + 0-
2 + 0-

3 + 0-
4 5 never

10000 1 1 always
10001 1 + 0-

4 5 never
10010 1 + 0-

3 4 never
10011 1 + 0-

3 + 0-
4 5 always

10100 1 + 0-
2 3 never

10101 1 + 0-
2 + 0-

4 5 n i' 3m
10110 1 + 0-

2 + 0-
3 4 always

10111 1 + 0-
2 + 0-

3 + 0-
4 5 never

11000 1 +0- 2 never
11001 1 + 0- + 0-

4 5 always
11010 1 + 0- + 0-

3 4 always
11011 1 + 0- + 0-

3 + 0-
4 5 never

11100 1 + 0- + 0-
2 3 n i' 3m

11101 1 + 0- + 0-
2 + 0-

4 5 never
11110 1 + 0- + 0-

2 + 0-
3 4 never

11111 1 + 0- + 0-
2 + 0-

3 + 0-
4 5 n i' 5m

Table 1: Injectivity of additive rules for five sites or less.
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4 . Injectivi t y a nd reachabilit y

A quest ion of major interest for studies of cellular automata is whether or
not a given configurat ion p,has a predecessor. Clearly, if a rule X : En ~ En
is injective, then all configuratio ns have predecessors. In general, however,
t his is not t he case . In t heir classic analysis of addit ive cellular auto mata,
Mart in, Od lyzko, and Wolfram [10] prove a lemma specifying the condit ions
und er which a configuration is reachable, that is, has a predecessor. Using
the dipolynomial notat ion of equations (2.1) and (2.2) th eir result is given in
the next lemma:

Lemm a 4 .1 (10, Lemma 4.4) A configuration p,(t ) is reachable in the evo­
lu tion of a size n additive cellular automaton over Zp, as describ ed by T (t),
if and only if p,(t ) is di visible by the grea tes t com m on divisor A 1 (t ) =
gcd(xn

- 1,T (x )).

In terms of the nth roots of unity, th is can be restated in a form th at
makes the connect ion to injectivity explicit . For simplicity, the alphabet is
restricted to Z2.

Lemma 4.2. Let X : En ~ En be an addit ive cellular automaton repre­
sented by the polynomial PA. Furth er, let PA(W) be decom posed into irre­
d ucible factors

r S

PA(W) = II 'iT;(w) II llj (w ) (4.1)
;= 1 j= l

where each 'iT; (w) represen ts an injecti ve rule and the llj (w) represen t non­
inj ecti ve rules.

A con figuration p,(w) is reachable i f and only if
S

II llj (w ) I p,(w ). (4.2)
j = l

Proof: If p,(w ) is reachable, then there is a p,' (w ) such that PA(W)P,'(w) =
p,(w) and (4.2) is sat isfied as a consequence of equation (4.1).

Conversely, suppose t hat equation (4.2) is sa t isfied. Since each 'iT; repre­
sents an injective rule, th ere exists an inverse 'iTi1 that is also a polynomial
in w . Thus

s r

II llj (w ) = PA(W) II 'iTi 1 (w ). (4.3)
j = l ;=1

But (4.2) implies that
S

p,(w ) = II llj(W)p(w) for some p(w) .
j= l

Hence, by (4.3),
r

p,(w ) = PA(W) II 'iTi 1 (w )p(w ),
;=1

which provides a predecessor for p,(w ). •

(4.4)
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