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Abstract. We consider t he language L of the st rings over t he alpha
bet {a, I} of sha pe x lxl where Ixl is t he length of the st ring x . We
show that L is recognized in real t ime by an iterat ive array but not
by a one-way cellular auto maton , while the lan guage {O, 1}*· L is rec
ognized in real t ime by a cellula r automato n but not by an iterat ive
array.

1. Introduction

One-dimensional cellular automata (CAs) are known to be cap ab le of uni
versal computation and , as a parallel model, fast computation . A lot of
atte nt ion has been devoted to CAs as lan guage recognizers, especially to the
real-t ime CA languages and their closure propert ies (see [1- 8]).

Act ually, it is not known if the class of real-t ime CA languages is closed by
reversal or concatenation. Nevertheless , Ibarra and Jiang [6] have shown that
the class of real-t ime CA lan guages is closed by reversal if and only if linear
t ime and real t ime are equivalent; in addition , if it is closed under reversal,
then it is also closed under concatenation . In fact they conjectured that the
class of real-time CA languages is not closed under concat enat ion. In part ic
ular , they st udied the real-time CA language L = {x lxl : x E {O , 1}+, Ixl ~ 2}
(where IxIdenotes the length of the word x) and conjectured that {O, I} * .L is
not a real-t ime CA language. However , we present here a CA that recognizes
this language in real t ime, but t he problem of closure under concatenat ion
st ill remains open. Accord ing t o Cole [3], this lan guage is not recognizable
in real t ime by an it erat ive array (IA) .

The pap er is organized as follows. Sect ion 2 recalls some useful definitions
for our pur pose. Sect ion 3 shows that {0, 1}* . L = {0, 1}* . {x lxl : x E
{O, 1}+, Ixl ~ 2} is a real-ti me CA language but not a real-t ime IA language.
Section 4 establishes that L is a real-t ime IA language but not a real-time
one-dimensional CA language.
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2 . D efini tion s

Cellular automata (CA) . A CA is a one-dimensional array of identical
finite automat a (cells) numbered 1,2 , .. . from left to right that operat e syn
chronously. Each cell communicates with both left and right neighbors. The
state of a cell c at t ime t is a function of the state of cells c - 1, c, and c + 1
at time t - 1. The set of the states is finite and a subset of accepting states is
distinguished. Here we consider st ates as signal emissions . Thus, the signal
emission cell c at t ime t depend s on signals received from the cells c - 1, c,
and c + 1 at time t - 1. Cell 1 communicates wit h th e outside. The input
mode is parallel: at t ime 0, the it h bit of t he input string w is on the ith cell;
the remaining cells are in the quiescent state A.

A useful way to present the evolut ion of a CA is a t ime-space diagram:
the tth row corres ponds to the configuration of the CA at time t , and the site
(c, t ) repr esents the cell c at time t. The informat ion processing is expressed
in terms of propagation and int ersection of signals. These signals appear
intuit ively as an encoding of th e information and it s moves. In th e t ime
space diagram they draw straight lines.

O n e- way cellular automata (OCA). An OCA is a CA where the neigh
borhood is restri cted to the left cell: the evolut ion of a cell is defined by its
own state and the state of its left neighbor .

Itera tive arrays (IA). An IA has the same neighborhood as a CA. The
restrict ion is on the inpu t mode, which is sequent ial: the ith digit of the
inp ut is received by cell 1 at time i.

La ngu age r ecogni tion. We say that a CA (IA or OCA) recognizes a
language L in time f (n) if it accepts words w of length n in f (n) steps , that
is, if cell 1 enters an accept ing state at time f (n) . Real t ime corresponds to
f(n) = n - 1; it is the minimal time required for cell 1 to read the input.
Linear t ime corresponds to f (n) = cn where c is a constant greater than
1. We write CA(J(n» (IA(J (n » or OCA(J(n» to denote the class of the
languages accepted in time f (n) by some CA (IA or OCA).

3. The langu age {a , 1} * · { xlx1 : x E { D, 1}+, Ixl > I}

Lem m a 1. Th e language {O, 1}*· {xlx1: x E {O, 1}+, Ixl > I } is recognizable
by a CA in real tim e.

Proof. In sect ion 3.1 we use a process defined by Fisher [5] to organize
th e working area. In section 3.2 we define the moves of the input bits in
order to prepare the comparison process, and in section 3.3 we describe the
comp arison process.•
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3.1 Fisher 's process

To define an IA that genera tes in real t ime the binary sequence representing
the set of prime numb ers, Fisher divides the working area in vertical slices of
width 2, 3, . . . , n cells and in each slice of width n sets up zigzagging signals
to mark the mult iples of n [5]. Here the slice of width n will test if the input
word is of shape {O, 1}* . xlxl with Ixl = n . The zigzagging signals will be
used to divide the input word into subwords of length n .

3.1.1 D iv id in g the working area into vertical slices of width
2,3, . . . ,n (see F igure 1)

From the site (1, 0) a signal R of slope 2 is sent . From th e site (2, 5) two
signals are initialized: a vert ical delay D , and a signal S of slope 1.

n- ! " 11$ n cells

time

2'

"

n(n+1)11-1 .
n(n+I) ....)

(n(n-I )I2- I,
n(n- I ) 4 )

1 signal for initialization

/ sign::d R of slope 2

-
vertical delay D

/ signal S of slope 1

I ver tica l signal V

/ signal U of slope 2

1 2 14 cells

Figur e 1: Dividing t he working area.
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The evolut ion is governed by the following rules.

1. When a site receives a vert ical delay D , D stops and a signal U starts
with slope 2.

2. At the intersection of a signal S and a signal R, S stops and R goes on
its way; a vert ical signal V is initi alized.

3. At the intersection of a signal V and a signal U , V goes on its way and
U st ops; a vert ical delay D and a signal S of slope 1 are ini tialized .

Observe that the signals S that reach signal R are characterized by the
sites (n(n + 1)/ 2 - 1, n (n + 1) - 4) . From each such site , a vert ical signal V
is initialized , denoted by Vn . Between Vn - 1 and Vn there are exactly n cells
(exclu ding the cell Vn - 1 ) .

In the following, we keep only the signal R and th e vertical signals Vn .

3.1.2 Setting up a sieve (see Figure 2)

In each slice we set up zigzagging signals where afterwards the bits will be
collected . For n > 2, between the vertical signals Vn - I and Vn , from the site
(n (n + 1)/ 2 - 1, n(n + 1) - 4) (where Vn is initi alized), a signal is emitted t o
the left at speed 1. When it reaches th e signal Vn - I it returns with a slope
2 to the signal Vn , where up on reaching Vn it runs aga in at speed 1 to Vn - I ,

thus boun cing between the two signals Vn - I and Vn .

In excluding the sites of Vn - I , this signal points out

• in its i th right move the set Rn,i of the sites (n(n - 1)/ 2 + k ,n( n - 1) 
2 + 2k + 3ni ) wit h k = 0, . . . ,n - 1

• in its i th left move the set Rn,-i of t he sites (n(n - 1)/2 + k, n(n - 1) 
5 - k + 3ni) with k = 0, . . . ,n - 1

For n = 2, a signal is emitted from site (2, 2) (where V2 is initialized) to
the left at speed 1. When it reaches VI, it remains 3 steps on VI, and then
ret urns with a slope 2 to signal V2 , and so on . This signal points out in its
ith right move the set R 2,i = {(I , 6i) , (2, 2 +6i)} , and in its ith left move the
set R2,- i = {(I , -3 + 6i) , (2, - 4 + 6i)} . .

3 .2 Processing the bit s of the input word

The purpose of this sect ion is to prepare the data for the comparison process.

3 .2. 1 Moving the input word on the signal R (see Figure 2)

We assume that at the initi al t ime t he t th input bit Xt is on t he cell 3t - 2;
the remaining cells are in th e quiescent state ..\. First we move the inpu t bit s
to the right at maximal speed to signal R . Thus the t th bit x; emitted from
site (3t - 2, 0) reaches the signal R at site (t , 2t - 2). More pr ecisely, between
Vn - I and Vn the n following bits reaching the set Rn,o are X n(n-I}/2+k with
k = 0, ... ,n - 1.
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3.2 .2 Right moves of t he bit s (see Figure 3)

From signal R the bits proceed at maximal speed to the right. Observe
tha t between Vn - 1 and Vn , th e n bits reaching the set Rn,i are Xn(n- l)/2+in+k

with k = 0, . .. ,n - 1. More precisely, in the nth slice on the cell c =
n(n - 1)/ 2 + t (i.e., the tth cell of th e n th slice), we get successively the bit s

3 .2 .3 Left m ov es of t he bit s

In order for cell c = n(n - l) / 2+t to obtain X c- n,Xc-2n, . · · ,Xc-in, · · · , the bits
are dispatched in the following way. From t he segment R" ,o , each bit is sent
vert ically t o the first segment R n ,-l and then runs to the right with a slope
2 unt il reaching a segment Rn+l,- i . From this segment, it runs vertically to
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the next segment R n+l,-i-l , cont inuing to the right with a slope of 2, and so
on , In this way, between Vn - 1 and Vn , the n bits reaching th e segment Rn,-i
are Xn (n - l )/2-in+ t with t = 0, . . . , n - 1.

3.3 Comparison process

3. 3.1 Notation

Let Iwl be the length of w and a, b be int egers such that Iwl - (n+ 2)(n - 1)/ 2 =
an + b with °::; b < n . We denote by Tn ,i the subword Xn(n- I)/2 -in ' "

X n (n - l )/2-in +n-l , by Tn ,i[t] the bit X n(n- I) / 2- in+t , and by Tn ,i [S . . . t] the sub
word Tn ,i [S]Tn ,i [s + 1] ... Tn ,i[t].
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After the previous section we observe t hat in the nth slice the word w
is divided in thi s way: w = drn, 1- n d iv2 ... Tn,O .. . Tn,i ... Tn,aTn,a+1[1 b] with
d = Xl ' " Xn-1 if n is odd, Xl ' " Xn/2-1 if n is even, an d Tn,a+d1 b] the
empty word if b = 0. Note that the beginn ing of the input word is obtained
on the segment Rn ,- n div2 , which is below th e segment Rn,a if the length of
th e input word is at least n2

Observe t hat the word w is of shape {O, 1}*· xlxl with Ixi = n if and only
if the following three conditions are sat isfied:

(cl ] Tn,a = Tn,a-1 = = Tn,a- n+2;

(c2) Tn,a-n+d b + 1 n ] = Tn,a-n+2[b + 1 .. . n ];

(c3) Tn,a+1[I .. . b] = Tn,a[I .. . b].

3.3.2 Counting the number of successful comparisons

The past will be coded by means of two signals: a signal C that count s the
numb er of successive ident ical subwords Tn,i, and a signal M that record s
the cell where the last failed comp arison occurr ed . From segment Rn,- i ,

th e counter C runnin g on cell c = (n + 2 ) (n - 1)/2 - T means that T
previous subwords were identi cal: Tn,i = Tn,i-1 = . . . = Tn,i-T+1' Actually,
the counter C will be bounded by n , that is, C will not go thro ugh 11,,- 1'
The signal M running on c' = (n + 2 ) (n - 1)/ 2 - 5 implies that the last
failed comparison occurred on cell c' ; more precisely, in the case of T < n,
it means that Tn,i # Tn,i-T, Tn,i [n - 5 + 1 . . . n] = Tn,-T [n - 5 + 1 ... n ] and
Tn,i [n - 5] # Tn,i-T[n - 5].

The signals C and M are ini tialized on the segment Rn-1 : on the cell
(n + 2)(n - 1)/2 - 1 for the count er C on t he cell (n + 2)(n - 1)/ 2 for the
signal M. Between the two signals of typ e Rn,- i t hey move vertically. We
now show how these two signals evolve.

The n bits collected on segment R." ,i- 1 are sent vertically to segment
Rn,i and compared two-by-two with the n bits collecte d on segment Rn,i ' In
the same way, the n bits collected on segment R." ,- i are sent vertically and
compared with the n bit s collect ed on segment Rn,i '

The result of t he two comparisons Tn,i = Tn,i-1 and Tn,i = Tn,-i can
be obtained on the right site of Rn,i ' In addit ion, the right site of Rn,i

receives from the right sit e of Rn,i- 1 a signal indicat ing that all the previous
comparisons were successful.

Four cases can be dist inguished (see Figure 4).

1. If Tn,i = Tn,i-1 and Tn,i = Tn,- i , and all th e pr evious comparisons were
successful, then the counter C is incremented by 2 and the signal M
is not modified; in addition, the right site of Rn,i sends to the right
site of Rn,i+1 a signal indi cating that all the previous comparisons were
successful.

2. If Tn,i = Tn,i-1 and Tn,i # Tn,- i , and all the previous comparisons were
successful, t hen the counter is increment ed by 1 and t he signal M is
modified .
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3. If T n ,i = Tn ,i - l and one of the previous comparisons failed , th en th e
counter is incremented by 1 and the signal M is not modified .

4. If Tn ,i i= Tn ,i- l , then the counter is reinit ialized and the signal M is
modified .

So the right site of R."" i sends at maximal speed to the left along t he segment
R.",,- i-l in case (1) a signal 2, in case (2) a signal 1*, in case (3) a signal 1,
and in case (4) a signal O.

A counter C receiving a signal a stops, and subsequently a new signal C
is initi alized on cell (n + 2)(n - 1)/ 2 - 1. A counter C receiving a signal 1
or 1* (respect ively, a signa l 2) moves one cell (respect ively, two cells) to t he
left . When C reaches the signal Vn - 1 , it remains th ere (indeed the counte r
is bounded by n) . A signal M receiving a signal 1 or 2 remains on the
same cell, ot herwise the signal stops and a new signal NI is initialized on
the cell where the last failed comparison occurred (on segment R" ,i from th e
cells where a comparison failed , signals F are sent vertically to R" ,- i - l , on
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segment Rn,-i- l, the first signal F reached by signal Dor 1* extends in signal
M ; the ot her signals stop).

3 .3 .3 Collecting the result

Now consider a signal E dr awing by t he move of the last bit x lwl of the input
word. It starts initi ally from cell 31 w l - 2 and runs at maximal spee d to the
left . Observe that condit ion (c3) rn,a+1[l . . . b] = rn,a[l . .. b] is sa tis fied if and
only if the first b comparisons on segment Rn,a+l are success ful, t hat is, if
and only if all comparisons unt il the intersect ion of the signal E and segment
R n,a+1 are success ful. T he result is obtained on the signal E.

In the ot her part , signal E intersect s the counte r C on the cell (n +2)(n 
1)/ 2 T . T hree cases can be dist inguished according to the value of T .

• T = n . T he counter C is on the vert ical signal 11,,- 1> so t he n pr evious
comparisons are success ful: rna = rn a- l = . . . = rn a-n+2 = rn a-n+l '
T hus condit ions (c1) and (c2) ~re both sat isfied . ' ,

• T < n - 1. T he n 1 subwords rn,a, rn,a- 1>"" rn,a- n+2 are not all
identical, so condit ion (c1) is not sat isfied .

• T = n - 1. T he n - 1 subwords rn,a,rn,a-l , . . . , rn,a-n+2 are all identi cal ,
so condit ion (cl ) is sat isfied; in ad dit ion , if the signal E intersects t he
signal M on the cell (n + 2)(n - 1)/ 2 - S, then we have rn,i[n - S +
1 . .. n] = rn,- T[n - S + 1 . . . n ] and rn,i [n - S] # rn,i-T[n - SJ. Thus
condit ion (c2) rn,i[b+ 1 . .. n ] = rn,-T[b+ 1 ... n] is satisfied if and only
if S ~ n , that is, if and only if the signal M intersect s segment R n,a+l
before signal E .

In conclus ion , condit ions (c1) an d (c2) are satisfied if and only if signal
E int ersects th e counte r signal on Vn - 1 or signal E intersects the segment
R n,a+1 after the signal M and the counter signal one cell to the right of Vn- 1 .

The result is obtained on t he signal E. So if in a slice of length n t he three
cond it ions are sat isfied, the signal E reaching the first cell at time 31wl - 3
indicates to the first cell to enter an accepting state.

To conclude we consider the CA such that the cell (i , j ) represent s the
cells (3i + U , 3j + v ) where D ::; u, v < 3 of the pr evious CA . It recog nizes
{D ,1}* . {x lxl : x E {D ,1}+, Ix l > I} in real t ime.

Lem ma 2. T he language {D, 1}* . {x lxl : x E {D, 1}+, Ix l > I} is not recog
niza ble by an iterati ve array in real time.

P roof. T he proof of Cole shows that the langu age {D ,1}*.{x is a palindrome:
x E {D ,1}*, Ix l > 2} is not recog nizable by an iterat ive array in real time
([3], Lemma 11, p. 362) . T he adaptat ion of this result to {D, 1}* · {x lxl : x E

{D ,1}*, Ixl > I} is obvious . •
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4. The language {xlx1: x E {a, 1} +, Ixl > I}

Lemma 3. The language {x lxl : x E {O, 1}+, [z] > I} is recognizable by an
iterative array in real time.

Proof. The algorit hm is described in Figures 5 and 6.
As in sect ion 3.1, we first charac te rize the sites (n2

, 2n2
- 2) . From these

sites , signals R are init ialized, runni ng at maximal speed to t he left. They
reach cell I at time 3n2

- 3. T he area between the two signals R which reach
cell 1 at times 3(n - 1)2 - 3 and 3n 2 - 3 will be devoted to the recognition
of the words xlxl with Ixl = n .
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Figure 5 organizes the work area by setting up vertical signals V which
will distribute the input bits.

Figure 6 describ es the moves of the input bit s. We assume that the ith
bit is fed to cell 1 at time 3i - 3 where it is sent with slope 2 to the right. In
addit ion , when the bit Xi reaches a vertical signal V , it is sent t o the right at
maximal spee d to the next verti cal signal. So it is compared to the bit Xi+ n ,

in the ar ea devot ed to the recognition of the words xlxl with Ixi = n .

To conclude, we consid er the IA such that the cell (i , j) represents the
cells (3i + U , 3j + v ) where D :::: u , v < 3 of the pr evious IA. It recognizes
{xlxl : X E {D ,1}+, Ixl > I} in real time. •
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Lemma 4 . The language {xlxl : x E {O, l }+, Ixl > I } is not recognizable by
a one-way cellular automaton in real time.

Proof. Indeed , {l n2
: n E N } has b een shown not to b e a real -time OCA

language [2] and OCA (n ) is closed under int er section . Hence L = {x lxl : x E
{O, l} +, Ixl > I } 'f. OCA(n) since L n {l}* = {l n

2
: n E N} .
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