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A bstract. T he periodic behavior of a particu lar class of dynamical
sys tems , the cellular automata (CA) , is studied . A lar ge class of CAs
is defined , (containing both addit ive and nonadditive CAs) in terms
of the sensi tivity of t he local rule on which the CA is based . For this
class , the set of configurations which ente r a cycle afte r a finit e number
of it erat ions is complete ly characte rized and it is pr oved that this set
has measure zero according to every pr obab ility measure that ass igns
measure zero to single configurations .

1. Introduction

Cellular automata (CA) are dyn am ical systems consist ing of a regular lat ti ce
of var iables, any of which can take a finit e number of discrete values. T he
state of the CA, spec ified by the values of t he variables at a given ti me,
evolves in synchronous discret e t ime st eps according to a given local rul e. CA
have been widely used to model a variety of dynamical sys tems in physics,
biology, chemist ry , an d comp uter science (e.g., [1, 8, 9, 10, 16]). Desp it e
their apparent simplicity, many CA display a rich and complex behavior
which is generally very hard , if not impossible, to pr edict. In particular ,
many proper ties of the temporal evolution of CA have been proved t o be
undecidabl e [4, 6, 14].

Informally, a CA is a pair (X ,F) , where X is t he space of configurations
and F, F : X ---+ X, is a map that governs the temporal evolution of the CA .
In t his paper we consider the following two probl ems.

1. Given any configuratio n e belonging to X , we want to know if there
exist two integers i, j ~ 0, i i i , such that Fi[e] = Fi [e]. In ot her
words, we want to know whether or not e enters a cycle aft er a finit e
number of iterati ons.

2. Measure the set of configurat ions t hat ente r a cycle after a finite number
of iterations.
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T he ana lysis of the periodi c behavior of a dynamical system is cent ral to the
theory of chaos (e.g., [5, 15, 17]). Slightly different versions of problems 1
and 2 have been studied by several authors . T he periodicity of the temporal
sequences generated by a certain class of one-d imensional , binary, nearest­
neighb or CA evolving from arbit rary finit e init ial configurat ions on an infinite
lat tice is studied in [13]. The period icity of arbit rary configurat ions for the
class of addit ive, one-dimensional , binary CA is studied in [3].

In this pap er problems 1 and 2 are solved for a mor e general class of
CA th an those considered in [3] and for a more general set of configurat ions
than tho se considered in [13]. More precisely, a class of CA is defined in
terms of a particular property of the local rul e; this is similar , in spirit , to
the notion of sensit ivity for cont inuous fun ct ions. Informally, a continuous
fun ct ion f is sensitive to one of its inp ut vari ab les if small modifications to the
value of that variable cause large modifi cations to the output computed by
f. In the case of discrete maps defined over finit e sets, the definit ion above
needs to be modified in order to fit some ad dit ional formal requi rements,
for example, one has to specify the meaning of "small modificat ions." T he
notion of sens it ivity we use for discret e maps was introduced in [12] and called
"permutivity." Here, the class of CA based on local ru les th at are permutive
to t he leftmost an d/or to the rightmost var iable is considered . T his class
of CA, which we call leftmost and/ or rightmost permutive CA (L/R-CA),
contains both addit ive and non additive CA . In part icular , it cont ains all the
addit ive CA defined over alphab ets of prime cardinality. Loosely speaking, in
a L/R-CA "information" moves through the lat ti ce at each iterat ion without
encountering any obst acle.

For the L/R-CA class of CA we prove th e following.

• A configurat ion (finite or infini te) ente rs a cycle afte r a finite number
of it erations if and only if it is spat ially periodic.

• The measure of the set of configurations which ent ers a cycle after a
finite number of iterations is zero for any measure fun ction that assigns
measure zero to single configurations .

Note that om result s are independent of the numb er of input vari abl es of the
local ru le on which the CA is based .

2. N ot ations and defin itions

In this section some bas ic notations and definit ions are reviewed . Let A =
{a, 1, . .. , m - I} be a finite alpha bet and t, f : A 2k+l ---+ A , be any map. A
one-dimensional CA based on the local rule f is a pair (AZ , F ), where

A Z = {c Ie: Z ---+ A}

is the space of configurations and F, F : A Z ---+ A z, is defined as

(1)

F[c](i ) = f (c(i - k), ... ,c(i + k)), i E Z. (2)
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f depends on 2k + 1 var iables, which will be denoted by X-k, . .. ,Xk . For this
reason , we say that k is the radius of f .

T hr oughout this paper , F[c] will denote the result of the application of
the map F to the configuration c and c(i) will denote the ith element of the
configuration c. We recur sively define F"[c] by F"[c] = F [F"- l [clJ, where
FO [c] = c. T he set SP(n) of spatially period ic configurations of period n is
defined as

SP(n) = {c IVi E Z , c(i) = c(i + n)} .

The set SP of periodic configurations is now defined by

SP = U SP(n).
"EN

(3)

(4)

A configuration c E A Z is of time period n for the map F if and only if
F" [c] = c. When no confusion arises , it can be said that a configuration is
of period n instead of t ime period n . Let (A z ,F) be a CA . T he set EP of
eventually periodic configurations for F is defined as

EP = {cI :3i, j E Z , i.i ? 0, i =I- j , Fi[c]= F j [c]} .

We now give definit ions for the permutive and ad dit ive local rul e.

(5)

Definition 1. From [12]; f is permut ive in Xi , -k ::; i ::; k , if and only if,
for any given sequence X -k , . . . ,Xi-1> X i +1 , . . . , X k E A 2k , we have

(6)

D efinition 2 . f is leftmost permuti ve (rightmost permut ive) if and only if
there exists an int eger i, -k ::; i ::; k, such that

• i < °[i > 0],
• f is permut ive in the ith var iable, and

• f does not depend on Xj , j < i , [j > i].

We denote by L/R-C A the set of CA which are leftmost and / or right most
permutive.

Definition 3 . From [18]; f is ad dit ive if and only if it can be written as

(7)

where Ai E A.
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From now on, we say t hat a CA is permutive or addit ive if the local rule on
which it is based is permutive or addit ive.

Let g, g : A --+ A , be any map . We say that a local ru le t, f : A 2k+l --+ A ,
is trivial if it sat isfies f (X- k, . . . , Xk) = g(xo). The evolution of a trivia l CA
can be eas ily determined and it is not interesting neither from the topological
nor from the metric po int of view. T he following remark can be easily verified .

R em ark 1. If A is an alphabet of prime cardinality and (A Z , F ) is a non­
trivial additive CA , then (A Z , F ) is a LjR-CA.

As an example, the class of addit ive, one-dimensional, bin ary CA studied in
[3] are LjR-CA. LjR-CA also sat isfy other interesting propert ies. It has been
proved in [11] that LjR-CA are topologically t ransit ive dyn amical systems .'
Loosely speaking, a dynamical system (X,F ) is topologically transit ive if it
cannot be broken into two or more subsys tems that do not interact under
itera tions of F. Moreover , it has been proved that in the class of elemen­
t ary CA (one-dimension al binary CA wit h radius 1) LjR-CA are the only
transitive CA . In [2], it has been proved tha t topologically transit ive CA
are sensitive to initi al condit ions. In tuit ively, if a map possesses sensit ive de­
pend ence to initi al condit ions; then , for all pract ical purposes, its dynam ics
defies numerical approximati on . Small errors in computat ion introduced by
round-off may become magnified up on iterati on . T he results of the num er­
ical computation of an orbit , no matter how accurate , may be complete ly
different from the real orb it. Note that many definit ions of chaos for general
dynam ical systems are based on these two properties (e.g., [7]).

3 . Main r esults

In this section we consider the class LjR-CA and prove t he following two
resul ts.

1. A configuration c belongs to EP if and only if it is spatially periodic,
that is, EP = SP .

2. For any probabili ty distr ibution P defined over the space of the config­
ur at ions A Z that ass igns prob ab ility 0 to single configurations , we have
P (SP) = o.

The following t heorem proves that each configur at ion which lies on a cycle
of a LjR-CA must be spatially pe riodic.

Theor em 1. Let (A z, F) be a L/ R-CA based on a local rule f with radius
k . Let c E A Z be a periodic configuration for F , then c is spatially periodic.

P roof Without loss of generality, we assume that F is rightmost permu­
tive. Since c is a period ic configuration for F, then t here exists an integer
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number n such that Fn[c] = c. We part itio n c into a sequence { Cj} j EZ ' of
subconfigurations each of length 2kn defined by

d (i ) = c(2knj + i ), 0 ::; i < 2kn, j E Z. (8)

(9)

(10)

Let al E An, and a2 E A n2 be two finit e configurat ions of length nl and
n 2, respectively. We use al a2 to denote the configuration of lengt h n l + n2
defined by

( .) _ { al (i) if °< i < n l>
al a2 ~ - ( ') 'f < .a2 i 1 nl _ ~ < n2.

We define the directed graph Gc = (V,E ) as

V = {o E A 2k
n I 0 = d for some integer j },

this is the set of all configurations of length 2kn which appear at least once
in the partit ion of c. T he arc (01 ,02) belongs to E if and only if there exists
an integer number i such that 0102 = dCi+l . One can easily verify that G is
connected and that each node of G has in-degree at least 1. We now prove
that each node has out -degree 1. Assume that both (0,01) and (0,02) belong
to E with 01 =1= 02. T his means that c contains both 001 and 002. Assume
that c contains 001 starting at position p and 002 starting at position q.

Let 0', 0", o~, s; o~, and o~ be configurations of length kn such that
0'0" = 0, o~ o~ = 01 , and o~o~ = 02 . At least one of the following two
inequaliti es holds: o~ =1= o~ or o~ =1= o~ . Assume that o~ =1= o~ . Let t < kn be
such that o~(i ) = o~ (i ) , °::; i < t , and o~(t) =1= o~(t ) . Since F is rightmost
permutive, we have t hat

(11)

Since c is periodic of period n and it contains 0 start ing both at pos it ion p
and at pos it ion q, we have that

i = 0, ... ,2kn - 1. (12)

From equa t ions (11) and (12) we have a contradiction . T hus , o~ = o~. As­
sume now that o~ =1= o~ . Let t < kn be such that o~ (i) = o~ (i) , °::; i < t ,
and o~ (t) =1= o~ (t) . Since F is rightmost permut ive, we have that

Since c is periodic of period n and o~ = o~ , we have that

(13)

i = 0, . . . ,3kn - 1. (14)

From equations (13) and (14) we have a contradict ion. Note that if all the
nodes of a finit e graph have out-degree 1 and in-d egree at least 1 then they
have in-degree exactly 1.

Summarizing, we have that E is of the form

(15)
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for some integer h . Consider now the configuration a = ala2 ... ah. One can
easily verify that

c(2hknj + i) = a(i), 0 :::; i < 2hkn , j E Z, (16)

that is, c is spat ially period ic of period 2hkn . _
T heorem 1 guarant ees that if a configurat ion is periodic then it is also

spatially periodic. T his do es not imply that a configur at ion which is not
spat ially periodic might ente r a cycle afte r a finit e number of it erations. The
next theorem guarantees that this is not possible.

T heorem 2 . Let (A Z , F ) be a L/R- CA based on a local rule with xediss
k . Let a E A Z be a spatially periodic con figuration for F and b is one of it s
predecessors. Th en b is spatially periodic.

Proof Assume that t here exists a spatially periodic configuration a that has
a pr edecessor b which is not spatially period ic. Since a is spat ially period ic,
then there exists an int eger n ~ 1 such that

a(i + nj) = a(i) , 0 :::; i < n , j E Z. (17)

We partiti on b into subco nfigurat ions f} , j E Z , of lengt h n defined as

IJ(i ) = b(i + nj ), 0 :::; i < n , j E Z . (18)

Since the number of distinct f} is no greater then m " (where m is the car­
dinality of A ), b must contain two subconfigurat ions of the type bibh and
bibl such that bh i= bl . Assume that b contains bibh and bibl start ing at po­
sit ions p and q, respectively. Assume tha t bh(i) = bl(i) , 0 :::; i < t < n ,
and bh(t) i= bl(t). Without loss of generality, assume that F is rightmost
permutive. T hus,

F[bJ(p+ n + t - k) i= F[b](q + n + t - k).

Since p = q + n.i for some integer i , and F [bJ = a, we have

(19)

(20)a(q + nj + n + t - k) i= a(q + n + t - k) .

From equations (17) and (20) we get a cont radict ion . _

Coro llary 1. Let (A Z , F ) be a L/R- CA and let a E A Z be any configura­
tion . Then a enters a cycle after a finite number of it eration s if and only if
it is spatially periodic.

Proo f If a is spat ially periodic then it is clear that afte r a finit e nu mber of
iterati ons a enters a cycle. If a is not spat ially periodi c, by T heorem 2 we
kn ow that Fn[a], n ~ 0, is not spat ially periodic and then , by T heorem 1 it
cannot enter any cycle. _

In Example 1 we exh ibit a one-d imensional binar y CA that is neither
rightmost nor left most permutive and which does not satisfy Theorem 2.
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Example 1. Let (A z, F ) be the CA based on the following local rule

f.( ) = { 1 if X- I + Xa + X l = 1,
X-I , Xa, Xl 0 otherwise .

497

(21)

On e can then eas ily verify that the spat ia lly nonp eriodic configurati on c
defined by

c(i) = { ~ if i = 0,
otherwise,

(22)

ente rs a cycle aft er one it eration, whil e the spat ia lly p eriodic configuration
c defined by c(i ) = 1, Vi E Z , has infin itely many pr edecessors that are not
spat ia lly periodic.

Note that the local rule of Example 1 differs from the rightmost and leftmost
permut ive local rul e

( )
_ { 1 if ( X-I + Xa + X l ) mod 2 = 1,

9 x_I, Xa, Xl - 0 otherwise, (23)

only if X - I = Xa = X l = 1.
Consider now the family P of probability measures (or , more generally,

me asures) defined over the set A Z that sa t isfy the prop erty

VP EP, P(c) = o. (24)

In Example 2, a probab ilit y distribution over the space A Z whi ch sa tis fies
Property 24, the so-called Bern oulli distribution, is given .

Example 2. Let A = {O, ... ,m - I} be a finit e alphabe t . We define t he
cylindric set Cyl(L n , ... , 6n ) c A Z by

Cyl(Ln , ... , 6n )= {C E A Zlc(i)= 6i, 6i EA, i=-n, ... ,n }. (25)

Cylinders are ope n an d closed sets that form a basis for the topology of A Z .

We define the probab ilit y distribution on the set of cylinders of A Z as follows:

n

P(Cyl(Ln , .. . ,6n ) ) = II Prob(6i) ,
i=-n

(26)

where Prob(6i) st ands for the probability of the singleton 6; to occur. If Prob
is the uniform probab ilit y distribution over the set A , we have

nI l
P(C yl(6_n , . .. ,6n ) ) = II m =m 2n +l '

t=-n

(27)

It is easy to check that for any configuration c E A Z we have P(c) = 0, that
is, PEP.
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We now pr ove that for L/R-CA the set of configurat ions that event ually
enter a cycle has measure zero according to any pr obability measure P EP.
Absence of periodi city can be interpret ed as fur ther evidence that L/R-CA
are chaot ic dynamical systems.

T h eorem 3. Let (A Z , F) be a L/R-CA . Let PEP be any probability
distribut ion. Then P(EP) = O.

Proof. By Corollary 1 we kn ow that , starting with a configurat ion a E A z ,
a cycle is entered if and only if a is spatially periodic, that is, SP = EP . We
now prove that P (SP) = O. Since SP = { 01 , . .. , On ... } is a countably infinite
set , we have that

+=
P (SP) = L P(o;) = o.•

i= l

4 . C on clusions

(28)

In this pap er a particular class of CA were defined according to the sensitivity
of the local ru le on which they are based : the leftmost and/or right most
permutive CA (L/R-CA). For this class of CA, we prove that the measure of
the set of configurations which ente r a cycle afte r a finit e number of iterati ons
is zero for any probabi lity distr ibution that ass igns pr obability zero to single
configurations . In [2] and [11] it has been proved that L/R-CA are chaotic
dynam ical systems according to Knudsen 's definition of chaos and it has
been conjectured that they are chaot ic in the sense of Devaney as well. Since
the absence of periodicity is a widely accepted featur e of chaot ic behavior ,
the result s can be considered as mor e evidence that L/R-CA are chaot ic
dynamical syste ms.
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