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Abstract. Eigen’s model for the molecular evolution of self-replicating
macromolecules is used to develop a method for predicting the distri-
bution of alleles in the framework of infinite population genetic al-
gorithms (GAs) with selection and mutation. A set of ordinary dif-
ferential equations which take into account selection and mutation is
derived and applied to GAs. By calculating the spectrum of a matrix
appearing in the equations, the method makes it possible to obtain
the distribution of alleles. It is shown that eigenvectors of the ma-
trix which includes only mutation are Walsh monomials. Some ap-
proximate expressions for the asymptotic behavior of GAs with small
mutation rates are also presented.

1. Introduction

Genetic algorithms (GAs) are a class of algorithms based on biological evo-
lution. In recent years, they are becoming more and more important in
machine learning and nonlinear optimization. However, in spite of the fact
that mathematical properties of GAs have long been investigated since the
pioneering work of Holland [1], the mechanisms of evolution in GAs are still
not well understood.

In this paper, we present a mathematical model for describing the time
rate of changes of relative frequencies of strings in GAs. For this purpose, we
employ a theory originally developed by Eigen and his colleagues [2, 3]. They
proposed a system of ordinary differential equations (ODEs) which describe
the rate of population changes of self-replicative macromolecules, such as
RNA or DNA, for the investigation of the origin and evolution of life. Each
equation contains a term which keeps the total population size constant. In
the analysis of their ODEs, they conceived a notion of “quasi-species” which
is defined as a distribution of species dominated by one or several sequences.
As a result, Eigen’s theory is sometimes called the quasi-species theory.
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In population genetics, Eigen’s theory corresponds to a multilocus model
of asexually reproducing haploid organisms. Higgs pointed out the relation-
ship between Eigen’s theory and haploid models, and derived the stationary
distributions of populations in some fitness landscapes [4]. Wiche, Baake,
and Schuster investigated two (coupled and decoupled) versions of selection-
mutation equations for diploid organisms [5]. They obtained these equations
by modifying the ODEs of Eigen. In their study they also gave the equa-
tions for haploid organisms. We employ the coupled version of their haploid
equations to describe the time dependence of allele frequencies.

In section 2, the system of ODEs is presented for the time-dependent
description of the allele frequencies in GAs. An explicit form of a selection-
mutation matrix which appears in the system is given, and a procedure for
solving the equations is presented. We show that eigenvectors of the mutation
matrix are Walsh monomials. In section 3, we give several formulae for
small mutation rates obtained using two approximations: the neglect of back
mutations and perturbation theory. We apply them to three examples of
fitness landscapes. Comparisons between Eigen’s theory and GA experiments
by numerical calculations are presented in section 4. Finally in section 5, we
present a discussion of the results.

2. Selection-mutation model

In this section, we present a system of ODEs for simulating time-dependent
behavior of GAs. We also describe a method to solve this system. If the
fitness value of each allele is a function of Hamming distance from the fittest
allele, we can derive a simplified form of ODEs (Hamming class formalism).

2.1 Equations of evolution

We consider an infinitely large population reproducing with selection and mu-
tation, but neglect crossover. We adopt a single-locus multiple-allele model;
that is, binary strings of length [ are treated as one gene having n = 2 alleles.
Let 2;(t) be the relative frequency of the ith allele B; at generation ¢, which
satisfies the normalization condition

zi(t) = 1. (2.1)

The selection procedure is the proportional selection used in the “simple
genetic algorithm” by Goldberg [6]. We start with a system of ODEs for
describing evolutionary behavior of GAs,

dwi(t) S5 Aijas(t)
a f(t)

F(t) = z fiit), (2.3)

—z(t)  (i=0,...,n—1), (2.2)
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where f; is the fitness of the 4th allele and f(t) stands for the average fitness
of a population at generation ¢. Here, A;; is an element of selection-mutation
matrix A which represents the combined effect of selection and mutation.
The matrix A can be decomposed into two parts, matrices F' and M, which
represent the effects of selection and mutation, respectively. The selection
matrix F'is a diagonal matrix whose ith diagonal element is f;. We assume
that all fitness values are positive and are not time dependent. The selection-
mutation matrix A is given by

Here, M is the mutation matrix whose element M;; stands for the probabil-
ity of mutation from allele Bj to allele B; per generation and satisfies the
condition Y_; M;; = 1. We assume that strings are reproduced with mutation
rate p per bit per generation. Then the mutation matrix M is described as

Mj; = (1 = p)' =10 pttd), (2.5)

where d(i, j) denotes the Hamming distance between alleles B; and B;.
By rescaling the time axis

I
o T
the system of ODEs in equation (2.2) can be transformed to Eigen’s evolution
equation [5],
dxZ s

ZAZJIJ —zi(7) f(7), (t=0,...,n—1). (2.6)

Since the right-hand side of equation (2.6) contains the second order term
in x, this equation is nonlinear. However, it is shown by Thompson and
McBride [8] and independently by Jones, Enns, and Rangnekar [9] that a
transformation

wi(r) =w(r)exp (- [T F(#)ar) (2.7)

takes the nonlinear equation into the linear equation

dy;
U Z Ayl (2.8)

We can easily solve this system by calculating the spectrum of A. However, it
should be noted that the solution of the transformed system does not satisfy
the normalization condition, equation (2.1). But the solution of the original
system can be obtained by a transformation [9]

r)/@ﬂr) (2.9)
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If mutation is absent; that is, p = 0, equation (2.2) becomes

da;(t) _ fixi

—x; 2.1
e (210)
and the solution is given by
n—1
z;(1) = aexp(fiT)/ Z ajexp(fiT), (2.11)
j=0

where constants a; are determined by the initial distribution of alleles in the
population. If only one allele has the maximum fitness value, the stationary
solution at t — oo is given by

1 i=0
ti= {0 otherwise, (212)
where ¢ = 0 denotes the allele of the highest fitness.
In the case of no selection (fo = --- = f,_1 = 1), the system is solely
determined by mutation,
dyi(r) &
T = 2 Myy;. (2.13)
j=0

Since all elements M;; do not depend on time, we can get the solution by cal-
culating eigenvalues and the corresponding eigenvectors of M. Rumschitzki
developed a method to calculate eigenvalues and eigenvectors of matrices
appearing in Eigen’s systems [10]. By using the procedure of Rumschitzki
described in Appendix A, we can obtain the eigenvalues of M,

!
(1 —2p)*  with multiplicity <k> (k=0,...,0). (2.14)

It is also shown in Appendix A that the eigenvectors of M are the Walsh
monomials, which have been widely used in the GA literature (e.g., [11]).

In the model including selection and mutation, it seems very difficult
to obtain the explicit expression for the spectrum of the selection-mutation
matrix A. Here, we describe some results concerning the properties of the
eigenvalues of A. In Appendix B, we show that all eigenvalues of A are real
if all fitness values are positive. It is also verified that the largest eigenvalue
is nondegenerate and positive.

2.2 Hamming class formalism

In GA applications, we frequently encounter a case where fitness values of
alleles depend only on their Hamming distances from an optimum allele. In
such a case the system of evolution equations can be reduced to a considerably
smaller size. We treat alleles having the same Hamming distance ¢ from
the optimum allele as one group and call them I'; (i = 0,...,1). It may
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be reasonable to assume that, when the solution approaches a stationary
distribution, alleles within the same Hamming class distribute uniformly.
Then the evolution equations are reduced to
dz(t) 2:0 Ag'zj(t)
= = — z(1), 1=20,...,1), 2.15

- s ) (215)
where z; denotes the relative frequency of I';. The selection-mutation matrix
in the Hamming class formalism is given by

H __ H rH
Al = Ml (216)

where f{7 stands for the fitness value of allele(s) within I';. An element of
MH representing the collective effect of mutations from I'; to T; is

kmax . .
I— —i—j it
Ml =Y (é) (ii)up)l Rk, (2.17)

k=kmin

where kmin = max(0,7+ j —[), and kmax = min(¢, j) [5]. The mutation ma-
trix M is no longer symmetric, but still satisfies the condition 3>, M/ = 1.

3. Approximation for weak mutation

In this section, we present theoretical results applicable to systems evolving
with small p. First, we develop approximation methods for calculating a
stationary distribution of alleles by neglecting terms corresponding to “back
mutations” in equation (2.2). Second, we describe the results of the perturba-
tion theory that can express a stationary distribution of alleles in the power
series of p. The obtained formulae are applied to three fitness landscape
examples.

3.1 Neglect of back mutations

We follow the approach of Higgs who applied the quasi-species theory to pop-
ulation genetics [4]. His theory of a haploid organism reproducing asexually
is a powerful tool for analyzing the behavior of GAs. We assume a fitness
landscape depending only on Hamming distances from an optimum allele and
apply the Hamming class formalism. If the mutation rate p is small and the
length [ of strings is sufficiently large, we may neglect back mutations, which
are mutations from I'; to I'; with ¢ < j. This approximation is valid only for
small j. In the case of large j, the frequency z; may be negligibly small in
the total system and we can also ignore back mutations. With this approx-
imation, the mutation matrix M is approximately given by retaining the
term of the lowest power in p, kK = kmax = min(i, j) = j, in the summation
of equation (2.17),

I— o
M = <i—j‘>(1—19)l_lﬂpz_]7 O<j<i<l), (3.1)
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and otherwise ]Wig is zero. Here we used the fact that matrix elements
corresponding to back mutations (i < 7)

= (o -sr

are smaller than the elements given by equation (3.1) for large [ and small
j. Then the equations in the Hamming class formalism take the simple form

dt

_ ZZ: <l - j) (1= p)= 9 fH(6) /T (8) = (1), (3.2)

j=o0 \! —J

We introduce a variable U = [p which may be more appropriate than p for
describing the effect of weak mutation. The new value U stands for the
mutation rate per string per generation. Since we assumed large [ and small
p, the mutation matrix approximately takes the form of a Poisson distribution

Ui
(i)

At equilibrium, in which dz;/dt = 0, we have these relations among allele
frequencies:

M = exp (=U),  (i2)). (3.3)

il () (SR Ao Wi (3.4)

t=7

i i—j

=Gyl )f{'zi/ ] 55)

By setting ¢ = 0 in equation (3.5), we have a very interesting relation

[=falexp (=U) = f§' exp (~Ip). (3.6)

This result for the mean fitness was already noted by Kimura and Maruyama
[12] in their analysis of the mutational load (f{’ — f)/f. The important point
is that the above relation is quite general, imposing no restriction on the form
of fitness landscape.

Now we consider two special examples of fitness landscapes. One is the
multiplicative landscape defined by

fA=0-n" (0<r<1), (3.7)

If we take the limit [ — oo, we can obtain the stationary distribution for this
landscape by using equation (3.5)

2z = (UZ/'T)I exp <7g> ) (3.8)

r
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which was given by Haigh [13]. On the other hand, Higgs gave an approxi-
mate solution for finite string length ! by using equation (3.4) [4]

F=-p. 39)
5= (- pin o, (310

where the following identity was used

(-9)6)-C)6)

It can be noted that the stationary distribution of alleles becomes a binomial
distribution determined by only one parameter p/r. This result also sug-
gests that each bit behaves independently of other bits in the multiplicative
landscape.

Another example of landscape is the single-peaked landscape defined by

[ { L @=0 (3.11)

i 1—7r (otherwise).

Only one allele has a high fitness, and all other alleles have a lower fitness
(0 < r < 1). This landscape has been studied intensively by Eigen and other
researchers because of the interesting behavior observed in the solution [3, 5].
An approximate solution for this landscape was also given by Higgs [4]

zo=1—1Ip/r,

a=(p/r) (L =lp/r) (=), (3.12)

where Ip < 1 and r < 1 are assumed.

3.2 Application of the perturbation theory

To obtain the stationary distribution of alleles, we have to carry out the di-
agonalization of matrix A in equation (2.8). However, in the case of weak
mutation, we have an approximation method to calculate the relative fre-
quencies of alleles by using the perturbation theory [14]. This method has
wide applicability and does not assume a special form of fitness landscapes.

The selection-mutation matrix A is divided into two parts, A and ®.
The unperturbed part A© is a diagonal matrix whose ith diagonal element
is )\Z-EAE?) = Aj. We assume that the remaining part ® = {¢;;} = A — A©
is small enough, so we treat it as a perturbation on A©®. Note that i = Ajj
for i # 7 and ¢; = 0. We also assume that \g, the maximum eigenvalue of
A© is not degenerate. This means the uniqueness of an optimum allele. The
procedure giving an approximate stationary distribution of alleles is described
in Appendix C. We show here the results of the second-order perturbation
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approximation. The approximate solution for equation (2.8) at t—o0 is given
as the power series expansion in ¢

Pio ’ $iBj0 ,
TNy (i >1), (3.14)

Wy j
where the prime on 37’ denotes the omission of the term j = 0.

By substituting the expressions for \; = A; and ¢;; = A;; from equa-
tions (2.4) and (2.5) into equation (3.14), we can obtain the approximate
solution for y;. We will calculate y; to second order in p. When the allele 7 is
a member of Hamming class k, we can write the first term in equation (3.14)
as

fo
Jo— i

This term represents the one-step mutation process from the optimum allele
to a mutant allele with & point mutations. Since this calculation is restricted
to second order in p, only y; with ¢ € {I'1, 'y} have nonzero terms in equa-
tion (3.15). The second term in equation (3.14) contains the quantities ¢;;¢;0
in the summation. This term represents the process of two-step mutation
0 — j — i. For ¢;;, it should be noted that ¢;; = 0 and that ¢;; = o(p?)
or higher order in p when both ¢ and j are members of the same Hamming
class. Within the approximation to second order in p, the only remaining
terms in the summation in equation (3.14) are those of j € I'; and ¢ € T's.
Furthermore, if we fix the subscript ¢, corresponding to an allele with two
point mutations, only two terms within the summation of j remain in the
calculation. Each term corresponds to an allele having one point mutation
at either of the two point mutations in the allele 3.
The results for y; are summarized as follows:

i~ fo

YT fo— fs
e
T fo— fs

where we have used the abbreviations

¢i0 fO

i, 2\k .
No—n  fo—ft (p+p°)",  (1€ly). (3.15)

"1—p) >

(p+p*)=Fp+Fp*>, (i€el)

(1 + Zfof—]f]> P’ =F(1+G)p’, (i €Ty), (3.16)

fO ” f
Fi= , G=)
Jo—fi Zf Jo— 1
Here Z; stands for the summation of the above mentioned two terms in I';.
By using the approximation for small p, 1/(14+ap+bp?) ~ 1—ap—bp? +a’p?,
we obtain

2y = ZyOy_ ~1— FOp 4 {FOy2p?2 — FOR2 — FO1 4 G)p?,  (3.17)
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where

FO=5N"F, FP =3 F,.

Jjel jer2
We also obtain the relations
z; ~ Fp+ F(1— FO)p? (1ely),
7 ~ Fi(1+ G)p?, (i € Ty). (3.18)

3.3 Perturbation expansion in Hamming class formalism
When we apply the perturbation theory to GAs in the Hamming class for-
malism, we derive

20 =1—gilp + giI’p* — qilp® — g2 <h1 + 1> I(1-1)p?

21 = gilp — giPp° + ulp?,

=g (hl + 1) 10— 1), (3.19)

where

B R

fi = f—f f& =

In this section we present the formulae obtained by the perturbation theory
for the following three examples of fitness landscapes.

g =

1. Additive landscape: ff =1 —i.
2. Multiplicative landscape: f# = (1 —r)’.
3. Single-peaked landscape: fif =1, ff=1—-r (i>1).

The additive landscape defined here is essentially the same as that used in
the “counting ones” problem. Though this landscape includes an allele of
zero fitness value, it is straightforward to extend the results of Appendix B
to this case.

The stationary distributions for these landscapes can easily be obtained.
For the additive landscape we get

20=1—1U+ - (21 +5)(1 — 1)U?,
Q= - (@ -1 =@ 1010, (3.20)

where U = Ip
For the multiplicative landscape we obtain

=1—lu+= (l—2r—|—1)l

(D, 2= %1(1 — e, (3.21)
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where we define u = p/r. For large [ we get
20=1—lu+1Pu?/2, 2z =lu—1Pu? 2z =1u?/2.

For the single-peaked landscape we obtain

1
20=1—lu+ 5(7“[ — 3r + 2)l?,

2—r

2 =lu+ (r—D?, 2= (1 —1)u?, (3.22)

where u = p/r. For large [ > 1 but small r < 1

zo=1—1lu, 2z =lu—"0>u? 2z =2u?

4. Numerical calculations

Here we compare the theoretical results derived in the previous sections with
GA calculations. The GAs on the additive, multiplicative, and single-peaked
fitness landscapes were used as examples. Figure 1 demonstrates the time
dependence of the relative frequencies in three fitness landscapes with string
length [ = 3. A population size of N = 1024 and mutation rate p = 0.1
were used in the GAs. All calculations started at generation ¢ = 0 with the
uniform initial distribution x;(0) = 1/2'. It can be seen that Eigen’s model
performs very close to GA calculations in all cases.

Figure 2 shows the results of the theoretical prediction and actual GA
calculations with string length [ = 8 on the three landscapes. The theoretical
calculations were performed using ODEs in the Hamming class formalism
equation (2.15). We used a population size N = 4096 and mutation rate
p = 0.01. Though there are noticeable discrepancies between theoretical and
GA calculations in the transient regions, both calculations agree very well in
the stationary regions.

Figure 3 shows the theoretical results for the mutation rate dependence of
the stationary distributions of Hamming classes with [ = 8 in the three land-
scapes. The calculations were performed in the Hamming class formalism.
There is a close resemblance between the distributions in the additive and
multiplicative landscapes, but that in the single-peaked landscape is quite
different from the others. As the mutation rate p increases in the additive
and multiplicative landscapes, the frequency of the fittest class I'y decreases
very rapidly, and alternatively I'; appears as the main component. With the
further increase of p, I'y becomes dominant instead of I';, and in this way
the next Hamming class occupies the main part in the population one after
another. The distribution in the single-peaked landscape exhibits striking
contrast to other landscapes. We observe a phase-transition-like behavior
around p = 0.04. Below this critical p, the distribution behaves in the same
manner as those of other landscapes, but it changes drastically above this
point, where all alleles are distributed uniformly in the population. This
critical p = p. is called the error threshold. For more detailed discussions,
see [, 7, 15].
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Figure 1: Evolution of population distributions in GAs on three fitness
landscapes; (a) additive, (b) multiplicative, and (c) single-peaked.
Solid lines are the results of Eigen’s evolution model and dotted lines
show GA calculations. The symbol {i} stands for the strings in the
Hamming class i. For example, {0} = {000}, {1} = {001,010,100}
and so on.
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Figure 2: Evolution of population distributions as in Figure 1.
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Figure 3: Mutation rate dependence of the stationary distributions of
Hamming classes in three landscapes.

357



358 Hiroshi Furutani

Additive(1=20)

Frequencies

Figure 4: Perturbation approximation in the additive landscape. Solid
lines for the exact calculation, dotted lines for the second-order per-
turbation, and symbols e and o for the first-order perturbation.

In Figure 4, a comparison of the perturbation approximation with the
exact solution is presented for the stationary distribution of the additive
landscape with string length [ = 20. It should be noted that the stationary
distribution of this landscape has a particular [ dependence. As we have
already derived in equations (3.20) through (3.22), the relative frequency zg
is approximately given by 1—{%p+o0(p?) in the additive landscape and by 1—
Ip/r+o(p?) in other landscapes. The additive landscape has an I?> dependence
in the first order of p while other landscapes have an [ dependence. Therefore
this fact suggests that we should choose smaller p for the additive landscape
than values used for other landscapes.

Figure 5 shows a comparison among the exact solution, an approximation
based on the neglect of back mutations, and the second-order perturbation
theory for the stationary distribution of the multiplicative landscape with [ =
20. When zj decreases to 0.7 with increasing p, the results of the second-order
perturbation begin to deviate rapidly from the exact solution as in Figure 4.
On the other hand, the approximation obtained by neglecting back mutations
gives a surprisingly good agreement with the exact solution. This fact may
suggest that there is a deeper relationship between this approximation and
the exact solution.

In Figure 6, a comparison of two approximations with the exact solution
is presented for the single-peaked landscape with [ = 20. While the exact
solution and the perturbation calculations are virtually identical for zy, the
second-order perturbation calculation deviates remarkably from the exact one
for zo in large p. Though the agreement is not complete, the approximation
neglecting back mutations also reproduces the exact solution.

Figure 7 shows the results of three calculations of the average fitness in
the multiplicative landscape with { = 20. The solid line shows the exact

solution, the dotted line represents the approximation (3.6) f = exp (—Ip),
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Figure 5: Comparison of approximations with the exact solution in
the multiplicative landscape. Solid lines for the exact calculation;
dotted lines for the second-order perturbation; and symbols e, o, and
so on for the approximation by neglecting back mutations.
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Figure 6: Comparison of two approximations with the exact solution
in the single-peaked landscape as in Figure 5.

and the symbol o shows another approximation (3.9) f = (1 — p)!. The two

approximations are virtually identical, and agree very well with the exact
average fitness.

5. Discussion

In this paper the use of Eigen’s theory for understanding the behavior of
allele frequencies in GAs has been studied. The system of ODEs with the
selection-mutation matrix A excellently reproduced the GA experiments of
a large population size. It can be seen from equations (2.2) and (2.4) that
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Multiplicative(I=20)
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Figure 7: Comparison of two approximations with the exact solution
for the average fitness in the multiplicative landscape.

the allele frequencies are determined by the combined effect of selection and
mutation. Therefore it is essential to obtain the spectrum of the matrix A for
predicting GA behavior. In particular, the stationary distribution of alleles
is completely determined by the eigenvector corresponding to the maximum
eigenvalue of this matrix. Therefore it will become a powerful tool if an
analytic procedure can be found to calculate the eigenvectors and eigenvalues
of A in its general form. It seems, however, very difficult to derive explicit
expressions for them. Rumschitzki tried to derive a full solution for matrix
A [10]. He calculated the eigenvalues of A in the single-peaked landscape
with [ = 2 using the REDUCE system. The obtained solution has a very
complicated form and, therefore, he concluded that it may not be possible
to solve the general case exactly. Thus the spectrum of the matrix A can
usually only be obtained by numerical methods.

The GA model of this paper, based on Eigen'’s theory, is a deterministic
one which assumes an infinitely large population and neglects the effect of
genetic drift caused by random sampling. Since all practical GAs use small
populations, it is inevitable to extend the present theory to the stochastic
one. The relation between the deterministic and stochastic theories in GAs
has been discussed in [16] and references therein. The stochastic approach
based on Eigen’s model has been attempted by Nowak and Schuster [15].
They obtained an expression for the population size dependence of the error
threshold in the single-peaked landscape. However, their theory is still not
satisfactory enough to be used in GAs.

There are two instructive examples thoroughly investigated in population
genetics. Both examples use a two-allele model of one-bit strings denoted by
alleles a and @' with finite population size N. One is a system without
selection and mutation, the other is a system including mutation. Kimura’s
diffusion model [17] makes it possible to calculate the probability density
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¢(x,t) of the relative frequency x at generation ¢ of allele a. The probability
density function ¢(z,t) is obtained by solving a Fokker—Planck equation with
the initial condition ¢(x,0) = d(x — x¢), where ¢ is the Dirac delta function.

When there is no selection and mutation, only genetic drift is present.
The function ¢ satisfies the Fokker—Planck equation,

0 1 92
8_(555 = ﬁ@{l’(l — )¢}

The solution of this equation has an interesting property. As the number of
generations increases, ¢ is approximately given by

d(x,t) ~ 6xo(1 — zo) exp(—t/N), (0 <z <1).

Thus, when ¢t — o0, ¢ approaches 0 in the region of 0 < z < 1; both
boundaries x = 0 and = 1 act as absorbing barriers in this case. In this
model, the mean value of x is not dependent on ¢ and given by = = xy. The
infinite population model also gives the result that x(t) = xo at all ¢. This
fact tells us that close attention should be paid when the results of an infinite
population model are interpreted.

On the contrary, another example produces an optimistic result. When
mutation is present in an infinite population system, the differential equation
for describing z(t) is & = —px + p(1 — z), where & stands for the time
derivative of z. The solution of this equation is given by x(t) = 1/2 + (zo —
1/2) exp(—2pt), and approaches 1/2 as ¢ — oo. On the other hand, the
diffusion model predicts the stationary distribution of z as [17]

$x) ~ Ca® P71 = 2)* P71 (t — o0),

where C' stands for the normalization constant. This distribution has a peak
at = 1/2 and becomes more and more like §(z —1/2) as N increases. Thus,
in this example, the infinite population model is a good approximation to the
stochastic approach. In any case, the development of the stochastic theory
of Eigen’s model may answer the question of what is the relation between
finite and infinite population models in GAs.
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Appendix A. Spectrum of the mutation matrix

Let M; be a mutation matrix for [-bit strings. In this appendix we added
the subscript [ to distinguish the length of strings. The mutation matrix M;
plays the role of a building block and is given by

1 1
S0 51

so(1=p p
M, =0
' 8%( P 1-p)
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where s{ and s} denote one-bit strings 0 and 1, respectively. The eigenvalues
of My are 1 and 1 — 2p, and corresponding eigenvectors can be represented
by the Hadamard matrix

1 1
H1_<1 _1>7

where the columns of Hy give the eigenvectors.

If we have the mutation matrix M;_; for (I — 1)-bit strings, we can recur-
sively construct the mutation matrix M; for [-bit strings. It is convenient
to arrange [-bit strings in the order 0Osq,...,08,-1,150,...,18,_1, Where
80, - 8m_g, and s, stand for the m = 2= (I — 1)-bit strings. This order-
ing is equivalent to that of the binary representation of unsigned integers in
the ascending order. In this ordering, the matrix M; is given by

(1 - p)Mz—1 pM;_4

M, = = M M;_
! ( M, (1—p)lel) 1 ® M1,

where ® stands for the Kronecker product.
Applying this equation repeatedly, we can easily show

M, = Mi@M;®- - @M . (A.1)
——
!

In the same way, the eigenvalue matrix H, is also represented by the Kro-
necker products of Hy

Hy = Hi®H®- - -®H, (A.2)
N——
l

where each column vector of the Hadamard matrix H; gives the eigenvector
of M. The eigenvalues of M, are also represented by using two eigenvalues
of Mi, 1 and 1 — 2p. The terms appearing in the expansion

R ol (A E)

k=0

give the eigenvalues,

(1 — 2p)* with multiplicity (li) (k=0,...,0). (A.3)

From this expression we can show that the maximum eigenvalue of M is 1
with multiplicity one.

The eigenvectors of the mutation matrix given by equation (A.2) can also
be represented by the Walsh monomials. Here we may use the fact that one
of the representations of the Walsh monomials is given by the Hadamard
matrix. Let s = xj2;-1...21 be an [-bit string with each bit x; € {0,1} at
position i. In the binary representation, an integer j (0 < j < 2! — 1) is also
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given by j = jiji_1...j1, where j; € {0,1}. We define auxiliary variables
Yi € {17 *1} by

1

By using these definitions, we can calculate the n = 2/ Walsh monomials

l
w](sk)zl:[yzhv (k:O,n—l) (A4)

where S, = yiyi—1 - .. y1 stands for the kth auxiliary string. The ordering of
the auxiliary strings S is the same as that of the corresponding [-bit strings
s, which has been defined above. The jth eigenvector of the mutation matrix
]\/[l is

Vi = (¢j(50)71/)j(31)7~ .. 71/11' = (Sn—l))t7 (] = 07 s, 1)7 (AS)

where t denotes transpose. The eigenvector corresponding to the maximum
eigenvalue 1 is given by vo = (1,1,...,1)%

Appendix B. Spectrum of the selection-mutation matrix

In this appendix we show that the eigenvalues of the selection-mutation ma-
trix A = MF are all real and the maximum eigenvalue is nondegenerate
and positive. We assume that fitness values f; are all positive. Since ele-
ments of the matrix A are given by A;; = M,; f;, they are all positive when
p # 0,1. The Perron—Frobenius theorem states that a matrix whose ele-
ments are all positive has a real and positive eigenvalue whose magnitude
is greater than the magnitudes of other eigenvalues. It has also been shown
that this eigenvalue is nondegenerate, and that one can choose all elements
of the corresponding eigenvector to be nonnegative.

Furthermore, we can show that the eigenvalues of A are all real. We define
a diagonal matrix F'/2 such that Fjlj/ 2= fjl/ ?. The eigenvalue equation which
we have to solve is

AVj = I/V]'V]'7

where W; and v; are the jth eigenvalue and eigenvector of A, respectively.
We rewrite this equation by multiplying the matrix F/2 from the left side:

FY2Av; = FYPMEFYA(FY2v)) = Wi(FY2v;)).
This is also an eigenvalue equation with the eigenvalue W; and eigenvec-

tor Fl/ij. Since the matrix FY/2MF'/? is symmetric, we now know that
eigenvalues W; are all real.
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Appendix C. Short review of the perturbation theory

We divide the nxn selection-mutation matrix A into the unperturbed part
AO and its perturbation ®, A = A©® 4+ ®. The matrix A©) is a diagonal
matrix with \; = Az(-? ) = Ajy;. The perturbation ® = A— A© has nondiagonal
elements ¢;; = A;;, and its diagonal elements are ¢; = 0. We already know
the eigenvalues and eigenvectors of A©):

AOw; = N\, w;=(0,...,0,1,0,...,0), (i=0,...,n—1),

where the ith element of the eigenvector u; is one, and other elements are all
zero. It is easy to show that the set of the eigenvectors u; is the orthonormal
basis, u!-u; = d;;, for the n-dimensional vector space.

Since our concerns are the maximum eigenvalue of A, denoted by W, and
its corresponding eigenvector v, we derive the perturbation expansions of
them. We assume that the maximum eigenvalue of A© is )\g, and that its
eigenvector ug is nondegenerate. It is not necessary to assume the nondegen-
eracy of other eigenvectors u; (i > 1).

By introducing a parameter §, we replace ® by ®j. The parameter ¢ is
set to one when the final results are obtained.

The eigenvalue W, eigenvector v, and selection-mutation matrix are writ-
ten

W=wO 4+ whs+ w24 ...

v =vO 4§ y05 4 @52 4.

A=A + @5, (C.1)
and are substituted into the eigenvalue equation

Av =Wv.

By comparing the coefficients of equal powers of § on both sides, we can
obtain a set of equations:

(A© — W)y =g,

(A(O) — W(O))v<1> = (W<1> —d)v,

(AQ —wO)v@ = (W — @)y - WAvO e, (C.2)
From the first line of equation (C.2) we put

vO —u,, WO =), (C.3)

It is to be noted from the left side of the equations in (C.2) that the vectors
v(#) can include an arbitrary multiple of v(?). We choose the condition for
v such that

vOt.y® =0 E>1. (C.4)

The first order term W1 is given by taking the inner product of ug and
the second line of equation (C.2)

W(l) = llot . (I)Llo = ¢OO =0. (05)
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We calculate the first order vector v(!) by expanding it in terms of the u;
n—1 o
1
vl = Z a; ;.
7=0

From the condition of equation (C.4), it is shown that aél) = 0. We substitute
this expansion into the second line of equation (C.2), replace A®u; by A\ju;,
and multiply u} from the left to take the inner product. Then we obtain

1 _ _ Pio .
a; Y (t>1). (C.6)

The second order term W® is

W =y, ovH) = Z A‘%Jd)ﬂo . (C.7)
-

The second order vector is also given by the expansion in terms of the u;

n—1
2
v = > a‘§ )u]7
j=1
where a((f) = 0 from the condition of equation (C.4). Substituting the expan-

sion of v(?) into the third line of equation (C.2), we obtain

= ijh; .
B J; (Mo — Ai)(AZ —y @zb (C.8)

References

[1] J. H. Holland, Adaptation in Natural and Artificial Systems (University of
Michigan Press, Ann Arbor, 1975).

[2] M. Eigen, “Selforganization of Matter and the Evolution of Biological Macro-
molecules,” Die Naturwissenschaften, 58 (1971) 465-523.

[3] M. Eigen and P. Schuster, “The Hypercycle A: A Principle of Natural Self-
organization: Emergence of the Hypercycle,” Die Naturwissenschaften, 64
(1977) 541-565.

[4] P.G. Higgs, “Error Thresholds and Stationary Mutant Distributions in Multi-
locus Diploid Genetics Models,” Genetical Research, 63 (1994) 63-78.

[5] T. Wiehe, E. Baake, and P. Schuster, “Error Propagation in Reproduction of
Diploid Organisms: A Case Study on Single Peaked Landscape,” Journal of
Theoretical Biology, 177 (1995) 1-15.

[6] D. E. Goldberg, Genetic Algorithms in Search, Optimization, and Machine
Learning (Addison Wesley, Reading, MA, 1989).



366 Hiroshi Furutani

[7] J. Swetina and P. Schuster, “Self-replication with Errors: A Model for Polynu-
cleotide Replication,” Biophysical Chemistry, 16 (1982) 329-345.

[8] C. J. Thompson and J. L. McBride, “On Eigen’s Theory of the Self-
organization of Matter and the Evolution of Biological Macromolecules,”
Mathematical Biosciences, 21 (1974) 127-142.

[9] B. L. Jones, R. H. Enns, and S. S. Rangnekar, “On the Theory of Selection
of Coupled Macromolecular Systems,” Bulletin of Mathematical Biology, 38
(1976) 15-28.

[10] D.S. Rumschitzki, “Spectral Properties of Eigen Evolution Matrices,” Journal
of Mathematical Biology, 24 (1987) 667-680.

[11] D. E. Goldberg, “Genetic Algorithms and Walsh Functions: Part I, A Gentle
Introduction,” Complex Systems, 3 (1989) 129-152.

[12] M. Kimura and T. Maruyama, “The Mutational Load with Epistatic Gene
Interactions in Fitness,” Genetics, 54 (1966) 1337-1351.

[13] J. Haigh, “The Accumulation of Deleterious Genes in a Population: Muller’s
Ratchet,” Theoretical Population Biology, 14 (1978) 251-267.

[14] L. I. Schiff, Quantum mechanics (McGraw-Hill, New York, 1968).

[15] M. Nowak and P. Schuster, “Error Thresholds of Replication in Finite Popu-
lations: Mutation Frequencies and the Onset of Muller’s Rachet,” Journal of
Theoretical Biology, 137 (1989) 375-395.

[16] D. Whitley and M. D. Vose, “Introduction,” in Foundations of Genetic Al-
gorithms 3, edited by D. Whitley and M. D. Vose, (Morgan Kaufmann, San
Francisco, CA, 1995).

[17] M. Kimura, “Diffusion Models in Population Genetics,” Journal of Applied
Probability, 1 (1964) 177-232.



