No Polynomial Bound for the Period of
Neuronal Automata with Inhibitory Memory

René Ndoundam*

Département d’Informatique,
Faculté des Sciences,
Université de Yaoundé I,

B.P 812 Yaoundé, Cameroun

Martin Matamala®

Departamento de Ingenieria Matemadtica,
Centro de Modelamiento Matemadtico,
UMR 2071, UCHILE-CNRS,

Casilla 170-correo 3, Santiago, Chile

We study the sequences generated by a neuronal equation with memory
of the form x, = 1[3%, ax, , — 6], where k is the size of the memory.
We show that in the case where all the parameters (4,),_,, are negative
real numbers, there exists a neuronal equation of memory length k that

generates a sequence of period e™V¥!°*%  This result shows that in the
case where all weighting coefficients are negative, the neuronal recurrence
equation exhibits a complex behavior.

| 1. Introduction

In [1] it is suggested that the dynamic behavior of a single neuron with
memory that does not interact with other neurons can be modeled by
the following recurrence equation:

k
Xy = 1 [Z aiXy i~ 9] (1)

i=1
where we have the following.

= x, is a boolean variable representing the state of the neuron at time ¢ = 7.

= k is the memory length, that is to say, the state of the neuron at time
t = n depends on the states assumed by the neuron at the k previous steps
t=n-1,...,n-k.

= The values g; (i = 1,..., k) are real numbers called the weighting coeffi-
cients; a; represents the influence of the state of the neuron at time 7z —i on
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the state of the neuron at time 7. That influence is said to be excitatory if
a; > 0, inhibitory if a; < 0, and null if g, is equal to zero.

= §is a real number called the threshold.
= 1{u] =0ifu<0,and 1[u] = 1if u = 0.

The system obtained by interconnecting several neurons is called a
neural network (NN). Such networks were introduced in [4], and are
quite powerful. Indeed, it can be shown that they can be used to
simulate any Turing machine. More recently, NN have been studied
extensively as tools for solving various problems such as classification,
speech recognition, and image processing [5]. The application field of
the threshold functions is large. The spin moment of the spin glass is one
of the widest examples in solid state physics that have been simulated
by NN. In electricity, for instance, a threshold function represents a
transistor; in social science a threshold function is often used to represent
vote laws.

Let p and T be two positive integers such that p > 0 and T = 0.
Equation (1) is said to be of period p and transient T if and only if:

mvYuteN; t,t'elk-1,...,p+T -1} t ¢t implies that Y(¢) # Y(¢')
"Yp+T)=Y(T)

where Y(t) = (x,,%,_1,...,X,_425%,_p,1)- The period and transient of
sequences generated by a neuron are good measures of the complexity
of the behavior of the neuron.

Let us denote LP(k) as the longest period that can be generated by a
neuronal equation with memory length k. In [2], it was conjectured that
if (a,);.,.; € R, then LP(k) < 2k. This conjecture has been disproved.

The best lower bound in LP(k) is O(e‘/zl"gk), which was proved in
[7]. In [2], it was also conjectured thatif Vi,i=1,..., k, a; € R* (ie.,
a; = 0), then LP(k) < k. This conjecture has been disproved in [8] where
a neuronal recurrence equation of memory length k and of period O(k?)
has been exhibited.

When all the weighting coefficients are negative, the influence of the
previous states of a neuron (at timen —k,n—k+1,...,n-2,n—1) on
its state at time # is inhibitory, and from a physiological point of view,
it is important to know the behavior of that class of neurons. In [6],
the behavior of recurrence neuronal equations of length 3, 4, 5, and 6
are studied. In the case where the memory length is 5 or 6 and all the
weighting coefficients are negative, many cycles of length less than or
equal to 29 are exhibited.

In this paper, we exhibit a neuronal recurrence equation of memory
length » where all the weigthing coefficients are strictly negative that

generates a sequence of period UV Plogh)
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2. Neuronal recurrence equation with negative weighting
coefficients

Let k be a positive integer. For a vector a € R¥, a real number 6 € R,
and a boolean vector w € {0, 1}¥ we define the boolean sequence (x,,)
by the following recurrence

_fw tef0,...,k—1}
xt_{l(t[a,x]t—e) t>k

neN

(2)

where [a,x], = Zf—il ax, ;.
We denote by S(a, 6, w) the sequence generated by equation (2) and
by T(a, 0, w) its period.
Let m be a positive integer and @ a real number satisfying 6 > 2m.
We define the following sets:
E=0CB3m—-i:i=1,....m}=2m,2m+1,...,3m -1}
H={m-2i:1=1,...,m}={4m,4m+2,...,6m — 2}
F=EUH
G=1{1,2,...,6m}\E
Let 2 € R®" be the vector defined by
02-3m+i ifieE
a;,=162+3m-i/2 ifieH (3)
—6m(0@+m)  otherwise.

‘For every jin {1,...,m — 1} let w/ be the boolean vector defined by

wh=0foricl0,...,6m—1)\(2j,3m +j} and why = whpe; = 1.
Property 1 of Lemma 1 was proved in [10] and Property 2 of Lemma 1
can be easily deduced from the evolution of the sequence S(a, 6, /).

Lemma 1. The sequence x’ = S(a, 6, /) satisfies the following proper-
ties.

1. T(a,6,w') = 3m —j.
2. Foreveryj=1,...,m—1 and for every t > 6m we have:
(a) 2= Xk x;—i + Y x/:;i <3
(b) Yk Xhit2 Yicc Xiiz2
(c) If x = 1 then ek X =2 and G X = 0.
By modifying the coefficients @; we have the following result.

Theorem 1. There exist b € R®” with b; < 0 for every i = 1,...,6m,
and 0 € R such that for every j = 1,...,m — 1 we have that §(b,0,w) =
S(a, 8, w').
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Proof. Let A be a negative real number. Foreachi=1,...,6m we define
b; by the following equation

bi:{c_li+l if i e F (4)

a;+21 if i eG
and
0=0+2A.
In order to prove that the sequences (y)) = S(b,6,1/) and (x/) =
S(a,6,uw/) are the same we apply induction on #. Let us assume that

yi‘ = xi for alli < ¢.
Using the definition of (b;) in terms of (a,) we have that

k .
[b, yj]t -0= Z biyé—" -0
i=1
= a0l -0+ 2| Y 42> i -2 (5)
ieF ieG
From Lemma 1 we have that
in—i+22xi—i—2 > 0.
ieF ieG
Since A < 0 we conclude that [b, yl 1,0 = [a, x/],—6. From this inequality
we deduce that if Xt = 0 then y’t = 0 and from Lemma 1 we know
that if x4+ = 1 then ¥, = 2 and 3,_; % = 0. In this situation
[b,y'], — 6 = [a,'], — 6 and then the conclusion follows. m

From [3] we have the following fundamental lemma of composition
of a neuronal recurrence equation with memory.

Lemma 2. For b eR¥andfeR let T,,..., T, be the different periods
T(b,0,1/) when w' varies over {0,1}%. Then, there exist ¢ € R* and
v € {0, 1}* such that T(c,8,v) = s-lem{T, ..., T.}.

N
Proof. For every i =1,...,k we define ¢;; = b, and ¢; = 0 if j # is. For
everyi=0,...,k—1andeveryj=0,...,s—1 we definev = wi where
T(b,6,w') =T;. m

is+j

Let m be a positive integer. We denote by p(m) the cardinality of the
set P = {p : p prime,2m < p < 3m]}. Let us denote py,...,p,,, as the

prime numbers within {2, ...,3m)} and A(m) = nf:('l”’ p;. Finally, we
define h(m) = 6mp(m).
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Corollary 1. For every positive integer  there exist ¢ € R?", 9 € R,
and v € {0, 1}"™ such that ¢; < 0 for every i = 1,...,h(m) and with
T(c,6,v) = p(m)A(m).

Proof. From Lemma 1 and Theorem 1 we know that for j € P we
have that T(b,6,w*"7) = j with b, < 0 for every i = 1,...,6m. We
construct the vector ¢ as in Lemma 2. By construction the vector ¢
satisfies ¢; < 0, for i = 1, ..., h(m). From w*"~ with j € P we construct
v as in Lemma 2. Then T(c,0,v) = p(m)A(m). m

The technique used in Corollary 1 defines several coefficients ¢; as
zero. We will show that it is possible to modify the coefficients (c;) so
as to obtain the previous result with all coefficients being negative.

Lemma 3. For every ¢ € R* and # € R with ¢; =0, fori=1,...,k
there exist d € Rk and @ € R such that foreveryi = 1,..., k, d; < 0and
for every w e {0, 1}* we have that S(c, 6, w) = S(d, ¢, w).

Proof. It suffices to prove that there exist d € R¥, & e R such that for
everyi=1,...,k,d; < 0 and for every y € R¥, we have:

k

k
1 Zdiyi—H’l = 1{261-311-—9].
i=1

i=1

Let p; and p, be defined by

k k
Hy :max{chyl ZCM<9 y €1{0,1} }

i=1 i=1
and
k k
U, = min chyl chyl >0, ye{0,1}t
i=1 i=1
We define
- _0+uy
g=0- -7
2 2
Thenyu, —¢ <0 <y, — 0. We define
g
di=c¢ - H .

Clearly every coefficient d; is negative and we have that

k
_HI)Z%'_Q/
i=1
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Since 0 < Y* | y, < k we get that

k k k
Zciyi_#z = Zdiyi_gl = Zciyi_el'
i=1 i=1 i=1

Therefore, if Y, ¢;y, < # we obtain YX  d;y, < ¢. Since & = u,,
from the definition of g, and u, we know that if Y%, ¢;y, = ¢ then
Zf—il ¢;y; = |, which implies that Zf—il dy,=0.m

Corollary 2. For every m there existd € R”™ ¢ e R, and v € {0, 1}/
f~/b(m) logh
such that T(d, & ,v) = e ( (m) log (m)).

Proof. From Lemma 3 we know that there exist d € R, ¢ e R,
and v € {0,1}"") such that T(d,¢,v) = p(m)A(m). We prove that

h(m)log h(m
A(m) = eQ( rrlog )). It is known that
ni(m)

lim

=1,

log(m)

where n(m) is the number of prime numbers less than 7. Then, for m
large enough we have that

3m_ 2m mlog(m)  m
log(3m) log(2m)  log*(m) log(m)”

p(m)

From that we deduce that h(m) ~ m?/log(m) and then

m ~ | h(m) log h(m).

Using the bounds given in [9] we have for x large enough that

eO.9x < y(x) < el.lx

where y(x) = [Tj<y  prime P- Therefore,

p=x,

0.5m _ 62.7m—2.2m < )t(m) < e3.3m—1.8m — el.5m

e
we conclude that

)((m) _ eﬂ( h(m)logh(m)). -

| 3. Conclusion

The technique used to pass from a neuronal recurrence equation where
the weighting coefficients are positive or negative to the neuronal re-
currence equation where all the weighting coefficients are negative is
inscribed in the frame of structural constructions. The existence of a
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neuronal recurrence equation of memory length & which describes a cy-

Q[ klogk .
cle of length e ( ) shows that the behavior of neuronal recurrence
equations is complex when all the weighting coefficients are negative.
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