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A class of combinatorial optimization models is presented for studying
certain systems that arise in biology, physics, business, and elsewhere.
These systems consist of a finite number of parts. For each part, it is
necessary to choose one of several interchangeable components so as to
maximize a performance measure of the resulting system that depends on
how the chosen parts interact with each other. Probabilistic analysis and
computer simulations provide insight into some factors that affect the
expected performance of such systems. These models provide the ability
to control the interactions among the components and to study the effect

of replacing a single component in the system.

| 1. Introduction

A class of combinatorial optimization models is presented for studying
systems composed of a finite number of parts. For each part, it is
necessary to choose one of several interchangeable components that then
interact with each other in complex ways that often cannot be measured.
One objective in designing such a system is to choose, for each part, one
of the available components in such a way that the resulting system is

the best, according to a specific measure of performance.
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One such example arises in the study of the maturation of the immune
response [1], in which an antibody (the “system”) is a collection of
amino acid sites (the “parts”) in the V region. At each site is one of
20 amino acids (the “components”). The affinity of an antibody for
a particular antigen, which depends on how the chosen amino acids
interact with each other, is a measure of the fitness (the “performance”)
of the resulting antibody.

Another example arises in the study of the evolution of genomes [2].
Here, a genome (the system) consists of a number of gene positions, or
loci (the parts). At each locus, evolution selects one of several versions
of a gene, that is, the alleles (the components). The fitness (the per-
formance) of the resulting genome is based on how the selected genes
interact with each other. It is assumed that genomes evolve so that allelic
substitutions at each locus tend to maximize genomic fitness.

A third example of such a system arises in physics in the study of
spin glasses [3]. Here, the system consists of a number of contiguous
atoms (the parts). For each atom, it is possible to select a spin up or
a spin down (the components). The total energy (the performance) of
the atoms depends on how the selected spins interact with each other.
The objective is to determine the spin of each atom so that the resulting
ensemble has the least total energy.

Such systems also arise in the study of business organizations. For
example, in [4] a special case of the model proposed here is used to
study the expected performance of the team-replacement problem in an
organization. In this setting, a team (the system) consists of a number of
job positions (the parts). For each job position, it is possible to select one
of a number of qualified individuals (the components). The effectiveness
(the performance) of such a team is based on how the selected individuals
interact with each other and the objective is to determine who to select
for each position so that the resulting team is most effective.

A paradigm in the context of organizational change is developed
in [5]. In that article, the system represents an organization having a
number of attributes (the parts). For each attribute, it is possible to
choose one of two alternative forms (the components). The author
examines the effect of the amount of interaction among these attributes
on the overall effectiveness (the performance) of the organization.

The relevance of complex systems to business organizations is fur-
ther highlighted by the fact that an entire special issue of Organization
Science [volume 10(3), 1999] was devoted to the “Application of Com-
plexity Theory to Organization Science.” Although that journal focuses
more on the applications, rather than the mathematics, of models of
complex systems to organizations, they indicate the need to develop
more realistic models. The work here is an attempt to do just that and
to obtain useful analytical and simulation results that provide insights
into the expected performance of general complex systems, regardless
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Parts

System x= 1 0 1 0

0 = p(x)=performance of system x = 1

Figure 1. A system x as a binary N-vector.

of where these systems arise. A general class of models for studying
this type of problem is developed in section 2. Some computational
complexity results, polynomially-solvable special cases, and heuristics
are then presented in section 3 for finding a system with relatively good
performance. In section 4, conditions are developed under which it is
possible to obtain analytical results on the expected performance of the
best system found by a local improvement algorithm. The results are
supported throughout by simulations. A summary and directions for
future research conclude this work.

I 2. A class of combinatorial optimization models

A class of combinatorial optimization models for studying the type of
problem presented in section 1 is developed in this section. A simplified
version is described first so that the key features are easier to understand.
A more general model is presented in section 2.2.

1 2.1 The basic model

Consider a system consisting of N parts, in which there are only two
components available for each part. In this case, the system is repre-
sented mathematically as a binary N-vector, x = (x4, ...,xy), In which
x; = 0 means that one of the two components is chosen for the part
in position i and x; = 1 means that the other component is chosen
for that part (see Figure 1). Each of the 2N possible combinations of
components in all N positions is referred to hereafter as a system. Geo-
metrically, each of the 2N systems corresponds to a corner point of the
N-dimensional unit cube.

Each fixed choice of components for the N parts results in a system x
whose relative performance is modeled as a real number p(x) between
0 and 1. A value close to 1 indicates a system with relatively good per-
formance and a value close to 0 indicates a system with relatively poor
performance. In general, computing a value in an actual application is
challenging because it may not be clear what is meant by performance
nor how to compute a number in a realistic way that takes into account
the complex interactions among the various components.

Complex Systems, 12 (2000) 423-456
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For systems whose performance is not measurable, a naive approach
is to generate, for each system, a uniform random number between 0
and 1 that represents the performance of that system. Although not
realistic, some fundamental insights can still be obtained from such a
model. Another more realistic approach is described next.

2.1.1 Computing the performance of a system using the NK model

In studying the maturation of the immune response, Weinberger [1] de-
veloped the NK model, which was subsequently applied to the evolution
of genomes by Kauffman [2]. The approach to computing the fitness of
a genome in the NK model is described now in the context of evaluating
the performance of a system. It is assumed that each component chosen
for part 7 contributes an amount p;(x) to the overall performance of the
system x. The performance p(x) of the whole system x is then taken to
be the average of these individual performance contributions:

_ I pix)

plx) = 2P, (1)
The remaining issue is how the performance contribution of the
component chosen for part i is determined. In that regard, the NK
model is designed to incorporate interaction among the chosen com-
ponents through the use of an integer parameter K. The value of K
(0 = K < N — 1) represents the number of other components that affect
the performance contribution of the component chosen for parti. Thus,
K = 0 indicates that the contribution of each component depends on no
other components and K = N — 1 indicates that this contribution de-
pends on all remaining N — 1 chosen components. More specifically, in
the NK model, the contribution p,(x) of the component chosen for part
i to the overall performance of the system x depends on the component
in part 7 and on the components chosen for K other parts (e.g., the K/2
parts on either side of part i, wrapping around, if necessary). There are
2K+1 possible combinations for the components in these K + 1 positions,
so Kauffman defines the value of p;(x) to be one of 2X*! uniform [0, 1]
random numbers—the one that corresponds to the combination of the
components for part i and the K components that affect component 7.
Given values for N, K, and the N tables of 2K*! uniform [0, 1] random
numbers, the collection of all 2N binary vectors, together with their per-

formance values, as defined by equation (1), constitute the NK model.

2.1.2 A heuristic for finding a good system in the NK model

One (or more) of these 2N systems is the most effective—the one whose
performance measure is closest to 1. Finding such a system in the
NK model is not practical due to the NP-completeness result presented
in section 3. Although Kauffman was unaware of this result, in the
biological setting of genome evolution, he suggested a heuristic based
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on mutation. In the context of complex systems, that heuristic proceeds
as follows. Starting with an initial system x a new system x’ is created
by considering what happens if a single component is replaced with the
other available component for that part, resulting in what is called here
a one-replacement neighbor of x. The new system is retained only if x’
has better performance than x, that is, if p(x’) > p(x). This replacement
process results in a sequence of systems, each with better performance
than its predecessor system, until obtaining a system whose performance
is greater than or equal to that of all its one-replacement neighbors. This
final system is a local maximum that is referred to here as a locally-stable
system.

One question Kauffman set out to answer in this framework was how
the values of N and K affect the average performance of the final system
obtained from the replacement process. For the extreme values of K = 0
and K = N - 1, Kauffman was able to obtain analytical results that are
then supported by simulations. For the case K = 0, the contribution
of each component to the overall performance of the system depends
only on that component. Starting with any initial system, a system
with maximum performance is obtained by a replacement process that
successively chooses the best component for each part, as determined
by the random-number table for that part. The expected performance
of the system thus obtained is shown mathematically to be 2/3 and the
expected number of replacements needed to obtain this system is N/2.

An analysis is also provided for the case K = N—1. In this case, chang-
ing the component for one part changes the performance contributions
of each selected component. Kauffman argues analytically that when N
tends toward infinity, the replacement process results in a locally-stable
system whose expected performance approaches 1/2. It is also shown
that the expected number of locally-stable systems is 2N/(N + 1) and that
the expected number of replacements needed to reach a locally-stable
system is In(N — 1).

Kauffman then uses computer simulations to determine the average
performance of a locally-stable system for different values of K. Those
results indicate that, as N gets large, for positive values of K up to
about 8, the expected performance exceeds the performance of 2/3 as-
sociated with K = 0. But then, as K increases, the expected performance
of a locally-stable system decreases toward 1/2. Kauffman refers to
this phenomenon—of decreasing performance associated with increas-
ing interaction—as the complexity catastrophe (see Figure 2).

Intuitively, the complexity catastrophe is due to a trade-off that arises
as K increases. The larger the value of K, the greater the number (2K+1)
of possible values for the performance contributions of each chosen
component, thus resulting in more choices for components that could
result in individual performance contributions close to 1. However, as
K increases, there are more conflicts between the chosen components in
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Figure 2. The complexity catastrophe in Kauffman’s NK model (N = 96).

that whatever component is chosen for part i, that component is likely
to benefit the performance contributions of some chosen components
while being detrimental to the performance contributions of other com-
ponents. The simulation results obtained from the NK model indicate
that for small positive values of K, the benefits of having more choices
for the performance contributions of the chosen components outweigh
the few conflicts. However, as K increases, the negative effects of the
increasing number of conflicts dominate the benefits of having more
choices for the performance contributions of the chosen components,
thus resulting in no more than average overall performance for each
component and hence for the system as a whole.

A formal proof of the complexity catastrophe for the NK model is
provided in [6]. However, several modifications of the basic model have
demonstrated that the complexity catastrophe can be overcome (e.g.,
[7], in which the performance of a system is computed as a weighted
average of the individual contributions). Subsequently, [8] shows that
the complexity catastrophe is linked critically to a number of underlying
mathematical assumptions inherent in the NK model. Those assump-
tions are identified explicitly and it is shown that, by relaxing any one
of them, it is possible to create a slightly modified—and in some cases,
a more realistic—model in which the complexity catastrophe is attenu-
ated.

I 2.2 A general model of systems with complex interacting components

The following more general model is proposed now for studying systems
with N parts. To that end, suppose that for each part i, it is possible to
choose one of ¢; alternative components, numbered 0 through ¢; - 1, so,
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let
Z(c;) = {integers x:0 < x < ¢; - 1}.

A system is then represented by an N-vector x = (x,...,xy), in which
each x; € Z(c;). Equivalently, letting ¢ = (¢, ..., cy),

x € Z(c) = Z(cy) X -+ X Z(cy)-

To capture the interactions among the components in a system, for
each part 7, let K; be the number of other parts that affect the perfor-
mance contribution of part i and let S; be the subscripts of those parts
whose components affect the performance contribution of the compo-
nent chosen for part i. In this paper, it is assumed that K; and §; do
not depend on x, although such an extension is possible and may be
applicable for certain systems. Notationally,

S, ={integersj # i:1 < j < N and the component chosen for
part j affects the performance contribution of the compo-
nent chosen for part 7},

K; =18},

x' = the vector consisting of x; and the K; components of x

indexed by the subscripts in S;.

Turning to the performance measure, the interactions among the cho-
sen components, represented by the values of §; and K;, are incorporated
in the fact that p; is a function of x/, that is,

p,(x’) = the contribution to performance of the component
chosen for part i, which depends on the components
of x in x'.

The performance of the system x, denoted by p(x), is then obtained by
combining the contributions p;(x’) of the individual selected components
through the use of a function g of N real numbers. That is,

p(x) = g(py(x'), ..., p(xN)). (2)
Some typical examples of the function g include:

Ny, N \UN
gly)= =57 gly) = max y, gly)= min y. gly)={] [

In summary, given values for N and the number of components
available for each part i, the proposed model consists of all N-vectors x =
(x4, ...,xy), in which each x; € Z(c;), together with the interaction data
consisting of K, S;, and the N functions p;(x’) together with the function
g used to combine the p;(x’), as given in equation (2), to provide the
overall performance p(x) of the system x. The objective is to determine
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values for the components x,,...,xy so that the resulting system x =
(x4, ...,xy) has the best performance, according to equation (2).

Note that Kauffman’s NK model is a special case of that proposed
here in which (a) ¢; = 2, for each i = 1,...,N; (b) K; = K, for each
i=1,...,N;(c) S, ={i —K/2,...,4,...,i + K/2} if K is even and §, =
{i—1K/2)=1,...,i,...,i+|K/2]}if Kis odd; and (d) p(x) = ZN, p,(x’)/N.

I 3. Computational complexity results and heuristics

The computational complexity of finding the best system is addressed
in this section. To that end, it is assumed that, for each x € Z(c), each
function p;(x’) as well as g return a rational number between 0 and 1
in polynomial time, in terms of N. The associated decision problem is
now stated formally.

NK: Given an integer N > 0 and, for each i = 1,...,N,
positive integers ¢;, sets S; € {1, ..., N}—{i} with K; = [S}],
polynomially computable functions p;(x’) and g, and a
rational number C > 0, does there exist an N-vector
x € Z(c) such that g(p,(x!),...,pn(xN)) = C?

Theorems 3.1 and 3.2, whose proofs are given in appendix A, show
that two special cases of the foregoing problem are strongly NP-complete,
so the NK problem is also strongly NP-complete.

Theorem 3.1. For any positive integer Q, the following problem is
strongly NP-complete:

NK(Q): Given N > Q, K =N-0Q, ¢, =2, 8, = {i+1-
i+ /(N + )N, ...,i+K—|(i + K)/(N + 1)] N}, the
functions p,(x’), fori = 1,..., N, and a rational num-
ber C > 0, does there exist a binary N-vector x such
that YN, p,(x)/N = C?

Theorem 3.2. Let @ be a rational number with 0 < @ < 1. The follow-
ing problem is strongly NP-complete.

NK(e): Given N, K = min{[aN],N -1}, ¢; = 2, S, = {i +
T=[(i+ W/(N+1)JN,...,i+K—[(i + K)/(N +1)] N},
the functions p,(x’), fori = 1,...,N, and a rational

number C > 0, does there exist a binary N-vector x
such that Y, p,(x)/N = C?

Theorems 3.1 and 3.2 mean that the general NK problem is strongly
NP-complete. Therefore, it is only possible to find the best system,
by explicit enumeration, when N and ¢,,...,cy are relatively small.
Another alternative is to develop polynomial algorithms for finding the
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best system for certain special cases, as is done in section 3.1. Then, in
section 3.2, heuristics are proposed for the general problem.

1 3.1 Polynomial-solvable special cases

In this section, two special cases of the general problem are presented
for which it is possible to develop polynomial algorithms to obtain the
best system.

3.1.1 A polynomial algorithm when each K; = 0

For the case in which each K; = 0, that is, when each S, = @, the perfor-
mance contribution of each component 7 in the system x is determined
only by component i, that is,

pi(x') = pj(x,).
In this case, the performance of the system x is

p(x) = g(pl(xl), .. -aPN(xN))-

Finding a system with the best overall performance normally involves
considering an exponential number of possible systems. Definition 3.1
and Theorem 3.3 reduce this task to a polynomial amount of work by
providing a condition under which a best system is found by identifying,
for each part i, the component that maximizes the contribution p;,(x;).

Definition 3.1. A function g : RN - R! is monotonically nondecreasing
if and only if whenever a,b € RN with a < b, it follows that g(a) < g(b).

Theorem 3.3. If g: RN - R! is monotonically nondecreasing, then the
system x* with

pi(x;) = max p;(x;) foreachi=1,...,N

x;€Z(c;)
satisfies
}{Ielg(?é)g(Pl(xl), coDN(XN)) = 8P 1(xT)s - PN(XN))- (3)

Proof. Let X be a system that achieves the best possible performance.
By definition, then, the performance of X is better than the performance
of the system x*, that is,

g(p1(Xq)s - PN(XN)) = g1 (1), - - 5 DN (X)) (4)
For the other inequality, note that, by definition of x*,

pi(x;) < p;i(x;), foreachi=1,...,N.
By the monotonicity of g, it follows that

801 (&)), s () = 801 ()), s Dyl (5)

The desired conclusion follows by combining equations (4) and (5).m
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Theorem 3.3 applies to each of the following monotonically nonde-
creasing functions (where w; are nonnegative real numbers that sum to
1 and, in the last two cases, g is defined on the nonnegative orthant of
RN):

N
gly) = Z wyis
i=1

gly) = max y,
gly) = min y;

N
gly) = l_] Yis
i=1

:N UN
gly) = []_[ yi] :
=1

Furthermore, the amount of work needed to find the optimal system x*
in Theorem 3.3 depends on the amount of work needed to evaluate the
individual contributions, p,(x;). Specifically, if g;(N) is the polynomial
amount of work needed to evaluate p; and d = deg(3'Y, ¢,(N)), then the
amount of work needed to find the optimal system x* is O(N¢).

3.1.2 A polynomial algorithm when g and S; have special properties

For the special case in which ¢; = 2 for all i, the contribution of the
component chosen for part i depends on the components chosen in the K
subsequent positions, wrapping around when necessary, and the system
performance is taken to be the average of the individual contributions, in
[4] it is shown that for a fixed value of K, the best system can be found in
polynomial time by solving 2K longest-path problems in an appropriate
directed network. The approach from [4] is now generalized to measures
of performance that combine the individual contributions in a specific
way. For notational simplicity, it is still assumed that ¢; = 2 for all
i, however, all results developed in this section can be extended in a
straightforward manner for general c. To that end, let B = {0, 1} and,
for a vector x € BN = B x --- x B, let x denote the vector that consists
of x; and the subsequent K components of x, wrapping around when
necessary, that is,
i A ifl<j<N

X' = (X0 - 5 Xyirky)»  Where  w(f) = {/—N, ifj > N.

A dynamic programming approach is now proposed for solving the

following problem

Maximize g(p;(x!),...,pn(xN))
subject to  x € BN,
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Specifically, the approach is to fix the first K positions of x to, say,
% e BX, and then solve the following problem NK(X) for the remaining
components of x:

Maximize g(pl(xl), ey pN(xN))

subject to x € BN and x; = X,...,xx = Xg NK(%).

There are 2K possible values for %, so, whichever of the 2X problems
NK(%) has the best objective function value provides the solution to
the original NK problem. Because K is assumed to be independent
of N, the complexity of this algorithm is that of the algorithm for
solving NK(x). As seen in what follows, under reasonable assumptions,
if g,(N) is the polynomial amount of work needed to evaluate p; and
d= deg(Zl—N: 1 49;(N)), then the complexity of the algorithm for solving
NK(x) is O(N9).

To develop a dynamic programming recursion, certain decomposabil-
ity properties are now proposed for the system performance function
g. In a more general framework, sufficient conditions are developed
in [9] for the optimality of a dynamic-programming recursion in prob-
lems where the objective function is replaced by appropriate preference
relations among decisions. The desired property here is that g be com-
putable by first combining a function @y of py(xN) with a function
ay_; of py_y(xN71), then combining this result with a function ay,_, of
Pn_>(xN72) and so on, as described in Definition 3.2.

Definition 3.2. Given a nonempty subset D C R, a function
g:Dx--xDcRN-D

is pairwise decomposable if there are functions h: D x D - D and
@;:D - D for i = 1,...,N with » monotonically nondecreasing on
D x D such that forally e Dx .- x D,

8Yis--sYN) = h(a1()’1)s ) h(aN_z()’N_z)a h(a/N_1()’N_1)a an(yn))))-

For example, using D = {y € R':y > 0}, each of the following functions
is pairwise decomposable.

NN . N N /N
V15 YN E] N Zl wy;  maxy,  miny, Iy, (H1 yl-)
h(a,b) a+b a+b max{a,b} min{a,b} axb axb
,(c) £ w;c c c c N

The dynamic programming approach for solving each NK(X) involves
N stages. For each stage i = 1,...,N, the state of the problem is
described by a vector % € BX, that is,

% € BX = the state of the system in stage i (
&

i=1,...,N), with &
representing the K values x,,;, = %, .

1o Xyivk-1) = *K-
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If g is pairwise decomposable with functions 4 and «;, then the decision
to be made at each stage i is the value of x,,;, x, (either 0 or 1) so as to
maximize the following value function:

V;(%X) = the maximum, over all values of x,,;, k), - - - w (N+K)» Of

h(e(p,(x)), .. ~,h(OlN_l(PN_l(XN_l)),CYN(PN( N))), given
that the values of x,,;) = %1, ..., %, k1) = ¥k

When solving the problem NK(%), the value of x,,,, = x; is fixed
to X; for i = 1,..., K, so the effective state space and action sets must
be modified to include these restrictions to ensure that the dynamic
programming equations developed below are also valid as boundary
conditions. Specifically, at any stage 7 for which i + K > N, the decision
to be made applies to position w(i + K) = i + K — N, in which the value
of x; KN is fixed to X;,x_n. Therefore the only available action in this
stage is to set X,;,x) = ¥;, N+ In summary, let A,(x) denote the set of
available decisions in stage 7 of the problem NK(x ) Then

{0, 1}, ifi+K=<N
{X.k-nb Ui+ K>N

A = {

Using analogous reasoning, the state space S;(X) at stage i of the prob-
lem NK(X) is restricted so that any component either in the beginning
or at the end (or both) of the state vector % that coincides with x; for
some j = 1,...,K is fixed to the value X;. In summary, the following
four cases must be considered in defining S,(%).

1. i>K,i=sN-K+ 1.ThenSi(§c)=BK.

2.i>K,i>N-K+1. Then §,(%) = (x € BX : & = %, y»j= N—i+
2, K]

3. i< K,i<N-K+1. ThenS;(%) ={k € BX:% =%

i z+/ 1>

j=1,...,K-i+1}.
4. i<K,i>N-K+1. ThenS,(%)={keBX: %, =%, ,j=1,...,K-i+1,
=X,/ =N-i+2,..,K}.

Note that, depending on whether 2K + 1 < N or not, the range of
i corresponding to one or more of the foregoing cases may be null.
However, the foregoing descriptions are stated in sufficient generality to
accommodate all combinations of K and i values.
The following recursion is used to work backward until obtaining
V,(x):
V;()A() =maX{h( 1(p (X 0)) 1+1(x2,"')5CK,O>>3
h(a’,‘(p,‘(X, 1))5 Vi+1(-x2, . ')561(3 1))}

fori=1,...,N -1, with the following boundary condition at stage N:

VN(DAC) = CUN([)N()A(, 551())-
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On obtaining V,(X) by the above equations, a system is created in
which x; = X%, ..., xx = X and xg,, ..., %y are the optimal decisions
made at stages 1, ..., N — K. This is proved formally in Theorem 3.4.

Theorem 3.4. Ifgispairwise decomposable with functionsb and a4, .. .,
ay then, for any ¥ € BX, V,(x) is the optimal value of the problem
NK(%).

Proof. Let z € BN solve NK(X), s0 z; = X,...,2¢ = Xg. Also, lety e
BN be the solution obtained from the dynamic programming recursion,
SOy =Xyy-.., Vg = Xg and Yg,{, - .., Vy are the optimal decisions made
at stages 1,...,N — K.
Then, because z is optimal for NK(x), it follows that
gp1(2"), . pn(2M) = gDy (v, - o (YY)

It remains to show that

gy -5 onyN) 2 gDy (21), ., pn(2N).

Notationally, for y, let ¥ = (yw o ValirK-1)) and similarly for z.
Then, from the fact that g is pa1rw1se decomposable and y is obtained
from the dynamic programming recursion,

goi(yh)s - pnyN)) = blay(py(y1)), - h_(aN—z(PN—z(yN_z))s

But since

(1 (p1(2")), V2(27)) = (a1 (p1(2")), blay(p,(27)), V5(27))),

it follows by the monotonicity of / that

hlay(py(2"), V,(2%)) = b(a,(p,(2"), hlay(p,(2%)), V5(2°))).

Continuing in this manner yields

g(Pl(yl),--wPN(yN)) h(a (P1(Z ), . ah<a’N_1(PN_1(ZN1)),
N(P (2N ))))
g(py(z'), ..., pn(zN)).

The proof is now complete. m

1 3.2 Heuristics for building an effective system

From the results in section 3.1, it is possible to determine the best sys-
tem when N and ¢, ... ., ¢y are small—by explicitly checking all possible
systems—or when g is monotonic and each K; = 0 (see Theorem 3.3),
or when g is pairwise decomposable and when each K; = K is small—by
using the dynamic programming approach developed in section 3.1.2.
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For the general problem, which is known to be NP-complete, heuristics
are needed to find a good system with a reasonable amount of compu-
tational effort.

One such heuristic is to find a locally-stable system using the replace-
ment process described in section 2.1.2. Another alternative proposed
in [8] is to use a j-replacement process, in which up to j components in
the current system x are changed simultaneously. A new heuristic, based
on the dynamic programming approach presented in section 3.1.2, is to
use the replacement process to obtain a locally-stable system x and then
to solve a single dynamic programming problem of the type described
in section 3.1.2, as follows.

Step 1. Use the replacement process to find a locally-stable system x.

Step 2. Using x, obtain a system x’ by solving the dynamic programming
problem in which the first K components are those of x. If x’ = x,
stop. Otherwise, set x = x’ and repeat.

Unfortunately, the complexity of the replacement process in Step 1 is
O(2N), however, such worst-case behavior is not experienced in the
simulations described in section 4.3. As in the NK model, as K increases,
the number of local maxima increases quickly and hence the number of
replacements needed to obtain a local maximum decreases quickly.

These simulations are used to compare the average performance of a
system obtained by the foregoing heuristic to that obtained by the single
replacement process. Because the dimension of the state space is 2K,
the heuristic was run only for K = 2,4, and 8. As seen from the results
in Figure 3 for N = 24, 48, 96, and various values of K, the benefits
from applying the dynamic-programming heuristic are greater for larger
values of N and K.

0.8
—4— N=24 Heur
8
g
g —%— N=48 Heur
~ . P —=— N=96 Heur
on
S »Xa
o
Z —#— N=24 One Repl
—x— N=48 One Repl
—=— N=96 One Repl
0.6 T T T T
0 2 4 6 8 10

K
Figure 3. Average performance of a locally-stable system obtained by the heuris-
tics in section 3.2.
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4. Analytical and simulation results on the expected performance of
the system obtained by the replacement process

In this section, the probabilistic behavior of the one-replacement pro-
cess, described in section 2.1.2, is explored. The objective is to es-
timate the average performance of a locally-stable system when the
performance contributions are random. Specifically, assume that the
contribution p;(x) of the component chosen for part i to the overall
performance of the system is a continuous random variable taking val-
ues between —co and +oo. In this case, a value greater than 0 indicates
an above-average contribution to performance and a value less than 0
indicates a below-average contribution. Each such random variable is
assumed to follow a probability density function f;(y) with finite mean
u; and standard deviation ;. The corresponding cumulative distribu-
tion function is denoted by F;(y). It is also assumed that the values
of p,(x) are generated independently from the associated probability
distributions.

Thinking now of the contributions to performance as random vari-
ables, it is of interest to find the expected value—and possibly higher
moments—of the performance of the best system, that is, to find

Mkzn) =E [( max p(x))m] . (6)

x€eZ(c)

In particular, the variance of the performance can be derived from the
second moment. For simplicity, the notation My, is used when 72 = 1.

It should be emphasized here that the focus of this section is on the
probabilistic analysis of the expected performance of a locally-stable sys-
tem obtained by the replacement process described in section 2.1.2. Al-
though related, this analysis differs from the usual approach in stochastic
optimization, where a configuration (system) is sought that has the maxi-
mum expected performance when the performance contributions follow
a specified probability distribution. The approach here is appropriate
in situations where the entire landscape of performance contributions
becomes known to the controller at the time of system optimization,
whereas, the expected-value maximization is applicable in situations
where decisions on system configuration are made before uncertainty is
completely resolved.

It is also easy to see that the results of the previous sections can be
recast in a stochastic optimization framework when the individual per-
formance contributions p,(x) are random variables with mean y;(x), g
has a weighted-sum form, and the system configuration x is to be de-
termined before any information on the actual values of performance
contributions is available. In this case, because of the linearity of the ex-
pectation operator, the expected performance of the system x is equal to
g1y (x)), ..., pxn(u(x)) and the analysis of section 3 is applicable. Of
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course, when individual component decisions are made sequentially and
the uncertainty regarding performance is gradually resolved at the same
time, more general stochastic optimization methods—such as stochastic
programming or Markov decision control—are appropriate.
Analytical results are derived now for two special cases. Because in
several cases below the results are asymptotic in nature as N — oo, the
dependence of g on N is denoted explicitly to avoid confusion.

I 4.1 Analytical results when each K; = 0

When each K; = 0, the contribution of part i depends only on the

component chosen for that part, that is, p,(x’) = p;(x;). In this case,

Mgzn) = E[(max gN(Pl(M)an‘:PN(xN))) ]

xeZ(c)

Finding the foregoing expected value in general requires performing the
following steps.

General steps for finding the moments of the best system performance

1. Find the density and cumulative distribution functions of a random vari-
able Y = gy(V,,..., Vy), where each V, = p,(x,) is a random variable
with density function f; and cumulative distribution function F;, as de-
fined above.

2. Find the density and cumulative distribution function of a random vari-
able Z representing the maximum of ¢, ..., ¢y random variables follow-
ing the distribution of Y found in Step 1.

3. Use the density function found in Step 2 to compute the moments of the
random variable Z.

When g is monotonically nondecreasing, the work needed to find the
expected value of the performance of the best system is simplified. This
is because, from Theorem 3.3, the best system is obtained by finding
each component x} that maximizes p;. As a result,

M}Q"’ =E[(gN( max pq(x4),..., max pN(xN))) ] (7)

x,€Z(cy) xnEZ(cy)
Doing so now involves the following steps.

General steps for finding the moments of the best system performance when g
is monotonically nondecreasing

1. Find the density and cumulative distribution functions of each random

variable Z,, where Z, is the maximum of ¢; random variables with density
function f; and cumulative distribution function F,.
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2. Find the density and cumulative distribution functions of a random vari-
able Z = g\(Z,, ..., Zy).

3. Use the results in Step 2 to compute MY = E[Z™].

Further simplifications that allow closed-form analysis arise when
the contributions to performance are independent and identically dis-
tributed (i.i.d.) random variables following the uniform [0,1] distribu-
tion, and the function gy, takes several special forms. For simplicity, it
is assumed that exactly two components are available for each part.

If g\ is linear in each p;(x), then, because E[gy(p(x))] = gn(Elp(x)]),
the expected value on the right-hand side of equation (7) can be com-
puted as follows:

E [gN (x?;{%ﬁ}Pﬂxﬂ, .- "x,fg?o),(upN(xN))] = gn(ElZ4], .., E[Z\])).

Therefore, if gy, is monotonically nondecreasing and linear in each p,(x),
the expected value of a global maximum x* can be computed by per-
forming the following steps.

General steps for finding the expected value of the best system when g is mono-
tonically nondecreasing and linear

1. Let Z; = max{p,(0),p,(1)}, where each p;(x;) ~ f,.
2. Compute the expected value E[Z;].

3. Compute My = gy(E[Z,], ..., E[Zy]), which is the expected value of a
global maximum.

Based on the foregoing discussion, it is possible to obtain analyti-
cal results when gy has certain special forms that are monotonically
nondecreasing—such as the weighted average, maximum, minimum,
product, and geometric average of its arguments. To illustrate the com-

putation of szn) for each of these functions, suppose that p,(x;) are
i.i.d. uniform [0,1] random variables. Thus, the distribution function of
Z; = max{p,(0),p;(1)} is F, (s) = P[p,(x,) < s]* = s*> and the probability
density is fzi(s) = 2s. From this it follows that E[Zf] = fol skfzi(s)ds =
22 + k).

Analysis: Y = gn(p(x), ..., pn(xN)) = Z,—N:1 w;p;(x;), where w,, ...,wy

are nonnegative constants that sum to 1. In this case gy is monotonically
nondecreasing and linear, thus,

2 2
Msz;“’i(g)z 3
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In particular, the expected value of a global maximum for the original
NK model, in which each w; = 1/N, is 2/3.

. . (m) . . . .
The analytic expression for MN ' in this case is too complicated to
provide any insights. However, the variance of Z is easy to obtain, since
Z is the sum of independent random variables:

N
Var(Z) = Z wiZVar(Z

and since Var(Z,) = E[Z2] - (E[Z,])* = 1/2 — 4/9 = 1/18 for all 4, it
follows that

N
Var(Z Z
i=1

The asymptotic behavior of Var(Z) as N becomes large depends on the
choice of the weights w,,...,wy. In the case where each w; = 1/N,
Var(Z) = 1/(18N) which converges to zero as N becomes large.

55

Analysis: Y = gn(py(xq), ..., pn(xy)) = max,_; N p;(x;). In this case, be-
cause Z = max{Z,,...,Zy} and Z; = max{p, (O) p; (1)} Z is distributed
as the maximum of 2N i.i.d. uniform random variables, so,

F,(s) = P[p;(x) < sI*N =N and f,(s) = 2Ns*N"!) s € [0,1].
Therefore,

2N

1
(m) 2N+m—1
MN =E[Z™] = s = 2N. = .
[ f fals)ds = fo s ds 2N +m

It now follows that limy |, MY =1 for any m, therefore

lim E[Z] =1, and lim Var(Z) = 0.
N-co N

—00

Analysis: Y = gn(p (), ..., pn(xN)) = ming_;  y p;(x;). In this case,

F,(s)=1-P[Z>s]=1-P[Z;>s]N
=1-[1-F ()N =1-(1-N

and so
f,(s) = 2Ns(1 - s*)N-1,

It is now possible to compute

M(Ifzn)z —f s"f4(s ds—Nf 1 - s*)N"12sds.
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Using the variable transformation z = s*, we obtain
M‘&”’—Nf "2(1 - 2Nz = NB( +1,N),

where B(a,b) = fo x* (1 - x)>'dx is the Beta integral. In this case
limy MY =0 for any m = 1, thus
lim E[Z] =0, and lim Var(Z)=0.

N-oco -0

Analysis: Y = gy(pi(x),...,on(xN)) = H,I-\zll p;(x;). In this case, the
statistical independence of the Z; implies that

—

]
—_

MY = E(zm = [ | Elz71.

Since f, (s) = 2s, it follows that E[Z?"] = 2/(m+2), for i = 1,...,N
therefore,
N

(m) 2
M =
N (m+2) ’

and limy_, M}Q"’ = 0 for any m > 1. In particular,
lim E[Z] =0, and lim Var(Z) = 0.

N-co N-co

1/N
Analysis: Y = gy (pq(xq),...,Dn(xN)) = (H,I-\:Il pi(xi)) . In this case,
from E[Z?7"] = 2/(m +2) and the fact that the Z; are independent, it
follows that

m N 7 \WN m \N
Mn E[Z7"N] = =[(1--2 .
=] 8z=(gh) <(1-in)

. m .
Thus, limy_, , MN = e, In particular,

lim E[Z] =e 2, and lim Var(Z) = 0.
N-oco N-co

The results of computing My, = E[Z] and the associated limiting
values for each of the foregoing functions g are summarized in Table 1,

1 . . .
where B(a, b) = fo x%1(1 - x)?~'dx is the Beta integral. Note that in all
cases the asymptotic variance of Z is zero.

1 4.2 Mathematical analysis when each K; = N — 1

For the case in which each K; = N — 1, the performance contribution of
each component in the system x is affected by every other component.
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N N N \UN
Y=gu(Vi,...,Vy) | 2wV, max V; _r{lin V, nv, (H Vl-)
i=1 =1, =1,y i=1 =1
M, = E[Z] 2 2N NB(LN) (2 (1-25)"
N 3 IN+T 2 3 72N
. 2 —
11115,10 My 3 1 0 0 e 12

Table 1. Limiting values of the expected performance of the best system using
different performance measures (K = 0).

In this case, it is possible to derive asymptotic results for the expected
performance of a locally-stable system obtained by the replacement
process. This is because, when each K; = N — 1, the performances of the
N one-replacement neighbors of x are independent random variables.
This fact is useful for computing an approximate value for the expected
value of a locally-stable system when N is large. To do so, note that a
locally-stable system x* has the property that its performance p(x*) is
greater than or equal to that of its N one-replacement neighbors. Letting
Z be a random variable representing the performance of a locally-stable
system and Y,,..., Yy, the performances of the locally-stable system
and its N neighbors, it follows that

Z=max{Y,,..., Y1} (8)

To find the expected value of Z as N becomes large, it is necessary to
follow these steps.

1. Find the density and cumulative distribution function of Y. That is, use
the probability density functions f; and distribution functions F; of p,(x),
to find the probability density function f, and the distribution function
Fy of the performance of a system x, namely, Y = g(p,(x), ..., pn(X)).

2. Use the functions fy and Fy, from Step 1 to compute the probability density
function f, and the distribution function F, of the random variable Z.
Because, as stated in equation (8), Z is the maximum of N+ 1 independent
random variables following the distribution of Y, it follows that

F,(t) = [Fy(t)N*! )
d
f2(t) = F(t) = (N + DIEy 01Ny (2). (10)

3. Use the function f, to compute the expected value of Z, as follows:

o0 0

My =E(Z) = [ if,t0de= [ iNIF O] fylo)dr

4. Finally, compute limy_,  E[Z].
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Y=gy V)

N
1 .

< . max vy. min vy. 1y Iy
NgY AR DN Y ( Vi

lim My, 1 0 0 et

N-co ‘

=

Table 2. Limiting values of the expected performance of a locally-stable system
using different performance measures (K = N — 1).

Although in principle higher moments of Z can also be expressed in
terms of the foregoing steps, we have not been able to obtain analytical
expressions as was done for the case where K; = 0, because the analysis
here is substantially more complicated.

It is important to note that the foregoing analysis is based on a locally-
stable system chosen at random rather than a locally-stable system found
by the replacement process. The latter is different from the former
because not all locally-stable systems are equally likely to be found
by the replacement process. This is due to the fact that a locally-
stable system found by the replacement process depends on the starting
system. In particular, some locally-stable systems may have large basins
of attraction (i.e., many initial systems will result in that locally-stable
system) while other locally-stable systems may have small basins of
attraction. The inability to handle these different types of locally-stable
systems analytically is noted clearly in [10]. Nevertheless, analytical
results for the limit of My as N — oo for the special forms of the
function g presented in section 3.1.2 are summarized in Table 2 and
derived in appendix B.

1 4.3 Computer simulations

Computer simulations are used now to verify the analytical results for
the expected value of the performance of the best system when K = 0
presented in Table 1 in section 4.1 and for a locally-stable system when
K = N -1 presented in Table 2 in section 4.2. Simulations are also used
to estimate the performance of a locally-stable system obtained by the re-
placement process for intermediate values of K, for which no analytical
results are available. The results of the average performance of a locally-
stable system obtained from 1000 randomly-generated problems—in
which the performance contributions p,(x’) are drawn i.i.d. from the
uniform [0, 1] distribution—are presented in Figures 4 through 7 for
the cases where the system performance is the maximum, minimum,
product, and geometric mean of the individual contributions, respec-
tively. In all cases, the average performance of a locally-stable system
is presented as a function of K, for N = 24, 48, and 96, except for the
product case, where the graphs for N = 8 and 16 are presented as well.

These results are in agreement with the theoretical expected values for
the extreme cases of K = 0 and N — 1 in Tables 1 and 2. Furthermore,
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Figure 4. Average performance of a locally-stable system when system perfor-
mance is the maximum of component performances.
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Figure 5. Average performance of a locally-stable system when system perfor-
mance is the minimum of component performances.

in all cases except when the system performance is the maximum of
the individual contributions, the complexity catastrophe arises, but to
varying degrees. For example, the complexity catastrophe in Figure 7,
corresponding to the geometric mean of the individual contributions, is
virtually the same as that in the original NK model. This is because,

N UN N
when p(x) = |[ [£,(x)| it follows that In(p(x)) = 4 1(\?)
i=1

i=1
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Figure 6. Average performance of a locally-stable system when system perfor-
mance is the product of component performances.
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Figure 7. Average performance of a locally-stable system when performance is
the geometric mean of component performances.

which is how system performance is computed in the original NK model.
In contrast, in Figure 6—where system performance is computed as the
product of the individual contributions—the complexity catastrophe is
evident for small values of N (N = 8 and 16) but becomes unnoticable
for large values of N because, in fact, system performance in this case
quickly approaches 0, regardless of the value of K. In Figure S—where
system performance is based on the “weakest link” (i.e., the minimum of
the individual contributions)—systems with fewer components benefit
more from small amounts of interactions among the components than
do larger systems. Finally, the fact that the complexity catastrophe is not
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evident in Figure 4—where system performance is computed as the max-
imum of the individual contributions—indicates that there are systems
whose performance, in fact, benefits from increasing amounts of interac-
tions among the components. This example supports the results in [8].

| Conclusions and future research

A general model is proposed for obtaining insights into systems consist-
ing of a number of parts that interact with each other in complex ways.
To capture many aspects of real-world systems, the model allows one to
choose, (a) for each part, one of a number of alternative components so
that the resulting system has the best performance, according to some
specific measure, (b) varying amounts of interaction among the com-
ponents and which components affect other components, (c) the way
in which the overall system performance is obtained from the individ-
ual performance contributions of the chosen components. The general
problem of finding the best system is shown to be NP-complete and
several polynomially-solvable special cases and heuristics are described.

When the contribution of each chosen component i depends on ex-
actly K other chosen components (0 < K < N — 1), the values of N and
K provide a measure of the complexity of the system. Assuming that the
individual performance contributions are random variables that follow
a known distribution, conditions on how the performance of a system
is computed are given under which it is possible to derive analytically
the expected performance of a locally-stable system obtained by the
replacement process. In particular, such results are given for K = 0,
corresponding to a system in which the contribution to performance
of each chosen component depends only on that component, and also
for K = N — 1, corresponding to a system in which the contribution to
performance of each chosen component depends on every other chosen
component.

Computer simulations support the analytical results and also pro-
vide average performance values of locally-stable systems under differ-
ent measures of overall performance. Some of these systems exhibit
the property that for large values of N, the average performance of a
locally-stable system associated with small positive values of K exceeds
the performance associated with a locally-stable system obtained when
K = 0. However, as the value of K, and hence the complexity of the sys-
tem, increases, the average performance decreases to values below that
associated with K = 0. It is important to note that this complexity catas-
trophe, as coined by Kauffman, is based on the collective mathematical
assumptions underlying these specific models.

On the basis of these results, current research efforts are devoted to
seeking ways to differentiate the individual parts to make these models
more realistic. For instance, in some systems, certain parts contribute
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indirectly, rather than directly, to system performance. In the human
genome, for example, regulatory genes contribute indirectly by con-
trolling the behavior of other genes that do contribute directly to the
fitness of the genome. As another example, in a team in a business
organization, the leader contributes indirectly to the performance of
the team by providing direction, setting goals, providing resources, and
eliciting direct contributions from the individual team members. An
area of current research is to build models that allow for such indirect
contributions to see what impact they have on system performance.

Appendix

I A. NP-completeness proofs for section 3

Proof of Theorem 3.1. Note first that the problem NK(Q) is in NP
because, given a binary N-vector x, it is possible to check whether
N, p,(x))/N = C in polynomial time.

To complete the proof, a reduction is given from the following prob-

lem of finding a largest independent set of nodes in a graph:
IS:  Given a graph G = (V, E) and an integer B > 0, does there
exist a set S of nodes of G, no two of which are adjacent,

such that |S| = B?

To that end, consider an instance of IS consisting of a graph G = (V, E)
and an integer B > 0. Let M = |V| and define, for each binary M-vector
¥, the following subset of nodes of V = {v,...,vyk

Sly) ={v; e Viy, =1).
For a given positive integer Q, it is now possible to construct the
associated instance of NK(Q):
B+|V] B+M
NP~ NM
In this case, the contribution to performance p; of each component i
depends on x' = (Xpfiys + s Xppink-1))- Then, the functions p,, .. PO
are defined as follows:
p,(x')=0, fori=1,...,0-1
pQ(XQ) _ {(1), if S(fols Xy i an independent set,
, otherwise

N=|V|+Q=M+0Q, K=N-Q=M, C=

pix')==t, fori=Q+1,...,0+M.

Now suppose that x is a binary N-vector such that
P+O ;
& Pilx) c BV _BiM
N “°TNM T NM°
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Equivalently,
P+Q
PNZCIE B;VIM. (A.1)

i=1
A corresponding solution to the IS problem is
S = S(xQ+1, .. .,xQ+M).

To show that S is a solution to the IS problem, it is necessary to show
that the nodes of S form an independent set and that |S| = B. Both of
these follow from the fact that x satisfies equation (A.1). Specifically,
because p,(x') = 0, fori=1,...,0 - 1, equation (A.1) becomes

M+QO M+QO M+Q
) . . B+M B
i _ 1y — Q h > = —
,—; p(x') = EQ pi(x') = polx )+i_Q§+1 p(x') = v T 1. (A.2)

The only way for the sum in equation (A.2) to exceed B/M + 1 is
for pQ(xQ) to be equal to 1 because, by construction, each p,(x), for
i=0+1,...,0+ M, can contribute at most 1/M to the sum. Hence,
pQ(xQ ) = 1 which, by definition, means that S is an independent set
of nodes. Furthermore, equation (A.2) now yields that S has at least B
nodes because

O+M O+M
IS| = Z x; =M Z p,(x’) = B.
=0+1 i=0+1

Conversely, suppose that § is an independent set of nodes in G with
IS| = B. Define the binary N-vector x as follows:

{1, fO+1=<i<Q+Mandvy, 5€S
X; = .
0, otherwise.

Then p(x2) = 1 and so

O+M O+M Q+M
DUpx) = Y pix) = pox) + > piix)
i=1 =0 i=0+1
O+M
X; ISI B
=1 Si=142 =1+ =CN.
+i:§1 i M VEREREY C

The desired result follows on dividing the foregoing inequality through
by N.m

Proof of Theorem 3.2. Note first that this NK problem is in NP be-
cause, given a binary N-vector x € BN, it is possible to check whether
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N, p;(x,)/N = C in polynomial time, since evaluating each p; is poly-
nomial.
To complete the proof, a reduction from the problem of finding an
independent set (IS) is given. So, let G = (V, E) be a given graph with
= |V] and let B > 0 be a given integer. These data are now used to
construct the following instance of the NK problem:

M+ B
NM

N:max{[%},M+l}, K = min{[aN],N-1}, C-=

The functions p,, ..., py are now defined as follows:

pi(x')=0, fori=1,...,.N-M-1

(xN-M) = 1, if S(x\_pa1s---»>Xy) is an independent set,
Pn-mx 0, otherwise

pi(xi) = % fori=N-M+1,...,N.

Now suppose that x is a binary N-vector such that

N i
SNpx) o B+M
N NM
Equivalently,
Z pi(x) =1+ E (A.3)

A corresponding solution to the IS problem is

S = S(XN_Ma1s - -2 XN)-

To show that S is a solution to IS, it is necessary to show that the nodes
of S form an independent set and that |S| = B. Both of these follow from
the fact that x satisfies equation (A.3). Specifically, because p,(x) = 0,
fori=1,...,N—- M -1, equation (A.3) becomes

N N

ZP = D p) = oM+ D) )21 (A4

i=N-M i=N-M+1

The only way for the sum in equation (A.4) to exceed B/M + 1 is for
Panm(xN"M) to be equal to 1 because, by construction, each p,(x’), for
i=N-M+1,...,N, can contribute at most 1/M to the sum. Hence,
Pum(xN"M) = 1 which, by definition, means that S is an independent
set of nodes. Furthermore, equation (A.4) now yields that S has at least
B nodes because

N N
Sil= > x=M > p(x)=B
i=N-M+1 i=N-M+1
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Conversely, suppose that § is an independent set of nodes in G with
IS| = B. Define the binary N-vector x as follows:

_{1, fN-M+1<i<Nandv, \, €S
x; = X
0, otherwise.

Then py_p(xN"M) = 1 and so

D)= Y pilx) =N+ T p)
=1 i=N-M i=N-M+1
O+M
i _ 4 S B _
_1+i:§1—_1+M21+M_CN.

The desired result follows on dividing the foregoing inequality through
by N, completing the proof. m

B. Limiting results for the expected performance of the systems in
section 4.2

Throughout this appendix, K = N—1, the individual contributions p;(x)
are assumed to be i.i.d. uniform [0,1] random variables, Y is a random
variable representing the performance of a random system, and Z is
a random variable representing the performance of a random locally-
stable system.

B.1 Analysis when system performance is the average of the individual
contributions

For the case where the performance of a system is

N
_ Zin Pi(x)
plx) = LD,
the distribution of the performance of a random system for large N
approaches the normal, by the central limit theorem. However, using
this approximation must be combined with taking the limit of E[Z]
as N — oo, which entails the maximum of the N random variables
Y,,..., Yy Itis shown formally in [6] that limy M, = 1/2, which
corresponds to the complexity catastrophe discussed in section 2.1.2.

B.2 Analysis when system performance is the maximum of the individual
contributions

When
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the distribution of the performance Y = p(x) of a system x is Fy(s) =
Plp;(x) < s]N = sN, s € [0,1], and the density function fy(s) = NsN-1.
Therefore, the distribution and density functions of Z are

Fy(s) = [Fy(s)]N = sN°

fz(s) — NZSNz_l

It follows that
2
My =E[Z fsfz ds—fNZNds—Ll,
+

and so limy_, My = 1.

B.3 Analysis when system performance is the minimum of the individual
contributions

When
p(x) = min p;(x),

i=1,..,N

the distribution of the performance Y = p(x) of a system x is Fy(s) =
1-PlY>s]=1-P[p,(x)>s]N=1-(1-3N,s e [0,1], and fy(s) =
N(1 - s)N=1, Therefore, the distribution and density functions of Z are

Fy(s) = Fy(s)N = [1 = (1 =Y
and

fz(s) = N*[1 = (1= s)N]N1 (1 = )N,
It follows that

1
My = ElZ] = fsfz als—fN2 [1- (1= (1 -9 ds.

Using the transformation y = (1 — s)N, the foregoing integral becomes

1
My =N f (1 y"N)(1 = y)NTdy
0

1 1
=N(f (1—y)N‘1dy—f yl’N(l—wN‘ldy)
0 0
:1—NB(%+1,N),

where B denotes the Beta integral. It then follows that limy_, My = 0.
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B.4 Analysis when system performance is the product of the individual
contributions

When

N
=[]

i=1
it can be shown that W = —In Y follows the Gamma distribution with
parameters N and 1. To see this, note that W = YN, W, where W, =
—In(p,(x)), and p,(x) follows the uniform [0,1] distribution. Therefore,
the W, are i.i.d. random variables with distribution function

Fy () = Pl-Inp,(x) < w] = P[p,(x) 2 e ] = 1~ ™, w e [0,0].

That is, the W, are exponentially distributed with rate 1. Thus, W,
which is the sum of N i.i.d. exponential random variables, follows the

Gamma distribution with parameters N and 1, so,
wN—le—w

fw(w) = TN w =0, (B.1)

1 .
where T'(N) = fo wNle™dw denotes the Gamma integral. Further-
more, using the relationship between the Gamma and Poisson distribu-
tions, the distribution function of W is

Fyl) = 3 e (B.2)

= 7

Having obtained the distribution of W, it is possible to derive the

distribution of Y = e~¥ using standard properties for the distribution

of a function of a random variable. Specifically, since Y = eV is a

monotonic function of W, it follows from [11] that

fw(=lny) (=Iny)N-Tely (=Iny)N-!
y T yI(N)  ~ (N=-1)°

Furthermore, using equation (B.2), the distribution function of Y is

Fy(y) =PlY <y] = P[W = ~Iny] = 1 - Fyy(~1Iny)

N-1 i
— Z J’(_h‘l()’))]’ ye [O, 1]
=

To calculate E[Z], where Z is the performance of a randomly selected
locally-stable system, use equation (10) to obtain

My =E[Z fsfz ds—N+1fsz s))Nds

fy()’) =

=f fu(=Ins)(1 = Fy(~Ins))Nds.
0
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Using the transformation w = —Ins as well as integration by parts, the
above expression becomes

MN=(N+1)fOOO ()1 = Fy(w)Ndw
= f ) e™d(1 - Fyy(w))N*!
0
=1- fow e (1 - Fy(w)Ndw
<1- j(; e(1-(N+1)Fy(w))dw

=(N+1) jo‘oo e Fy(w)dw

In summary,
1 N+1
OsMNSZ(N+1)(§) .
Taking the limit yields limy,, My = 0.

B.5 Analysis when system performance is the geometric mean of the
individual contributions

When
1N

let V.= -InY = W/N, where W = SN, W, and W, = —In(p;(x)),

as defined in the product case. From equations (B.1) and (B.2), the
probability density and distribution functions of V are

L=
~

N(NU)N—l e~ Nv

frlw) = Nf(Ne) = =055

v=0,
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and
N, (NDY
Fy(v) = Fy(Np) = > eNmet,
v(v) = Fyy(Nv) j:Ne Fi

from which it can be seen that V is a Gamma(N, N) random variable.
The distribution of Y is now given by

ful=Iny) _ N(=NIny)N"TeNy  N(-NlIny)N-1yN!

fy(y)= y = JT(N) = N-1)]
and
Fyly) =1-Fy(-Iny) = (Nl%)y e [0,1]. (B.3)
=0 '
Furthermore,

E[Y] = E[e”"] —f o) dv—(l+%)_N.

Asymptotic lower and upper bounds are derived now for My, = E[Z],
where Z = max{Y,,..., Yy, ) is the performance of a locally-stable
systemand Y, ..., Yy, arei.i.d. random variables with the distribution
of Y defined by equation (B.3).

Observe first that

1\N
E[Z] = Elmax{Y,, .., Yau,}] = max(E[Y,], .., E[Yy, ]} = (1 + N) ,
therefore,

liII\In inf My, = e, (B.4)

It is next shown that limsupy_, My =< e”'. The proof makes use
of large-deviation type inequalities [12] but the result is independently
derived here for completeness. Because 0 < Z < 1, My = E[Z] =

fol P[Z = u]du and, using equation (9),

1 1 1
My = fo (1= Fy(u))du=1 —fo F (u)du =1 —f (Fy ()N du.

0

Choose e with 0 < e < e -1, 50,0 < e"}(1 +€) < 1. Then, since Fy(u) is
nondecreasing and nonnegative,

1
My<1- f (Fy(u))N*1du
“(1+e€)

< 1-[FyleM(1+e)N (1 -e (1 +¢)
=1-[1-Fyle'(1+e) M (1-e'(1+6)
<1-[1=(N+1)Fy(e (1 +e)](1-e (1 +¢)), (B.5)
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where Fy(y) = 1 = Fy(y).
Let 8 = In(1 + €). It then follows that, for any # = 0,

Ey(e ' (1+€) = P[Y = ¢19]
=PllnY = —(1-0)]

N
=P —ZWiz ~N(1-9)
i=1
=P [e-tEfil LS e-Nf“-(”], (B.6)

where the W, are i.i.d. exponentially distributed random variables with
rate 1. The Markov inequality then yields that

Fy(e—l(l + E)) < E[e—th\il Wi]eNt(l—(v’) — (E[e—tW]])NeNt(l—(v’).
Since W, follows an exponential distribution with rate 1,
—tW. * —tw ,—w 1
E[e™1] = e e dw = ——,
0 t+1
thus,
Ey(e!(1 + ) < eNP®O, (B.7)

where h(t,0) = In(t + 1) — #(1 — 6). Since inequality (B.7) is true for all
t = 0, it is also true that

Fyle (1 +¢) < e N0 (B.8)

where b*(6) = sup,. h(t,6).

It can now easily be shown that h(z, 0) is concave in ¢ for fixed # and
that b*(0) = h(6/(1 - 6),0) = —In(1 —6) — 0 > O for all 6. Therefore,
equation (B.5) becomes

My <1-[1-(N+1)e N1 -e (1 +¢)),
and, since limy_ (N + 1)e™N"®) = 0 for any 6,

limsup My <1 - (1-e7(1+¢)),
N-co

forall 0 < € < e — 1. By letting € » 0 in the last inequality, it follows
that

limsupMy <1-(1-e')=el. (B.9)
N-co

Combining inequalities (B.4) and (B.9), it follows that

lim My, = ¢,
N-oo N
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