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This paper presents a discussion of complex shift dynamics of some ele-
mentary cellular automaton rules (rules 30, 41, and 110). Equations
that show some degree of self-similarity are obtained. It is demon-
strated that rules 30, 41, and 110 exhibit Bernoulli shifts and are
topologically mixing on one of their own closed invariant subsystems.
Furthermore, many complex Bernoulli shifts are explored for finite sym-
bolic sequences with periodic boundary conditions.

| 1. Introduction

It is natural to study a dynamical system either directly or via other
equivalent systems that are better understood. Another good way to
study a dynamical system is through its subsystems, which may also
to some extent help to understand its dynamical properties. Symbolic
representations are methods for studying dynamical systems through
shifts and subshifts [1, 2]. It is well known that shifts and subshifts
defined on a space of abstract symbols are special discrete dynamical
systems called symbolic dynamical systems. Symbolic dynamics, as a
powerful tool for studying more general discrete dynamical systems,
often contain invariant subsets on which the dynamics are similar or
even equivalent to a shift or subshift.

Cellular automata are spatially and temporally discrete dynamical
systems characterized by local interactions [3, 4]. Such systems can be
better investigated if each rule is assigned to an interval map [5-8].
The construction of the interval map associated to a cellular automa-
ton rule depends on the choice of an underlying subshift of finite type,
say, a cellular automaton rule, that accounts for the configurational
space, and depends on the choice of the interval map implementing
the subshift of finite type. If we choose subshifts of finite type that are
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invariant for cellular automata, we obtain some simple interval maps
that can be presented in a closed form.

Motivated by the cited works, the aim of this paper is to explore
complex shift dynamics of some special elementary cellular automa-
ton rules, in particular rules 30, 41, and 110, from the viewpoint of
symbolic dynamics. The structure of the remainder of the paper is as
follows: Section 2 provides some notations and definitions. Section 3
focuses on the discussion of complex shift dynamical properties of
rules 30, 41, and 110. By associating these rules with the interval
maps defined in [0, 1], it is shown that the interval maps exhibit some
degree of self-similarity. Based on directed graph theory, it is demon-
strated that rules 30, 41, and 110 exhibit Bernoulli shifts and are topo-
logically mixing on one of their own closed invariant subsystems.
Moreover, many complex Bernoulli shifts are explored for the finite
symbolic sequences with periodic boundary conditions. Finally, Sec-
tion 4 concludes the text of this paper.

| 2. Preliminaries

Before turning to Section 3 to investigate the complex shift dynamics
of hyper Bernoulli-shift rules 30, 41, and 110, we shall introduce
some notations and recall some definitions.

Let A be a finite set. For a finite alphabet A = {0, 1, ..., 7}, denote
by A* := ;50 A" the set of words over A. The length of a word

& € A" is denoted by |€]| := n. We say that £ € A* appears in x € A*
if there exists k such that x,,; =¢; for all i <|£]. We denote by

&ijj =& -.-& subwords of ¢ associated with intervals. Let
AL =& = (&)jez 1 & € Aforalli € 7}

(ﬂp = {f = (£));cz+ & € Aforalli e Z+}) be the two-sided (one-
sided) infinite sequences equipped with the metric d(x, y) := (1 + k)1,
where k£ = min {k > 0:xp # 3’|k|}- We call AZ the state space.

The left shift map (simply shift map) o : AZ — AL is defined by
[0 (&), := &,1; the right shift map og: AL - AL is defined by
[og (©)]; := &4 for any i € Z. The full r-shift (or simply r-shift) is the
full shift over the alphabet A = {0, 1, ..., 7} on the state space AZ.

Each sequence ¢ € AZ is called a point of the state space. Points from
the full 2-shift are also called binary sequences. A cellular automaton

is a continuous map f*: A% » A% which commutes with the shift
map, that is, f® o = o f®. For a cellular automaton f*, a local
rule f:A*™1 5 A can be described as [fP(x)]; = F(*imriin)s

x € AL,
Let ¥ be a collection of blocks over A that we will consider as be-
ing the forbidden blocks. For any such ¥, define X to be the subset
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of sequences in AZ that do not contain any block in F. A shift space
is subset X of a full shift (A%, o ) such that X = X for some collec-
tion F of forbidden blocks over A. For a given shift space there may
be many collections ¥ describing it. When a shift space X is con-
tained in a shift space Y, we say that X is a subshift of Y. More pre-
cisely, let = ¢ AZ be closed and invariant for o, that is, oy (Z) C Z,
then (Z, 0;) forms a subsystem of (ﬂz, O'L). We call (£, 07) a sub-
shift of the full shift (?{Z, O'L), denoted by (%, op) =< (?{Z, O'L). On

each shift space there is a shift map from the space to itself. A type of
mapping from one shift space to another is called a cellular automa-
ton. We can make up infinitely many shift spaces by using different
forbidden collections #. Indeed, there are uncountably many shift
spaces possible. As subsets of full shifts, these spaces share a common
feature called shift invariance. A shift of finite type is a shift space
that can be described by a finite set of forbidden blocks, that is, a
shift space X having the form X¢ for some finite set # of blocks. A

shift of finite type is M-step (or has memory M) if it can be described
by a collection of forbidden blocks all of which have length M + 1.
One of the basic constructions in symbolic dynamics involves pass-
ing to a higher block shift, which provides an alternative description
of the same shift space. Let X be a shift space over the alphabet A,

and ﬂg?u = Bn(X) be the collection of all allowed N-blocks in X. We
can consider ﬂg?ﬂ as an alphabet in its own right, and form the full
shift (ﬂg?]])z. Define the N higher block code By : X — (ﬂg?l])l by
[BN ©)]; = &jiisn-1]- Then the N higher block shift XINI or higher

block presentation of X is the image XINI = g\(X) in the full shift

over .?{E?I].

Although in real life sequences of symbols are finite, it is often ex-
tremely useful to treat long sequences as infinite in one direction (one-
sided infinite) or both directions (two-sided infinite). Directed graph
theory provides a powerful tool for studying such infinite sequences.
A fundamental method for constructing finite shifts starts with a fi-
nite, directed graph and produces the collection of all bi-infinite walks
(i.e., sequences of edges) on the graph. A graph G consists of a finite
set V =V(G) of vertices (or states) together with a finite set
& = &(G) of edges. Fach edge e € E(G) starts at a vertex denoted by
i(e) € V(G) and terminates at a vertex #(e) € V(G). Equivalently, the
edge e has initial state i(e) and terminal state #(e). We usually shorten
V(G) to V and &G) to & when G is understood. A path
m=-eyey...e;, on a graph G is a finite sequence of edges ¢; from G
such that #(e;)=i(e;yq) for 1=<i=<=m-1. The Ilength of
m=-e1ey...ey is |1l =m. The path n =e;e; ... e, starts at vertex
i(m) =i(ey) and terminates at vertex f(7) = #(ey;), and 7 is a path
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from i () to #(w). A cycle is a path that starts and terminates at the
same vertex. We say that a graph G is irreducible if for every ordered
pair of vertices I and | there is a path in G starting at I and terminat-

ing at J. The following definitions developed in [1] are useful for di-
rected graph theory.

Definition 1. Let G be a graph with vertex set V. For vertices I, | € V,
let A7 denote the number of edges in G with initial state [ and termi-
nal state J. Then the adjacency matrix of G is A = [AI]], and its for-
mation from G is denoted by A = A(G) or A = Ag.

Definition 2. Let G be a graph with edge set & and adjacency matrix A.

The edge shift X or Xy is the shift space over the alphabet A =&
specified by

Xg=Xa={e=(e)icz € EX :1(e;) = i(e;y1) foralli € Z}.

| 3. Complex Shift Dynamics of Rules 30, 41, and 110

In this section we focus our attention on the discussion of complex
shift dynamics of the special elementary cellular automaton rules 30,
41, and 110. We are dedicated to studying fractal structures and some
complex Bernoulli shift dynamics of subsystems of these rules. It is
worthwhile to mention that rule 30 was utilized to generate random
sequences [9], rule 41 has complex shift dynamics, and rule 110 has
proved to be capable of universal computation [10]. Therefore, it is
very interesting to analyze the complex shift dynamics of these rules.
We consider A = {0, 1} and [fﬁ"]l = fR(x[i—l,i+l])> where R represents

the rule number. In order to gain further insight on complex shift dy-
namics of these rules via an interval map from the viewpoint of sym-
bolic dynamics, we consider the one-sided infinite symbolic sequences
and represent them through the real number described by

) =32, 276+D ¢, Let yg be the interval map corresponding to
fg’- Therefore the following diagram commutes:

fe
(A —— Z(A)

N

[0, 11 — [0, 1]
Let I be the interval [0, 1]. The binary representation for a one-
sided infinite symbolic sequence &;&;... is given by

¢ = 32,&270+D Denote by Ij the interval [0, 1/2], I the interval
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[1/2, 1]. For the Bernoulli shift 5(¢) = 2 ¢ mod 1, its inverse branches
denoted by g are given by gg: I - Iy with go(¢) = ¢/2 and g, :1 > 1

with g1(@) =¢/2+1/2. For a block £2[£ & ... &1 &, define
L (@) * gz, © 8¢, ©** © &, (¢) and Ig =8 ([0, 1D.

We consider the case I - co. To show the self-similarity of the inter-
val map x30, X41, and y119, we present the following lemma.

Lemma 1. The interval map yy satisfies the following general equation

XR(®) = [Xr(&®) + R, & €]
27 4 [fr€ &1 &) — frE & 61272,

where &, is determined by boundary conditions.

(1)

Proof. Let ¢ = 332 &; 2-0+D_ The interval map yp yields

XR®) = fr& &6 27" + Y frlin &) 270D, (2)

=1

Hence, we have

YR(E (@) = fRrE€.E16)271 + ka(fi—l £&)270 (3)

i=2

It follows from equations (2) and (3) that equation (1) holds. Thus,
the proof is completed. O

I 3.1 Fractal Structures of Rules 30, 41, and 110
It is notable that the update law of rule 30 is given by

000 - 0, 001 -1, 0101, 011 -1,
100 - 1, 101 -0, 110-0, 111 - 0.
Therefore, the following results are obtained.

Theorem 1. For the interval map y3g, when &, = 0,

—; X302 9), if ¢ € Ipo,

2 X302 )+ 5 if ¢ € Io,

X300 =1 3 x30@Q ¢ -+, ifé € Igo, (4)

1

1 .
S X302¢-1+7, if ¢ € 1191,

1 1 .
E )(30(2¢—1)+2, lf¢ S 1115
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when &, = 1,
1 1.
5 X302 @)+, ifé € oo,
% X302 9) + %a if ¢ € Ipoi,
X30(@) = (35)

1 1.
S X302+, ifd ey,

%X30(2¢—1), 1f¢€[1

Proof. We only show the case when &, = 0; the proof when &, = 1 is
similar. When &, = 0, if ¢ € Iy, then &y = & = 0; it follows from
equation (1) and the update law of rule 30 that

X30(@) = 1/2 x30(2 ¢). Following the same analysis, if ¢ € Ij);, then
X30(@) = 1 /2){30(2 o +1/2; if ¢ e 1100, then

X30(8) = 1/2 x302¢~1)+3/4;if ¢ € I191, then

X30(0) = 1/2 x302¢—-1)+1/4;if ¢ € Iy, then

X30(@) =1/2 x30(2¢ — 1)+ 1/4. Thus, equation (4) holds and the
proof is completed. O

We can see from equations (4) and (5) that the interval map y3q ex-

hibits some fractal structures, as illustrated in Figure 1, which to some
extent reflect the complex shift dynamics of rule 30.
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Figure 1. Fractal structures exhibited by the interval map y3¢ with different
boundary conditions. (a) &, = 0, (b) & = 1.
The update law of rule 41 is given by

000 -1, 001 -0, 010-0, 011 -1,
100 - 0, 101 ->1, 1100, 111 - 0.

Hence, we have the following results.
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Theorem 2. For the interval map y4q, when &, = 0,

1 1 i

EX41(2¢)+53 1 ¢€IO()9

1 .

E X41(2¢)9 1f¢€IOla

1 .
S Xa2é-1)--, if ¢ € 190,

X41(9) =

—_ A=

1 .
EX41(2¢_1)+_, 1f¢61101’

SN

1 .
SXn2e-1+-, if¢ € 119,

%)(41(2¢—1)+71‘, if¢ elyqq;

when &, = 1,

L vaee+3, ifeel

S X41 e 000>

1 3.

S X2+, ifd € loor,

X41(9) = %X41(2¢)+%, if ¢ € 119, (7)

1 3.
S X2+, if¢ € Ipq,

% x412¢-1), ifpel.

Proof. When &, = 0, if ¢ € I, then &y = &; = 0; it follows from equa-
tion (1) and the update law of rule 41 that

X41(@) = 1/2 x41(2¢)+1/2. Carrying out the same analysis, if

¢ € Ipy, then y41(9) = 1/2 x41(2 9); if ¢ € I19p, then

X41(9) = 1/2 x412¢-1)-1/4;if ¢ € 111, then

X1 @) =1/2 x412¢-1)+1/4;if ¢ € I11p, then

X41(9) = 1/2 x412¢ - 1) +1/2;if ¢ € 1111, then

X41(@) = 1/2 x41(2 ¢ — 1)+ 1 /4. Thus, equation (6) holds. The proof
of the case when &, = 1 is similar, and therefore equation (7) also
holds. The proof is completed. O

Figure 2 illustrates the fractal structures exhibited by the interval
map y41, which in some sense demonstrates the complex shift dynam-

ics of rule 41.
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Figure 2. Fractal structures exhibited by the interval map y4q1 with different
boundary conditions. (a) &, = 0, (b) & = 1.

It is well known that the update law of universal rule 110 is

given by

000 - 0, 001 - 1,
101 > 1,

100 - 0,

010 > 1,
110 - 1,

011 > 1,

111 - 0.

Therefore, the following results are obtained.

Theorem 3. For the interval map yq19, when &, =0,

X110(®) =

when &, = 1,

X110(9) =

2 X102 9),

1 1
> X1102 ) + 5>

1 1
2)(110(2¢—1)+ >

1

1
2)(110(2¢—1)+ >
1

1
2)(110(2¢—1)+ e

—; X110(2 9),

1
S X1102 9) + 7,
1 3

S X1102 @) + 7,

1 1
> X102 ¢ =D+,

1 3
> X102 ¢ =D+,

1
3 X1102 ¢ - 1),

if ¢ € Ino,
if¢ € Iy,
if ¢ € Iy,
if¢ € I110,

if¢ € Iyqq;

if¢ € Iy,
if¢ € Ip10,
if¢ € Iop11,
if ¢ € I100,
if¢ € I1o1,

1f¢ S Ill'
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Proof. We show the case when &, = 0; the proof when &, = 1 is simi-
lar. When &, = 0, if ¢ € Iy, then &y = & = 0; it follows from equa-

tion (1) and the update law of rule 110 that y119(@) = 1/2 x110(2 ¢).
Following the same analysis, if ¢ € Iy, then

X110@) = 1/2 x1102 @)+ 1/2; if ¢ € 14, then

X110(¢) = 1/2){110(2¢ -D+1 /2, if ¢ e 1110, then

X1100) = 1/2 x1102¢ - 1)+ 1/2;if ¢ € I11q, then

x110@) = 1/2 x1102¢ — 1)+ 1 /4. Thus, equation (8) holds and the
proof is completed. O

We can see some fractal structures exhibited by the interval map
X1105 as illustrated in Figure 3.
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Figure 3. Fractal structures exhibited by the interval map y119 with different
boundary conditions. (a) &, = 0, (b) & = 1.

I 3.2 Subshifts of Rules 30, 41, and 110

Another good way to explore the complex shift dynamical behaviors
is through subsystems that are better understood. To this end, in what
follows we are dedicated to studying subshifts of rules 30, 41, and
110.

In fact, there are many closed invariant subsystems for these rules.
Here we respectively present one simple subsystem for rules 30, 41,
and 110 as follows.

m Here are the edges of directed graph G1: ¢ = 0011100,
ep = 0111001, e3 = 1001110, e4 = 1100111, e5 = 1110011.

m Here are the edges of directed graph G,: ¢ = 0000011,
ey = 0000100, e3 = 0000110, e4 = 0000111, e5 = 0001 000,
eg = 0001100, e7 = 0001110, eg = 0010000, e9g = 0010100,
e10 = 0011000, e;; = 0011101, e = 0100000, eg3 = 0100001,
e14 = 0100100, e;5 = 0100101, e14 = 0101001, 17 = 0110001,
e1g = 0111010, e;9 = 1000001, ez9 = 1000010, ez1 = 1000110,
e = 1000111, ep3 = 1001000, ex4 = 1001010, ep5 = 1010010,
e = 1100011, ep7 = 1101001, eg = 1110 100.

m Here are the edges of directed graph G3: e¢; = 0001001,
ey = 0001110, e3 = 0010011, eg = 0011010, e5 = 0011011,
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e¢ = 0011100,e7 =0011101,eg = 0100110, e9 = 0110100,

e10 = 0110111, e;; = 0111000, e5 = 0111010, e3 = 0111011,
e14 = 0111110, eg5 = 1000100, e1¢ = 1000111, e;7 = 1001 101,
e13 = 1010011, ej9 = 1011100, e39 = 1011101, e = 1011111,
622 1100010, e;3 = 1100011, ep4 = 1101001, ep5 = 1101 110,

1101111, e37 = 1110001, ez = 1110100, eg9 = 1110111,
e30 = 1111000, e3; = 1111010, e3, = 1111011, e33 = 1111100,
€34 = 1111101.

The edges constitute the higher 7-block edge shift, which is a 1-step
shift of finite type, as depicted in Figures 4, 5, and 6. All bi-infinite
walks on the graph constitute the closed invariant subsystem denoted
by Ay, Ay, and Aj. The graph G; is strongly connected and its corre-
sponding adjacency matrix A; is irreducible. According to the well-
known Perron—Frobenius theory, we know that the topological en-
tropy h(XG,-) = log A, (G;) > 0, where the positive eigenvalue 14 (G))
is the Perron eigenvalue of irreducible matrix A; (i = 1, 2, 3). Hence
1505 143> 1130 is topological mixing on Aj, Ay, and Aj, respectively.
Moreover, there exists a Bernoulli shift attractor on A; (i = 1, 2, 3) as
(7[30?))3 A, = 0Ll (ﬂﬁ)3 A, = TRIA,> (fﬁo)g la; = 0'12z|/\3 holds. In or-
der to perfectly characterize the Bernoulli shift, we introduce the two
parameters 7 and o developed in [5] to predict its dynamic evolution,
where 7 denotes the relevant forward time-r map and o denotes the
shift related with 7. As an example for illustration, we take a special
symbolic sequence

£, =[0111001110),

22 = [10001110100100000110001], and

£ =10110100110111000111010]

/o

()

e3

Figure 4. Graph representation of a subsystem for rule 30 (graph G1).
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Figure 5. Graph representation of a subsystem for rule 41 (graph G;).
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Figure 6. Graph representation of a subsystem for rule 110 (graph G3).
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with periodic boundary conditions that are extracted from a cycle of
the directed graphs G1, G,, and G3, respectively. For the same initial

configuration &; (i = 1, 2, 3), we can see in Figure 7 that the dynamics
evolving under /5 exhibit the Bernoulli shift with o =1 and 7 = 3,

which means shift the symbolic sequence to the left by one pixel after
every three evolution steps. In Figure 8 we can see that the dynamics
evolving under /5 exhibit the Bernoulli shift with o = -1 and 7 = 3,

which means shift the symbolic sequence to the right by one pixel af-
ter every three evolution steps. In Figure 9 we can see that the dynam-
ics evolving under f7], exhibit the Bernoulli shift with o= -2 and

7 = 3, which means shift the symbolic sequence to the right by two
pixels after every three evolution steps.

In fact, many complex Bernoulli shifts exist that are components of
attractors of rules 30, 41, and 110. In order to illustrate this, we con-
sider the finite symbolic sequences with the length denoted by L. For
different L, we pick out one symbolic sequence as an initial configura-
tion, which is extracted from one of the periodic attractors under
rules 30, 41, and 110, respectively. We can see that complex Bernoulli
shifts exist for each initial configuration, as illustrated in Tables 1
through 3. This also to some extent perfectly characterizes the com-
plex shift dynamics of rules 30, 41, and 110.

Figure 7. Bernoulli shift extracted every three steps from the dynamic evolu-
tion of f53 with the initial configuration £ =1[0111001110].

||
Figure 8. Bernoulli shift extracted every three steps from the dynamic evolu-

tion of f§ with the initial configuration £ =1[10001110100100000110001].
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Figure 9. Bernoulli shift extracted every three steps from the dynamic evolu-
tion of 73, with the initial configuration £ =10110100110111000111010).

L |Initial Configuration |[Period | o T
11 111100001110 154 1 56
12 1000001111110 102 4 68
13 [1000110000001 832 |1 192
14 101111101110011 1428 |1 1326
15 1011000111000011 1455 [-2] 679

Table 1. List of complex Bernoulli shifts
fromL =11to L = 15.

of rule 30 for different L ranging

L |Initial Configuration |[Period | o | 7
10 [0000001001 40 2 |24
11 100000000001 44 [-1112
12 1000000100011 36 [-1]15
13 10100000011000 117 |1 |18
14 100000000000001 28 2 |12
15 1000000000000001 60 [-1]16
16 10010000100000000 176 |-2122

Table 2. List of complex Bernoulli shifts
from L = 10 to L = 16.

of rule 41 for different L ranging

L |Initial Configuration Period | o | 7
11 111101110011 110 1150
12 1011111000111 18 -21 3
13 1111111000100 351 |1 [189
14 101101111111110 91 -21] 13
15 1001111100110001 295 |-3|118
16 |1111100010011000 32 2| 4
17 100111001100111110 578 |-11238
18 1111000001101000011 81 219

Table 3. List of complex Bernoulli shifts of rule 110 for different L ranging

fromL =11to L = 18.
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| 4. Concluding Remarks

This paper has demonstrated some complex shift dynamics of rules
30, 41, and 110 from the viewpoint of symbolic dynamics. By associ-
ating an interval map with these rules, it is shown that the interval
map exhibits some degree of self-similarity. Based on directed graph
theory, it is demonstrated that rules 30, 41, and 110 exhibit Bernoulli
shifts and are topologically mixing on one of their own subsystems.
Last but not least, for the finite symbolic sequences with periodic
boundary conditions, many complex Bernoulli shifts are explored
from the periodic attractors.

| Acknowledgments

The authors would like to thank the handling editor and anonymous
referees for their constructive suggestions for revision of the
manuscript. This work is supported by the Research Foundation of
Hangzhou Dianzi University (KYS075609067) and Hainan Nature Sci-
ence Foundation (110007).

| References

[1] D. Lind and B. Marcus, An Introduction to Symbolic Dynamics and
Coding, Cambridge: Cambridge University Press, 1995.

[2] B. P. Kitchens, Symbolic Dynamics: One-Sided, Two-Sided and Count-
able State Markov Shifts, Berlin: Springer-Verlag, 1998.

[3] C. Marr and M.-T. Hitt, “Outer-Totalistic Cellular Automata on
Graphs,” Physics Letters A, 373(5), 2009 pp. 546-549.
do0i:10.1016/j.physleta.2008.12.013.

[4] H. Yue, H. Guan, J. Zhang, and C. Shao, “Study on Bi-Direction Pedes-
trian Flow using Cellular Automata Simulation,” Physica A, 389(3),
2010 pp. 527-539. d0i:10.1016/j.physa.2009.09.035.

[5] L. O. Chua, V. I Sbitnev, and S. Yoon, “A Nonlinear Dynamics Perspec-
tive of Wolfram’s New Kind of Science. Part IV: From Bernoulli Shift to
1/f Spectrum,” International Journal of Bifurcation and Chaos, 15(4),
2005 pp. 1045-1183. doi:10.1142/50218127405012995.

[6] L. O. Chua, V. I Sbitnev, and S. Yoon, “A Nonlinear Dynamics Perspec-
tive of Wolfram’s New Kind of Science. Part V: Fractals Everywhere,”
International Journal of Bifurcation and Chaos, 15(12), 2005
pp. 3701-3849. doi:10.1142/50218127405014775.

[7] L. O. Chua, V. L Sbitnev, and S. Yoon, “A Nonlinear Dynamics Perspec-
tive of Wolfram’s New Kind of Science. Part VI: From Time-Reversible
Attractors to the Arrow of Time,” International Journal of Bifurcation
and Chaos, 16(5), 2006 pp. 1097-1373.
doi:10.1142/S0218127406015544.

Complex Systems, 20 © 2011 Complex Systems Publications, Inc.
https://doi.org/10.25088/ComplexSystems.20.1.31



Complex Shift Dynamics of Some Elementary Cellular Automaton Rules 45

[8] L. O. Chua, J. Guan, V. I. Sbitnev, and J. Shin, “A Nonlinear Dynamics
Perspective of Wolfram’s New Kind of Science. Part VII: Isles of Eden,”
International Journal of Bifurcation and Chaos, 17(9), 2007
pp. 2839-3012. doi:10.1142/50218127407019068.

[9] S. Wolfram, “Random Sequence Generation by Cellular Automata,” Ad-
vances in Applied Mathematics, 7(2), 1986 pp. 123-169.
do0i:10.1016/0196-8858(86)90028-X.

[10] M. Cook, “Universality in Elementary Cellular Automata,” Complex
Systems, 15(1), 2004 pp. 1-40.

Complex Systems, 20 © 2011 Complex Systems Publications, Inc.
https://doi.org/10.25088/ComplexSystems.20.1.31




<<

  /ASCII85EncodePages false

  /AllowPSXObjects false

  /AllowTransparency false

  /AlwaysEmbed [

    true

  ]

  /AntiAliasColorImages false

  /AntiAliasGrayImages false

  /AntiAliasMonoImages false

  /AutoFilterColorImages true

  /AutoFilterGrayImages true

  /AutoPositionEPSFiles true

  /AutoRotatePages /All

  /Binding /Left

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CheckCompliance [

    /None

  ]

  /ColorACSImageDict <<

    /HSamples [

      1

      1

      1

      1

    ]

    /QFactor 0.15000

    /VSamples [

      1

      1

      1

      1

    ]

  >>

  /ColorConversionStrategy /LeaveColorUnchanged

  /ColorImageAutoFilterStrategy /JPEG

  /ColorImageDepth -1

  /ColorImageDict <<

    /HSamples [

      1

      1

      1

      1

    ]

    /QFactor 0.15000

    /VSamples [

      1

      1

      1

      1

    ]

  >>

  /ColorImageDownsampleThreshold 1.50000

  /ColorImageDownsampleType /Bicubic

  /ColorImageFilter /DCTEncode

  /ColorImageMinDownsampleDepth 1

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /ColorImageResolution 300

  /ColorSettingsFile ()

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /CreateJDFFile false

  /CreateJobTicket false

  /CropColorImages false

  /CropGrayImages false

  /CropMonoImages false

  /DSCReportingLevel 0

  /DefaultRenderingIntent /Default

  /Description <<



  >>

  /DetectBlends true

  /DetectCurves 0

  /DoThumbnails false

  /DownsampleColorImages true

  /DownsampleGrayImages true

  /DownsampleMonoImages true

  /EmbedAllFonts true

  /EmbedJobOptions true

  /EmbedOpenType false

  /EmitDSCWarnings false

  /EncodeColorImages true

  /EncodeGrayImages true

  /EncodeMonoImages true

  /EndPage -1

  /GrayACSImageDict <<

    /HSamples [

      1

      1

      1

      1

    ]

    /QFactor 0.15000

    /VSamples [

      1

      1

      1

      1

    ]

  >>

  /GrayImageAutoFilterStrategy /JPEG

  /GrayImageDepth -1

  /GrayImageDict <<

    /HSamples [

      1

      1

      1

      1

    ]

    /QFactor 0.15000

    /VSamples [

      1

      1

      1

      1

    ]

  >>

  /GrayImageDownsampleThreshold 1.50000

  /GrayImageDownsampleType /Bicubic

  /GrayImageFilter /DCTEncode

  /GrayImageMinDownsampleDepth 2

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /GrayImageResolution 300

  /ImageMemory 1048576

  /JPEG2000ColorACSImageDict <<

    /Quality 30

    /TileHeight 256

    /TileWidth 256

  >>

  /JPEG2000ColorImageDict <<

    /Quality 30

    /TileHeight 256

    /TileWidth 256

  >>

  /JPEG2000GrayACSImageDict <<

    /Quality 30

    /TileHeight 256

    /TileWidth 256

  >>

  /JPEG2000GrayImageDict <<

    /Quality 30

    /TileHeight 256

    /TileWidth 256

  >>

  /LockDistillerParams false

  /MaxSubsetPct 100

  /MonoImageDepth -1

  /MonoImageDict <<

    /K -1

  >>

  /MonoImageDownsampleThreshold 1.50000

  /MonoImageDownsampleType /Bicubic

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /MonoImageResolution 1200

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /NeverEmbed [

    true

  ]

  /OPM 1

  /Optimize true

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName ()

      /DestinationProfileSelector /NA

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure true

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles true

      /MarksOffset 6

      /MarksWeight 0.25000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /NA

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /LeaveUntagged

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXBleedBoxToTrimBoxOffset [

    0

    0

    0

    0

  ]

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXOutputCondition ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputIntentProfile ()

  /PDFXRegistryName ()

  /PDFXSetBleedBoxToMediaBox true

  /PDFXTrapped /False

  /PDFXTrimBoxToMediaBoxOffset [

    0

    0

    0

    0

  ]

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /ParseICCProfilesInComments true

  /PassThroughJPEGImages true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments false

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /sRGBProfile (sRGB IEC61966-2.1)

>> setdistillerparams

<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




