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The sequences generated by neuronal recurrence equations of the form
x(n) = I[Z/ﬁ-’:l a;jx(n—j) - 9] are studied. From a neuronal recurrence
equation of memory size b that describes a cycle of length
p(m)xlcm(po, 1, ...,p_1+p(m)), a set of p(m) neuronal recurrence
equations is constructed with dynamics that describe respectively the
transient of length O(p(m)xlem(py, ..., py)) and the cycle of length
O(p(m)xlcm(pd+1, . p_1+p(m))) if 0<d=<-2+pm) and 1 if
d = p(m) — 1. This result shows the exponential time of the conver-

gence of the neuronal recurrence equation to fixed points and the exis-
tence of the period-halving bifurcation.

| 1. Introduction

Caianiello and De Luca [1] have suggested that the dynamic behavior
of a single neuron with a memory that does not interact with other
neurons can be modeled by the following recurrence equation:

k
x(n):l[Za,-x(n—j)—H] (1)

=1

where:

x(n) is a variable representing the state of the neuron at ¢ = n.
x(0), x(1), ..., x(k —2), x(k — 1) are the initial states.

k is the memory length, that is, the state of the neuron at time ¢ = n de-
pends on the states x(1z — 1), ..., x(n — k) assumed by the neuron at the
k previous steps t = n—1, ..., n — k.

aj (j=1,..., k) are real numbers called the weighting coefficients.
More precisely, a; represents the influence of the state of the neuron at
time 7 — j on the state assumed by the neuron at time 7.
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m §is a real number called the threshold.
m 1u]=0ifu<0,and 1[u] =1ifu = 0.

The system obtained by interconnecting several neurons is called a
neural network. These networks were introduced by McCulloch and
Pitts [2] and are quite powerful. Neural networks are able to simulate
any sequential machine or Turing machine if an infinite number of
cells is provided. Neural networks have been studied extensively as
tools for solving various problems such as classification, speech recog-
nition, and image processing [3]. The field of application of threshold
functions is large [3-6]. The spin moment of the spin glass system is
one of the most cited examples in solid state physics that has been sim-
ulated by neural networks.

Neural networks are usually implemented by using electronic com-
ponents or are simulated in software on a digital computer. One way
in which the collective properties of a neural network may be used to
implement a computational task is by way of the concept of energy
minimization. The Hopfield network is a well-known example of
such an approach. It has attracted great attention in literature as a
content-addressable memory [7].

Given a finite neural network, the configuration assumed by the sys-
stem at time ¢ is ultimately periodic. As a consequence, there is an inte-
ger p > 0 called the period (or a length of a cycle) and another integer
T = 0 called the transient length such that Y(p + T) = Y(T), and A T”,
p’ (T, p))#(T,p) T=T, and p = p’ such that Y@p' + T’) = Y(T")
where Y(#) = (x(?), x(t — 1), ..., x(t — k+2), x(t —k + 1)). The period
and the transient length of the sequences generated are good measures
of the complexity of the neuron. A bifurcation occurs when a small
smooth change made to the parameter values (the bifurcation parame-
ters) of a system causes a sudden “qualitative” or topological change
in its behavior. A period-halving bifurcation in a dynamical system is
a bifurcation in which the system switches to a new behavior with
half the period of the original system. A great variety of results have
been established on recurrence equations modeling neurons with mem-
ory [4, 8-15]. However, some mathematical properties are still very
intriguing and many problems are being posed. For example, the
question remains as to whether there exists one neuronal recurrence
equation with transients of exponential lengths [16]. In [17], we give
a positive answer to this question by exhibiting a neuronal recurrence
equation with memory that generates a sequence of exponential tran-
sient length and exponential period length with respect to the memory
length. Despite this positive answer, one question remains: does there
exist one neuronal recurrence equation with exponential transient
length and fixed point?

In this paper, from a neuronal recurrence equation of memory
size (6m—1)x(p(m))*> whose dynamics contain a cycle of length
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p(m)xlem(pg, p1, ..., p_1+p(m)), we build a set of p(m) neuronal re-
currence equations whose dynamics describe respectively:

m the transient of length p(m)xlem(pg, p1, ..., py) +h +d+1— (p(m)x
1 +py),if 0 <d < -1+ p(m), and

m the cycle of length p(m)xlcm(pd+1, Pdizs o> D—14pom) if 0 <d < =2+
p(m)and 1ifd = p(m) - 1.

Thus, we give a positive answer to the preceding question.

The technique used in this paper to obtain the period-halving bifur-
cation is to modify some parameters (weighting coefficients and
threshold) of the neuronal recurrence equation. This technique relies
on control theory. Controllability is related to the possibility of forc-
ing the system into a particular state by using an appropriate control
signal.

The paper is organized as follows: in Section 2, some previous re-
sults are presented. Section 3 presents some preliminaries. Section 4 is
devoted to the construction of neuronal recurrence equation z(n, d).
Section 5 deals with the behavior of neuronal recurrence equation
2(n, d). Concluding remarks are stated in Section 6.

| 2. Previous Results

The only study of bifurcation was done by Cosnard and Goles in
[10], which studied the bifurcation in two particular cases of neuronal
recurrence equations.

Case 1: Geometric coefficients and bounded memory. Cosnard and
Goles completely described the structure of the bifurcation of the fol-
lowing equation:

k=1

X1 =160 Z bixn—i
=0

when 6 varies. They showed that the associated rotation number is an
increasing number of the parameter 6.

Case 2: Geometric coefficients and unbounded memory. Cosnard
and Goles completely described the structure of the bifurcation of the
following equation:

n

Xpe1 = 1|60 - Zbixn—i
i=0

when @ varies. They showed that the associated rotation number is a
devil’s staircase.

In [9], this conclusion is drawn: “This shows that, if there is a neu-
ronal recurrence equation with memory length k that generates se-
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quences of periods pq, ..., py, then there is a neuronal recurrence

equation with memory length k7 that generates a sequence of period
lem(pq, ..., py) 7, where lcm denotes the least common multiple.”

This allows us to write the following fundamental lemma of composi-
tion of a neuronal recurrence equation.

Lemma 1. [9] If there is a neuronal recurrence equation with memory
length k that generates sequences of periods pq, Py, ..., Py, then there

is a neuronal recurrence equation with memory length & r that gener-
ates a sequence of period - lem (py, ..., py).

Lemma 1 does not take into account the study of the transient
length. Lemma 1 can be amended to obtain the following lemma.

Lemma 2. [13, 17] If there is a neuronal recurrence equation with
memory length k that generates a sequence {x/(n):n >0}, 1 <;=<g
of transient length T, and of period p,, then there is a neuronal
recurrence equation with memory length k g that generates a sequence
of transient length g‘maX(Tl, Ty, ..., Tg) and of period

g-lcm(pl, Doy eees pg).

In the following example, we will show that Lemmas 1 and 2 are
incomplete.

Example 1. Let us suppose that the neuronal recurrence equation de-
fined by equation (1) generated six sequences

{x* (n):n = 0}, 0<is<S$ (2)
of periods
p;i=1, 0<i<S$. (3)

It is clear that each sequence defined by equation (2) is a fixed point.
We present two different cases of evolution.
First case: We suppose that

x2i(n) = 0; V n, isuchthatn = 0and 0 < i < 2 (4)

2™ (n) = 1; ¥ n, isuchthatn = 0and 0 < i < 2. (5)
It is easy to verify that the shuffle of the neuronal recurrence equation
defined by equations (4) and (35) is
x20)x1(0) ... x>0 x°(D) x1 (1) ... > (1) ... %) x 1 () ..
xs(i)--- =010101010101010101010101 (6)
...010101010101 ....
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The sequence defined by equation (6) describes a period of length 2.

By application of Lemma 1, the period of the sequence defined by

equation (6) should be 6 (more precisely, 6 xlem(1, 1, 1, 1, 1, 1)).
Second case: We suppose that

x'(n) = 0, ¥ n, isuchthatn = 0andi € {0, 1, 3, 4} (7)

x'(n) =1, V¥ n, isuchthatn = 0andi € {2, 5}. (8)
It is easy to verify that the shuffle of the neuronal recurrence equation
defined by equations (7) and (8) is
x00)x1(0) ... x3(0) x(1) x 1 (1)
e X2(D) 2 ) ) e =
001001001001001001001001001001001001
...001001....

(9)

The sequence defined by equation (9) describes a period of length 3.
By application of Lemma 1, the period of the sequence defined by
equation (9) should be 6 (more precisely, 6 xlem(1, 1, 1, 1, 1, 1)).

The first and second cases of Example 1 show that Lemmas 1 and
2 do not take into account all of the cases.
Lemma 1 can be amended as follows.

Lemma 3. If there is a neuronal recurrence equation with memory
length k that generates r sequences of periods pq, Py, ..., Dy, then

there is a neuronal recurrence equation with memory length k7 that
generates a sequence of period Per. Per is defined as follows.
First case: j, 1 < j < rsuch thatp; = 2

Per = rxlem(pq, ..., py).
Second case: p; =1V j,1<j=<r.
Per is a divisor of 7.

The improvement of Lemma 1 does not modify all the main results
about periods obtained in the papers [9, 11-14] because all these
main results consider only the case where the periods pq, Py, ..., Py of

the r sequences are greater than or equal to 2.
We can also amend Lemma 2 as follows.

Lemma 4. If there is a neuronal recurrence equation with memory
length k that generates a sequence {x/(n):n >0}, 1 << g of tran-

sient length T, and of period p,, then there is a neuronal recurrence
equation with memory length k g that generates a sequence of tran-
sient length g-max(Ty, T, ..., Tg) and of period Per. Per is defined
as follows.
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First case: 3 j, 1 = j < rsuch that p; = 2

Per = rxlcm(pl, s pg).

Second case: p; =1V j,1<j=<r.

Per is a divisor of g.

| 3. Preliminaries

Let k be a positive integer for a vector @ € R%, a real number 6 € R,
and a vector ¢ € {0, 1}k. We define the sequence {x(n):n € N} by the
following recurrence:

{¢(t); tef0,..,k-1)
x(t) =

1 (szﬂ a; x(t —1) —9); t= k. (10)

We denote by S(a, 0, ¢) the sequence generated by equation (10), with
Per(a, 6, ¢) as its period and Tra(a, 0, ¢) as its transient length.

Let m be a positive integer. We denote the cardinality of the set
P={p:pprimeand2m <p <3m} by p(mn). Let us denote by

Pos P1s -+ > P=14pomy the prime numbers belonging to the set
2m+1,2m+2,...,3m—-2,3m—1}. The sequence {@;:0=<i=<
-1+ p(m)} is defined as @; = 3m —p;, 0 <i < -1+ p(m).

We also suppose that

P-1+pomy < P-2+4pm) < " <Pix1 <P;i < <P1 <Po. (11)

Subsequently, we consider only the integers 7 such that p(m) = 2.
It is easy to check that 2m+1,2m+2,...,3m—-2,3m -1} con-

. -1 :
tains at most [mT-‘ odd integers. It follows that

m—1
} (12)

pm) < {

Wesetk=(6m—1)pm)andVieN, 0 <i=< -1+ p(m). We define

k
/,l(ﬂ’l, ai) = \‘ J

m—;

Bim, a;) =k — (3 m — ;) u(m, a;)).

From the previous definitions, we find k = ((3m — «;) u(m, a;)) +

Blm, a;).
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ItisclearthatVieN,0<i< -1+ p(m)
2m+1l<=m-a;<3m-1.
This implies that
(6m —1) p(m) k (6m —1) p(m)
< < .

3m—1 3m—q; 2m+1
Therefore,
2 p(m) < u(m, @;) < 3 p(m), (13)

YieN, 0<i<-1+p(@n). We want to construct a neuronal recur-
rence equation {x%(n):n = 0} with memory of length k that evolves
as follows:

00...0100...0100...0---100...0---100...0---

Bm,a;)) 3m—a; 3m-q; 3m-q; 3m—q;

(14)

and that describes a cycle of length 37 — ; = p;.
YieN, 0<i<-1+p@m); let ¢% e {0, 1}k be the vector defined
by
#%(0)...¢%(k-1)=10...010...0---10... 0.
Bima)  p; p; (15)
H(m,e;) p;

In other words, ¢% is defined by
¢%i(j) =
{1 if3¢,0 < ¢ < uim, a;)— 1suchthatj = B(m, ;) + £ p;
0 otherwise.

We define the neuronal recurrence equation {x%(n):n = 0} by the fol-
lowing recurrence:

P%i(2); tef0,..,k=1}
x%(t) = {1 (Zle a; x%(t - j) —5); t>k (16)
where @} is defined as follows.
First case: p(m)isevenand Vi, e N, 0 <iy) < -1+ p(m)
2 ifjePos(e;,)and; < %2”72
%=\ -2 ifjePos(a,)and > %2”72 17

0  otherwise.

Complex Systems, 20 © 2012 Complex Systems Publications, Inc.
https://doi.org/10.25088/ComplexSystems.20.4.325



332 R. Ndoundam

Second case: pm) is odd, pm)=3 and Vi, eN,
0=<iy<-1+p(m)

e . _ Bpm-1)
2 ifje Pos(a,-z) andj < % XDiys

d 3 p(rzn)+1) «

pi, < =< 2 plm)=2)xp;,,
—1 ifj e {2 pem) = Dxp;,, 2 pm)xp;, },

0 otherwise.

-2 ifje Pos(a/iz) an

We also define
Pos(e;) ={jp;:j =1, ..., 2 p(m)} (19)

0<i<—1+p(m) (20)
D=fizi=1,..,k}={1,2, ..., k-1, k) (21)
F= u:l()*p " pos(a;) (22)
G = D\F (23)
0 = 2xp(m) (24)
k = (6m - 1)xp(m). (25)

By definition, Pos(e;) represents the set of indices j, 1 <j <k such
that x%(k —j) = 1.

From the definition of Pos(¢;) and from equation (15), it can easily
be verified that

j € Pos(a) =x%(k—j) =1 (26)

j € D\Pos(a;) = x%(k —j) = 0. (27)

VYdeN, 0<d<p;; we also denote PPos(e;, d) (the set of indices j)
such that x%(k + d — j) = 1. In other words:

PPos(a;, d) = {j:x%(k+d—j)=1and 1 =< j < k}.
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Vi,deN,0=<i<-1+p(m),and 0 <d < p;. We denote
Ole;, dy={d+jp;:j=0,1, ..., uim, @)}, 0 <d = B(m, a;)
Ola;, d={d+jp;:j=0,1, ..., =1+ u(m, a;)},
Bm, @) <d < p;
E(ej, d)=O(a;, )N F.

The neuronal recurrence equation {x% (n):n = 0} with memory of
length k is defined by equations (15) and (16).

We will show that the neuronal recurrence equation {x% (n) : 7 = 0}
evolves as specified in equation (14).

In the following proposition, we present an important property.

Proposition 1. [13]VieN,0<i<—-1+pm)andVdeN, 1 <d < p;:
card E(a;, d) < p(m) — 1.

The following proposition characterizes the sum of the interaction
coefficients a; when j € Pos(e;).

Proposition 2.V i1 e N, 0 <7 < -1 + p(m), so
Z a; = 2 x p(m).
jePos (a;)

The following lemma characterizes the evolution of the sequence
{x% (1) : m = 0} at time £ = k.

Lemma 5. x% (k) = 1.
From Lemma 5 and equation (15), it is easy to verify that
PPos(a;, 1) = O(e;, 1). (28)

From the definition of E(e;, 1), equation (15), equation (28), and
Lemma 5, we easily check that

¢ e D\E(a;, 1) = x%(k+1—-0) = 0ora, = 0. (29)

The values of the sequence {x% (n):n =0} at time t=k+1, ...,
k =1+ p; are given by the following lemma.

Lemma 6.V ¢ € Nsuch that 1 <t < 3m -1 - q;; we find x%(k +¢) = 0.
It is easy to verify thatVie N, 0 <i < -1+ p (m):
PPos(a;, ) =0, DY), 1=j=3m-1-a,

Lemma 7. There exists 7, ¢% € R¥, and 6 € R such that

Per(ﬁ, 0, (bai) =p;.
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Lemma8. Vi ieN t>kand 0 <i< -1+ p(m):

k
um, ;) < Zx"‘i(t =) = 1+ puim, a).
=1

In order to present some properties of the sequence {x% (n):n = 0},
we introduce the following notation.

Notation 1. Let us define S1 (¢;, #) as
k
S1(;, m) = > @ x%(n-j)
=1

and let A be a strictly negative real number such that
Vi,0=<i<p(im)-1:

max {Sl (aj, n)—0:51(a;, n) <fandn = k} <A

Lemma 9.V i, 7 € Nsuchthat 0 <i< -1+ p(m) and n = k,

S1(a;, n) € [-2 (1 + pim, ay), 6 1] U {6},

Ae[-1,0].

Let {v% (n):n = 0} be the sequence where the first k terms are de-
fined as follows:

v%i(0) v%(1) ... v%(k — 1) = x%(1) ... x%(k — 1) x% (k), (30)

and the other terms are generated by the following neuronal recur-
rence equation:

k
v¥i(n) = 1[257 v%i(n —j) —5], n=k. (31)
j=1

Remark 1. The term x%(k) is equal to 1; this implies that v%(k — 1) is
equal to 0.

The parameters d;, 1 <j <k, and 6 used in neuronal recurrence

equation (31) are those defined in equations (17), (18), and (24).
The following lemma, which is easy to prove, characterizes the evo-
lution of the sequence {v%(n): n = 0}.

Lemma 10. In the evolution of the sequence {v% (n):n = 0},
YiteN, =k, we find:

(@)@ =0

(b) Sk @it —j) = -2
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(c) The sequence {v% (m):n = 0} describes a transient of length
k —p; and a fixed point.

The instability of the sequence {x%(n):7 = 0} occurs as a result of
the convergence of the sequence {v%(n): 7 = 0} to 00 ... 00.

Notation 2. b = p(m)xk = (6 m — 1)x(p(m))* is the length of the mem-
ory of some neuronal recurrence equations.

Let us also note:
Lyd) =
p(m)xlcm(pd+1, Pd+2s +os P=24p(m)> P-14p (m))a

if0<d=<-2+p(m)
1, ifd = -1+ p(m)

(32)

Li(d) = pm)xlem(pg, p1s -5 Pg)s 0 =d =< p(m)-1 (33)

Ly = pm)xlem(pg, p1s v s P14 pm))- (34)

Lo(d), Li(d), and L, represent the periods of some neuronal recur-
rence equations.
Let {y(n): n = 0} be the sequence whose first » terms are defined as

follows:
VieN, 0O0=j=<k-1

o _ . 35
Y(pm)xj) +i) = x¥i(1+j), 0=i<-1+p(m) (33)

and the other terms are generated by the following neuronal recur-
rence equation:

h
v =1| Y bryn-H-6;  n=h (36)
f=1
where
F= 0, otherwise (37)
6, = 6. (38)

The parameters a; are those defined in equations (17) and (18). The

parameters 6 and k are defined in equations (24) and (25).

Remark 2. (a) The first b terms of the sequence {y(m):7 = 0} are ob-

tained by shuffling the % terms of each subsequence
{x%(m):1 <n<k})where 0 <i=< -1+ p(m).
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(b) The neuronal recurrence equation (36) is obtained by applying
the construction of Lemma 1 to the neuronal recurrence equation (16)
whose parameters are given in equations (17), (18), (24), and (25).

Because the sequence {y(n):n = 0} is the shuffle of the p(m) subse-
quences and due to its construction, we can write Lemma 11.

Lemma11. Y:eN such that t=gxpm)+i with geN and
0=<i<-1+p@m),so

y(@) = x%(1+ q).
The next lemma gives the period of the sequences {y(n): 7 = 0}.
Lemma 12. The sequence {y(#) : # = 0} describes a cycle of length L,.

YdeN such that 0=<d=<-1+p(m). We denote by
{w(n, d) : n = 0} the sequence whose first b terms are defined as

Vi,0<i<d
o x%(1+)), 0<j<k-2 39
w(pm)j+i,d) =9 _____ , 5)
xa’i(k), ]Zk_

and

Yid+1l<i<-1+p(im)

wpm)j+i,d)=y(pm)j+i+Li(d); O0=j=<k-1. (40)

The first b terms of the sequence {w(n, d): n = 0} are obtained by shuf-
fling the k terms of each of the sequences:

v4i(0) % (1) v%i2) ... v%(k-1); O0=<i=<d (41)
and

x%i(1 +y;(d) x¥ (2 +y(d) x% (3 + y;(d))

oxlitk+yid);  d+1=is-1+p(m) (42)
where
Ly(d) _
=y,(d) (modp;); d+1=<i=<-1+p(m). (43)
p(m)

The other terms of the sequence {w(n, d) : n = 0} are generated by the
following neuronal recurrence equation:

b
wn,d) =1 [Z brw(n-f, d —01]; n=h. (44)
f=1

The next lemma gives the period of the sequence {w(n, d): n = 0}.
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Lemma 13. The sequence {w(n, d):n = 0} generates a transient of
length (p(m)x(k —py— 1)) +d + 1 and a cycle of length L(d).

Notation 3. Let us define S2 (), S3 (1, d) as

S2 (n) =

h
bf y(ﬂ _f)a

=1

h
S3 (n, d) = Z brwn~f, d).
f=1

Remark 3. On the basis of the composition of automata [9] and the def-
inition of A, we can conclude that:
m max{S2(n)—01:82(n) < Oyandn = h} = max{Sl (r,n)—0:
S1(r,n) < Bandn = k} < A, and

m max{S3(n,d)—61:83(n,d) <6;andn = h} = max{Sl(r, n)—0:
S1(r,n) <@andn = k} < L.

I 3.1 Results on the Dynamics of Sequences y and w
In this subsection, we recall and give some interesting results on the
dynamics of the sequences {y(n): 7 = 0} and {w(n, d) : n = 0}.

The following lemma characterizes the sequence {y(n):7 = 0} and
{w(n, d): n = 0} in terms of the sum of / consecutive terms.

Lemma 14. Y 1, d € N, such that# > hand 0 < d < p(m) — 1:

5207w, ) < T0_y v - ) < plm) + 5™ i, @,

—1+p(m)
i=d+1

-1
S0P wim, a;).

pm, @) < 5_y win~f, d) < —d~1+ p(m) +

Definition 1. Let us define the terms of the sequence
{tim(, [, 9):l,geNand 0 <i < -1+ p(m)} as
tim(, I, @) = (Ixpm) +i+q: I,

geNand0 <i< -1+ p(m).
From Lemma 11, it can easily be deduced that
y(tim(i, I, 0)) y(tim(i, [ + 1, 0)) ... y(tim(@, [+ k-1, 0)) = 45
x%i(1+D...x%(+k); 0=<i<-1+p(m). (43)

From Lemma 11 or equation (45), we can also easily deduce that the
terms of the sequence {y(n) : n = 0} verify the following relation:
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y(tim(i, 0, — p(m) + L1(d))) y(tim(i, 1, — p(m) + L1(d)))

Loy(tim@, k=1, —p(m) + Li(d)) =
00...010...0...10...00; 0 <i<d 46(a)
Bm,ay)  p; b;

Hmsa)xp;

y(tim(i, 0, — p(m) + L1(d))) y(tim(i, 1, — p(m) + L1(d)))
Loy(timG, k=1, —p(m) + Li(d)) =
x%(yi(d) x%(1 +yi(d)) ... x"i(k = 2 + y;(d))
x%ik-=1+yd); d+1=<i=<-1+p(m).

46(b)

For all d € N such that 0 < d < -1+ p(m), By(d) is the set of inte-
gers [ that verify equations (47) and (48):

l<f<h-d (47)

y(—=f = pm)+ b+ Li(d) = 1. (48)
Comment: By considering the following terms, it is possible by easy
computation to  build the set Bg(d): y(—p(m)+ Li(d))
y(1 = p(m) + L1(d)) ... y(— p(m) + L1(d) + b — 1). In a bid to give the al-
gebraic expression of the set By(d), let us define the set CO (4, p;) as fol-
lows:

CO @G, p)) =
(=i +pm) + (p(m)xpixj):j = 0, 1, ooy plm, @)}, (49)
0=<i=<pim)-1.

From the definition of the terms y(0)y(1)...y(h—1) (see equa-

tion (35)), it is easy to see that Uf:g)_l CO (i, p;) represents the set of
indices j such that y(b —j) = 1.
Let us define the set C1 (1, y) as follows:

Clmy)={j:yh+n-j =1} (50)
It is easy to see that
{ e Uipfg)_l CoG,p)=yh-t)=T1land1l <t <h,

—ybh+n-((+n)=1landl <¢<h,
—/l+neCl(n,y)andl < ¢ < h.
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Consequently,

(m)-1 .
(e Uf:’g CO@, p)=t+ne
Cl(n,y)and1 <t < h.

(51)

Based on the period of the subsequence {x%(n):# = 0} and on the fact
that y is a shuffle of the subsequences x% (0 < i < p(m) — 1), we de-

duce that

{+ne Cl(n,vy),

(+n—(pm)xp;) € Cl(n, y).
¢ e CO @, p)), }: +n—(p(m)xp;) € Cl(n, y)

Let us denote C2 (i, d) the following set:
C2(G,d) = 5
(j:—i+pm)+ Lid) -~ pm) = j  (mod p(m)xpy). (52)

The set C2 (i, d) contains the only element j (0 <j < p(m)xp;) such
that —i+p(m)+ L{(d)—p(m) =j (mod p(m)xp,). By using equa-
tion (51) and the fact that —i+ p(m) € CO (4, p;), we deduce the fol-
lowing implications:
—i+ p(m) € CO®, p,),
je C2(,d), =je Cl(n,y)
j#0,

—i+ p(m) € CO(, p;),
je C23,d), = pm)xp; € Cl (n, y).
j=0,

We build the set C3 (i, d) as follows:
C3G,d) =

{(:t=]j (mod pm)xp;), 1=t =<h,teC2(d) (33)
It is easy to see that
Bod) = )" €3G, d).
Let us denote A (d) in the following set:
Ad =L, B (54)
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where

Biy1(d) = {1+: € Bi(d)}.
Based on the evolution of the neuronal recurrence equation y and the
definition of the set B;(d), it is easy to verify that

VieN, 0</=<dandV f € B,(d),

soY(—f = pm) +h + 0+ Li(d) = 1. (55)

| 4. Construction of the Neuronal Recurrence Equation z

The basic idea is to construct a sequence {z(n, d) : # = 0} whose terms
are generated by the neuronal recurrence equation

h

2, d) =1 Y elf, d)20i— £, d) - 05(d)] (56)
f=1
and whose first b terms are initialized as follows:
A(f,d)=y(f); O0=<f=<h-1, (57)

which exploits the instability of the sequences {x%i(n):n = 0} to con-
verge to the sequence {w(n, d) : n = 0).
We define the parameters c¢(f, d) and 6,(d) as follows:

p bf 1<f<handf ¢ Ad),
of, d) = {bf +Bd) 1=<f<handf e AW). (58)
6>(d) = 01 + &), (59)
where
Bd) = , 60
Tot(d) (60)
Bd)
d)=1-——, (61)
8
Tot(d) = card By(d), 0O0=<¢=d. (62)

We have defined the parameters c(f,d) so that the sequence
{z(n, d) : n = 0} converges to the sequence {w(n, d): n = 0}.
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Remark 4. The terms of the sequence {z(n, d):n = 0} verify the fol-
lowing relation:

z(tim(z, 0, 0), d) z(tim(i, 1, 0), d) ... z(tim(;, k — 1, 0), d) =
x% (D) x%(2) ... x%(k — 1) x%(k); O<i<-1+p(@m).
Notation 4. Let Q2 (1, d) be defined as follows:
Q2(n, d) = pd) ), 2n-f,d)-&a).
feAd)

We now establish a proposition that states a relation between

z(n, d), S2 (n), and Q2 (n, d).
Proposition 3. If

2(n—1i,d) = y(n—i)forallisuchthat1 <
i<handn-i=0 (mod p(m)),

then
2(n, d) = 1[S2 (n) + O2 (n, d) — 61].

The next two propositions provide the link between the value of
Q2 (n, d) and the sequence z(n, d).

Proposition 4. If

Z 2n—f, d) =Tot(d),
feA(d)

then

B(d)
Q2 (n, d) = T

Proposition 5. If

> 2n—f,d) = Tot@d) -1,
feA(d)

then
-7 B(d)

< 02 (n, d) < —&(d).

In the next two lemmas, we show the relations between By(d),

A(d), and Tot(d).
Lemma 15. ¥ d, n € N such that 0 < d < p(m) - 1.
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If
n#h-pm)+Li(d) (mod L,),

then

Z y(n —f) < Tot(d).
feBy(d)

Lemma 16. ¥ z € N such that 7 = ¢ (mod L,).
If

0 & {=pim)+h + Lqi(d),
1-pm)+h+Li(d),...,d—pm)+b+Li(d)},

then

> yn—f) < Tot(d).
feA(d)

We want to exploit the following facts:

L] Z/eA(d) z2(n—f, d) = Tot(d) implies that Q2 (n, d) = %d) < 0.
o ~7 8(d)
L] ZfeA(d) z(n—f, d) < Tot(d) — 1 implies that —5 = Q2 (n, d) =—£&(@).

m Vi, 0=<t=<p(m—-1,s0
Sy bpyh = p(m) + 1~ f + Li(=1 + p(m))) = 8.

m The sequence {x%(n):n = 0} is unstable.

This proves that the sequence {z(n, d):n = 0} converges to the se-
quence {w(n, d):n = 0}. We intend to divide the dynamic of the se-
quence {z(n, d) : n = 0} into five phases.

| 5. Dynamical Behavior of the Neuronal Recurrence Equation z

This study is done in two steps: first, we analyze the transient phase
and next the cyclic phase. Subsequently, we suppose that d verifies the
following equation:

deNand0 <d < p(m) - 1.

I 5.1 Transient Phase

The transient phase of the sequence {z(n, d):# = 0} unfolds during
four phases.
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Phase 1. We want the dynamics of the sequence {z(7, d) : 7 = 0} to
verify the relation ¥ ¢ € N such that 0 < ¢ < L{(d)+h -1 - p(m). We
find

2(t, d) = y(@).

Phase 1 starts at time 0 and finishes at time L{(d) + » — 1 — p(m).

In Lemma 17, we prove that the sequence {z(n, d): n = 0} verifies
the properties of phase 1.

Lemma 17. In the evolution of the neuronal recurrence equation
{zn,d):n =0}, YeeN such that 0 <t <L{(d)+h-1-pim). We
find

2, d)=y(@).

Phase 2. We want ¥ ¢t € N such that L{(d)+h — p(m) <t < Li(d) +
h — p(m) + d. We find

z(t, d) = O even when y(¢) = 1.

Phase 2 occurs from time h—pm)+Li(d) to time
Li(d)+h-pm)+d. In Lemma 18, we prove that the sequence
{z(n, d) : n = 0} verifies the properties of phase 2.

Lemma18. VteN such that Li(d)+h-pm)<t=<Li(d)+h-
p(m) +d. We find

2(t, d) = 0 even when y(2) = 1.

After phase 2, the behavior of the sequence {z(7, d): n = 0} begins
to be different from the behavior of the sequence {y(n):n = 0}. After

phase 2, the sequence {z(n, d) : # = 0} begins its convergence to the se-
quence {w(n, d):n = 0}.

Phase 3. This phase starts at time Ly(d) + b — p(m) +d + 1 and fin-
ishes at time Ly(d)+ h - 1.

Lemma 19. In the evolution of the neuronal recurrence equation

{zn,d):n=0}, YieN such that Li(d)+h-pm)+d+1=<t=<
Li(d)+h-1. We find

2(t, d) = y().

Remark 5. Based on Lemmas 11, 17, 18, and 19, we easily deduce that
the terms of the sequence {z(n, d):n = 0} verify the following rela-
tions:
2(tim(i, 0, Lq(d)), d) z(tim(i, 1, Ly (d)), d)
...2(tim (G, k=1, Li(d)), d) =
v4i(0)%(1) ... v%(k-1), O<i<d
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z(tim(i, 0, L, (d)), d) z(tim(, 1, L{(d)), d)
o 2(timG, k-1, Ly(d)), d) =
x%(1 +yi(d) x¥(2 +7; () ... x"i(k + y;(d)),
d+1<i<-1+p(m)
where y;(d) is defined in equation (43).
Remark 6. If
d = p(m)-1,
then it is clear that phase 3 does not exist.
Phase 4. This phase starts at time L{(d)+/ and finishes at time

Lid)+h+d+(pm)x(k—1-=py). This phase corresponds to the
transient phase of the neuronal recurrence equation {w(n, d) : n = 0}.
Lemma 20. In the evolution of the neuronal recurrence equation
{z(n,d):n =0}, ¥t eN such that 0 <t < (p(m)x(k—1-py)) +d; we
find

2Ly d)+h+t,d)=wkh+t, d).

Notation 5. We set L3(d) = L{(d)+2h+d - (p(m)x(1+py), which
represents the end of the fourth phase, and we set L4(d) =
L3(d) — b + 1, which represents the beginning of the cyclic phase.

Remark 7. Based on Lemmas 17, 18, 19, and 20, we easily deduce that
the terms of the sequence {z(n, d): 7 = 0} verify the following rela-
tions:

z(tim(7, 0, L4(d)), d) z(tim (7, 1, L4(d)), d)
L 2tim (G, k=1, Ly(d)), d) =

xUrdel (Y g1 (d) + k= pg) x¥ a1 (1 + v g+ k=pg) ...
xYird 12k =1+ 7y, g:1(d)—Dg); 0 i< pm)—d-2

Z(tlm (l) 03 L4(d))3 d) Z(tlm(l, 13 L4(d))s d)

.. 2(tim (4, k = 1, L4(d)), d) = 000 k 000; (63)
pm)y—d-1<i=<pim)-1.

The sequence {z(1, d) : n = 0} describes a cycle during its fifth step.
Section 5.2 is devoted to this study.

|l 5.2 Cyclic Phase
Phase 5. This phase starts at time L4(d) and describes a cycle of
length Ly(d).
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Lemma 21.

2t +Lgd), d)=wt+h+d+1+(pm)x(-1-py),d); ¥t eN.
We have shown the following.

Lemma 22. The sequence {z(n, d): n = 0} describes a transient of length
L4(d) and a cycle of length Ly(d).

It is easy to see that by perturbation, we can build the neuronal
recurrence equations {z(n, 0):n =0} from {y(n):n=0} and
{z(n, d +1):n = 0} from {z(n, d) : n = 0}.

This second item is obtained by the following transformations:

C(f31+d)=

of, d), iftf ¢ Ad) AN +4d)
cdf,d)-Bd+pA+d), iff e A(dNAI+d) (64)
c(f, dy+ (1 +d), iff € AN A +d)

0r(d+1) = 60,(d) - &) +Ed + 1). (65)

The main result of the paper is Theorem 1.

Theorem 1. ¥ 72, d € N such that p(m) =2 and 0 < d < -1+ p(m). We
construct a set of p(m) + 1 neuronal recurrence equations that verify
the following:

m The neuronal recurrence equation {y(m):7n = 0} describes a cycle of
length L1(—1 + p(m)).

m By perturbation, we can build the neuronal recurrence equation
{z(n, 0) :n = 0} from the neuronal recurrence equation {y(n):n = 0}.
The period of the neuronal recurrence equation {z(7, 0) : 7z = 0} is a divi-
sor of the period of the neuronal recurrence equation {y(#) : n = 0}.

m By perturbation, we can build the neuronal recurrence equation
{z(n,d+1):n = 0} from the neuronal recurrence equation {z(, d):
n = 0}. The period of the neuronal recurrence equation {z(n, d +1):
n = 0} is a divisor of the period of the neuronal recurrence equation
{z(n, d):n = 0}.

m The period of the neuronal recurrence equation {z(n, —1+ p(m)):
n = 0}is 1 (i.e., a fixed point).

Remark 8. The new contributions in this paper with respect to the pre-
vious work [17] are as follows:

m In [17], the sequence {z(n):n = 0} is a composition of the s+ 1 subse-
quences of periods pg, 1, .-, Ps and 3m — 1. In the evolution of the
sequence {z(n) : n = 0}, the subsequence of period 37 — 1 vanishes and
converges to the null sequence 000 ... 000 .... This fact appears in the
formula of transient length and in the formula of the cycle length of the
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sequence {z(m):n = 0}, which are respectively (s+1)GBm+1+
lcm(P0> P1, ""ps 1,371’1 1)) and (5+1)lcm(p03 P15 -5 Ds—15
3m—1). It is clear that in this case, the periods po, p1, ..., ps—1 of the
subsequences intervene in the transient formula and in the period for-
mula.

» In this paper, the sequence {z(n7, d) : n = 0} is a composition of the p(11)
subsequences of periods pg, p1, ..., P—1+ppm and in the evolution of
the sequence {z(n, d) : n = 0}, the subsequences of period po, p1, ..., Py
vanish and converge to the null sequence 000 ...000.... This fact ap-
pears in the formula of transient length and on the cycle length of the se-
quence {z(n, d):n = 0}, which are respectively p(m) x
lem(po, p1, ..., pp) +h+d+1-(pm)x(1 +py), 0=d=<-1+p(m)
and p(m)xlcm(pd+1, Pasas -o» p_1+p(m)) if0<d<-2+p(m)and 1 if
d = p(m) — 1. It is clear that in this case, there does not exist a period

p; of a subsequence that intervenes in the transient formula and in the
period formula.

m The difference mentioned in the expressions of the transient formula
and in the period formula in this paper and in [17] imply that the con-
cept used in the construction of the set A (see page 520 of [17]) is funda-
mentally different from the concept used in the construction of the set
A(d) (see equation (54)).

m In [17], we build only one neuronal recurrence equation {z(n):7 = 0},
whereas in this paper we build p(m) neuronal recurrence equation
{zin,d):n=0},0 <d < pim) - 1.

Let us note e an integer such that
VieN,0=<i<pm)—1; wefind B(m, a,) < B(m, ;).

Subsequently, we suppose that

d < Bm, a,).

Let us note Z(0, d) Z(1, d) ... Z(h — 1, d) for the following b terms:
Z(i, d) = y() for isuch that f(m, a,) —d <i<h-1 (66)
z(i, d) € {0, 1} forisuchthat0 < i < Bom, a,) —d — 1. (67)

The following lemma characterizes the basin of attraction of the se-
quence {z(n, d): n = O}.

Lemma23. If d < B(m,«a,), then from the following initial
configurations

y(0)y(1) ... y(h - 1),

20,d)z(1,d)...2(h -1, d);

the neuronal recurrence equation {z(n, d):7n = 0} converges to the
same basin of attraction.
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| 6. Conclusion

We improve the fundamental lemma of composition of neuronal re-
currence equations. From a neuronal recurrence equation that
describes a cycle of length L,, we construct a set of p(m) neuronal re-
currence equations {z(n, d) : n = 0}, the dynamics of which describe re-
spectively the cycle of length Ly(d) where Ly(d) are the divisors of L,.
The neuronal recurrence equation {z(n, —1 + p(m)):n = 0} describes
an exponential transient and a fixed point. By perturbation, we have
built the neuronal recurrence equation {z(n, d+1):7 = 0} from the
neuronal recurrence equation {z(n, d):n = 0} such that the period of
the neuronal recurrence equation {z(n, d+ 1):7 = 0} is a divisor of
the period of the neuronal recurrence equation {z(n, d) : # = 0}. Thus,
we have built a period-halving bifurcation of a neuronal recurrence
equation. This result is inscribed in the framework of results on the
convergence time of neural networks [18-20]. The exponential conver-
gence time of neuronal recurrence equations can be useful when we
want to use it in a cryptographic toolbox (e.g., remote authentication,
generation of pseudo-random numbers, etc.).

Note: The extended version of the paper with proofs can be found
at arXiv:1110.3586.
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