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Synchronization in chaotic oscillatory systems has a wide array of ap-
plications in biology, physics, and communications systems. Over the
past 10 years there has been considerable interest in the synchronization
properties of small-world and scale-free networks. In this paper, we de-
fine the fitness of a configuration of coupled oscillators as its ability to
synchronize, which is related to the ratio of the largest and smallest eigen-
values of the coupling matrix. After an analysis of the fitness landscape
of the coupled oscillators problem, we employ an optimization algorithm
to determine network structures that lead to an enhanced ability to syn-
chronize. The optimized networks generally have low clustering, small
diameters, short path-length, are disassortative, and have a high degree
of homogeneity in their degree and load distributions.

| 1. Introduction

Over the past 10 years, it has been shown that many natural and man-
made systems share common features in the way their underlying com-
ponents are arranged [1, 2]. A recurring theme in much of this research
is the notion that the network topology must have some bearing on the
dynamics taking place upon the network [3, 4]. One common emergent
feature of many coupled oscillatory systems is for the dynamics to self-
organize into a rhythmical beat. Such behavior has been observed in
populations of fire flies, the heart, sets of coupled lasers, and even the
brain [5].

The synchronization of networks of coupled oscillators, in particu-
lar synchronization on small-world and scale-free networks, has been
widely studied over the past five years [2, 3, 5, 6-9]. While investigating
how the topological properties of certain model networks affect syn-
chronization, several studies have found somewhat conflicting results.
For example Hong et al. [6] found that increasing degree heterogeneity
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promoted synchronizability, while Nishikawa et al. [7] observed the
opposite effect. In this paper we take a different approach. Instead
of investigating the synchronizability properties of given classes of net-
works, we let networks evolve towards a configuration that exhibits
superior synchronizability. More precisely, we adopt the framework
outlined in [10] to determine the stability of the synchronized state of
a set of oscillators coupled by a network. In the remainder of this pa-
per this measure defines a network’s fitness. To choose an appropriate
optimization scheme an understanding of the structure of the fitness
landscape over the space of all network configurations is essential.

The aim of the paper is twofold. First we characterize the struc-
ture and complexity of the fitness landscape of the coupled oscillators
problem. We are particularly interested in how the landscape changes
with the number of oscillators. Based thereon, we develop a stochastic
optimization scheme and generate ensembles of networks with supe-
rior synchronization properties. Second we analyze topological features
of these networks and identify network characteristics that lead to en-
hanced synchronizability.

The organization of the paper is as follows. In section 2 we outline
the general model used to describe a network of coupled oscillators. We
give a brief summary of the framework of Pecora and Carroll [10] for
characterizing the synchronizability of a network of coupled oscillators.
Section 3 describes the notion of a fitness landscape and introduces the
information theoretic measures we use to characterize the structure of
the fitness landscape. We proceed by studying the fitness landscape
of the oscillator problem and develop an optimization scheme which
is discussed in section 4. After presenting an analysis of topological
properties of optimal network configurations, section 5 concludes with
a summary and a discussion of possible implications of our results.

I 2. Coupled oscillators

The tendency for a system’s dynamics to self-organize into a rhythmi-
cal beat has been studied in fields as diverse as mathematics, biology,
neuroscience, electrical engineering, and laser physics (see 8, 9, 11] for
overviews). Over the past decade studies of coupled oscillators have
shown that certain network properties can enhance or diminish a sys-
tem’s ability to synchronize. Here we follow the framework of Pecora
and Carroll [10] for determining synchronizability. We consider a sys-
tem of N coupled oscillators. Let x; be the m-dimensional vector of
state variables of node i. The dynamics of the coupled oscillators are
governed by:

i, = Flx) + 0 )" GH(x)), (1)
i
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where F(-) determines the dynamics of the individual oscillators without
coupling, while H(-) and the matrix G describe the interactions between
them. The coupling matrix G is constructed as:

-1 ifiis connectedtoj, i 7
g;=91 0  ifiisnotconnectedtoj, i #J, (2)

k, ifi=j
which ensures the existence of an invariant synchronization manifold.
We only consider symmetric connections, which guarantees that all the
eigenvalues of G are real. Let the eigenvalues of G be labeled Ay =
Ay_g = - = A, = Ay = 0. If G is connected then A, # 0. The stability of
the synchronized state x; = x, = --- = x is determined by the jacobian
of the functions F and H, and the eigenvalues of G [10]. For a wide array
of systems the synchronized state is linearly stable if all except the zero
eigenvalue lie in a single parameter interval (o4, @, ), which is determined
by the functions F and H. Independent of the actual system specifica-
tions, the ratio » = A/A, is an indicator of the synchronizability of the
coupling scheme G. Small ratios imply good synchronizability. In the
remainder of this paper the negative ratio —r defines a network’s fitness.

I 3. Fitness landscapes

The notion of a fitness landscape was first proposed by Sewell Wright
[12] and serves as a powerful tool for visualizing the changes in the fit-
ness of a population of individuals as they are guided via an evolutionary
process. Although fitness landscapes were initially introduced as a non-
mathematical tool for visualizing biological processes they have become
an important aspect in optimization, search, and machine learning [13].

The performance of a search algorithm is intimately linked to the
structure of the fitness landscape of the underlying problem. The com-
plexity of a fitness landscape can be characterized by two properties:
(1) epistatis (the degree to which each of the free parameters are depen-
dent upon each other); and (2) modality (the number and arrangement
of optima). While there have been a number of fitness landscape analysis
techniques developed (e.g., [14]), we will only focus on the information
theoretic framework proposed by Vassilev et al. in [15] where they out-
line four measures to characterize the structure of a fitness landscape.
These are: (1) information content H(g) (an indication of the ruggedness
of the landscape), (2) partial information content M(g) (an indication of
the modality of the landscape), (3) information stability &* (an indica-
tion of the magnitude of the landscape’s optima), and (4) density-basin
information (&) (an indication of the structure of the landscape around
the optima).

We construct a sequence of fitness values {ft}?:o obtained from a
random walk upon the fitness landscape £. This sequence contains
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structural information about the landscape (it’s epistatis and modality).
In order to gain an understanding of the structure of the underlying fit-
ness landscape we need to decompose {f,}i=o into an ensemble of objects
that describe the coarse-grained structure of the landscape. For this
purpose we define S(¢) = sy,s,,...,s, to be a string of symbols where
s; € {1,0, 1}. S(e) is obtained from {f,};=0 by s; = ¥ (i, &), where

T if f—fo, <-¢
¥ (i,e)=y 0 if Ifi-fi4l=e (3)
1t fiof, >e.

The parameter ¢ acts as a filter smoothing the fitness landscape. When
& = 0 minor changes in the landscape are detected. As ¢ is increased
small-scale structures are removed, leaving only the major features of
the landscape.

1 3.1 Information theoretic measures

An entropic measure of subblocks within S(¢) can be defined as:

H(e) = - Z Pypglogg Py, (4)
p+q

where P, is the probability of the occurrence of the substring pg within
S(&). This measure is an estimation of the ruggedness of the fitness land-
scape based on the diversity of the number of shapes encountered during
a random walk. Another feature of fitness landscapes related to rugged-
ness is modality. The modality of the fitness landscape can be measured
through the partial information content of S(¢). The partial informa-
tion content M(g) is obtained by removing all nonessential (repeated)
substrings within S(g). We then define M(g) to be:

M(e) = =, (5)
n
where u is the length of the compressed string S’(g) and # is the length
of S(&).

The information content and partial information content characterize
the diversity of structures found in S(&). As mentioned earlier £ acts as
a filter through which the fitness landscape is observed. Information
stability £* is the smallest & value for which the fitness landscape becomes
completely flat. That s, the string S(&*) contains only zeros. Information
stability serves as a measure of the magnitude of the changes in fitness
encountered during the walk.

To characterize the structure of the fitness landscape around the op-
tima, it is useful to study the diversity of flat and smooth structures
upon the landscape. To do this we are only concerned with the sub-
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strings: 00,11, 11. The entropy of the distribution of these objects is
then calculated as:

hle)== > P, log,P,, (6)

pell,0,1)

we will refer to this measure as the density-basin information.

I 3.2 Fitness landscape characteristics

The information theoretic measures outlined allow the inference of
structural characteristics of a fitness landscape from a sequence of moves
from a random walk on it [15]. We are particularly interested in the
changes that occur to the fitness landscape as the problem scales (i.e.,
the number of nodes increases).

For this purpose we constructed time series data for random walks
containing 300,000 moves. Regardless of the network configuration
(i.e., number of nodes and edges) the information theory statistics appear
to be stable. At each time step the fitness (r) of the current network
configuration is calculated. A move between configurations consists
of the random reassignment of an edge. This samples the space of all
networks with N nodes and L edges. Time series data were compiled
for systems containing 100, 150, 200, 250, 300, 350, 400, 450, and
500 nodes. The connectivity of each system was fixed to 0.1 which
ensures the networks are above the connectivity threshold [16]. In all
cases € = 0, so that the fine detail of the landscape is exposed.

Figure 1 depicts changes in the characteristics of the fitness landscape
as the number of oscillators increases. Figure 1(a) shows that as the sys-
tem size increases the diversity of objects decreases. This means that the
landscape becomes less rugged with increasing system size. The partial
information content Figure 1(b) illustrates that as system size increases,
smooth regions become larger. These two results suggest that as the
number of oscillators grows, no new optima appear on the landscape.
Instead the existing optima are becoming more rounded, move away
from each other, and smooth regions separate the optima. The infor-
mation stability (see Figure 1(c)) shows that as the system scales with
size the difference in fitness values between any two adjacent configu-
rations is reduced. This is another indicator that the fitness landscape
is becoming smoother. In other words the degree of interdependence
(epistatis) between the free parameters (in this case the individual edge
assignments) is decreasing with size. Finally the density-basin informa-
tion (Figure 1(d)) indicates that the area around the optima becomes
smoother and more rounded as the number of oscillators grows. Com-
bining these observations about the information stability and density-
basin information, one realizes that once in the basin of attraction of an
optimum it should be quite easy to discover it.
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Figure 1. Fitness landscape characteristics as a function of system size. (a) Infor-
mation content of the fitness landscape (H(g)). As the system size increases, the
ruggedness of the landscape decreases. (b) Partial information content (M(g)).
As the size of the system increases the fitness landscape becomes more modal.
(c) Information stability (£*). During the walk the chance of encountering large
optima decreases. (d) Density-basin information (h(g)). As the number of
nodes within the system increases, the structures around the optima become less
diverse. Lines are for visual guidance only.

I 4. Optimization of coupled oscillators

To create networks with enhanced synchronizability we make use of
the basic optimization scheme known as a stochastic hill-climber. The
networks contain 500 nodes, and a fixed number of edges. The aim is to
discover the optimal arrangement of the available edges that produces
the highest degree of synchronizability. The basic optimization scheme
consists of two stages. First, a small modification to the network is
suggested. Essentially an edge is deleted from the network and inserted
between two nodes that were not previously connected. Second, if the
network is still connected, and is found to have an improved fitness,
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Figure 2. Setup of the stochastic hill-climber. Initially, the hill-climber is seeded
with a network G that is to be optimized. At each time step, a random mod-
ification to G is suggested (G’). The fitness value of G’ is calculated. Should
7(G’) < 7(G), G is replaced by G’, and the loop continues. This procedure is
iterated until there is no improvement found after Az time steps.

the suggested rewiring is accepted, otherwise it is rejected. These two
steps are then repeated until no improvements are found during Az =
N(N - 1)/2 (such that every edge has on average been probed once)
optimization steps.

Figure 2 visualizes this basic configuration of the stochastic hill-
climber. The selection of this optimization scheme over others was
straightforward. The analysis presented in section 3.2 demonstrated
that as system size increases the fitness landscape becomes smoother,
the optima become more rounded, whilst being separated by smooth
regions. This allows us to suppose that most improvements made by
the stochastic hill-climber will move the network toward the optimal
topology. This means we do not need to find the best move at any given
time step.

Another point to note is that the local neighborhood of any arbitrary
point on the fitness landscape has L(N(N — 1)/2 — L + 1) neighbors. For
a system with (say) 100 nodes and 495 links the local neighborhood
contains approximately 2 X 10° elements, and—for fixed connectivity
C, that is, L ~ CN(N - 1)/2—grows as O(n*). The use of a deter-
ministic optimization routine would require the enumeration of the
entire neighborhood, which is computationally intractable. Finally, we
also explored the use of a genetic algorithm. However the population
quickly converged, making mutation the sole search operator. So the
search degrades to a stochastic hill-climber.
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1 4.1 Network properties

To explore the topological properties of the optimized networks, we
investigate a number of statistical characteristics that are commonly
used to describe complex networks. The first statistic of interest is
the diameter. The diameter of the network is the longest shortest path
between two nodes within a network

D =max/_; (i), (7)

where [ (i, /), is the shortest path-length between nodes 7 and j. The
average shortest path-length [ of a network is:

. N N
I= —— L in (25 7)- (8)

N(N-1) & =1
The next statistic we are concerned with is the degree of clustering
found within the network. Clustering is commonly measured via the
clustering coefficient C. Given a node #, with k; neighbors, E; is de-
fined as the number of links that exist between the k; neighbors. The
clustering coefficient is the ratio between the number of links that exist
between the neighbors E; and the potential number of links k;(k; — 1)/2.
Averaged across all nodes within the network the clustering coefficient

is defined as:

1 E

The combination of high clustering and small average shortest path-
length are known as the small-world properties [17].

Another useful measure that has provided insight into the organiza-
tion of complex networks is the degree of assortative mixing. A network
is said to show assortative mixing if nodes of high degree are typically
connected to other nodes of high degree. Conversely, in a dissortatively
mixed network nodes with many links tend to be adjacent to nodes with
few neighbors. Following [18] we use a Pearson correlation coefficient
a to quantify the assortativeness of a network. In [18] Newman defines
this correlation as:

. . 2
o= Cziliki_[czi%(/i+ki)] (10)
X3 (742 = [e i3 i+ k)

where j; and k; are the degrees of the vertices at the ends of edge 7, and
all sums run over the L edges of the network. For a network with L
edges we set ¢ = 1/L. A network displays assortative mixing when a > 0
and dissortative mixing when @ < 0. While some social networks are
assortative, many other networks with power law degree distributions
are dissortatively mixed [18].
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It has also been shown that synchronizability is related to the be-
tweenness centrality or the load on a vertex [7]. The load B, on a vertex
v is defined as [19]:

N

2 N
R EEPINIL 2

i1

J#1
where dj; = 1 if the shortest path between i and j passes through vertex v
and djj = 0 otherwise. To get an understanding of how loads are
distributed across nodes we calculate the maximum vertex load B,
the average load B, and the standard deviation of the distribution across
the entire network oy.

1 4.2 Results

As an initial study, we seed our algorithm with three different initial
conditions. We consider Erdos and Rényi random graphs, scale-free
networks, and hypercubes of up to N = 500 nodes. Qualitative results
do not depend upon system size. Each of the systems possess proper-
ties thought to promote synchronizability. For each class of networks,
we ran the stochastic hill-climber 100 times for 10,000 optimization
steps. Figure 3 shows the time evolution of (r) for the three configura-
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Figure 3. Time evolution during evolution averaged over an ensemble of scale-
free networks (solid line), a hypercube (dashed line), and an ensemble of Erdos—
Rényi random graphs (dotted line) with the same average number of links and
size N = 128. The curves represent averages over different optimizations, each
time starting with a different member of the ensemble (for Erdos—Rényi random
graphs and scale-free networks). Because hypercubes represent local optima in
network space, an annealing scheme was used in this case.
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tions. It can be seen from this figure that after approximately 1,000 time
steps there is no major improvement in 7. Although the networks have
the same (average) number of links, the final configurations still differ
in their final average ratio (r). That is, the optimized networks obtained
from scale-free and hypercube starting conditions represent suboptimal
solutions within the landscape of all possible networks. The search al-
gorithm created networks with better synchronization properties, when
seeded with a random network. In the remainder of this paper we will
only examine the changes in network topology where the starting con-
dition was an Erdos and Rényi random graph. For the interested reader
Brede and Newth [20] provide a systematic analysis of changes in other
network types as they evolve.

We now focus on the statistical measures outlined in section 4.1.
These measures provide a systematic framework for identifying topo-
logical properties associated with improved synchronizability. Many of
the network properties can be directly attributed to their degree distri-
bution. Figure 4 illustrates how the degree distribution changes as the
networks approach the optima. Starting from the typical poissonian
degree distribution of an Erdos—Rényi random graph at ¢ = 0, we can
see that as the network becomes “more optimized” the variance in
the degree distribution collapses, and the distribution becomes heavily

0.15 T \ \ \
T=0 --+--
N T=300 ---&-
- T=1000 --o--
;. T=10000 ---e--
2 01r P -
= 1O \\
-(% ”’/v R y\
V L
'8 /,’/.fD"“Ei_ kKl
DL_ - v b\g
/ j/ h \\\g\\’
L/ ,"’/‘ /I \‘ \.\E__\\ -
oLoH e ! ARSI o ]
0 2 4 &6 8 10 12 14
Degree

Figure 4. Evolution of the degree distribution. Initially the degree distribution
conforms to that of an Erdés—Rényi random graph (T = 0). However as the
synchronization properties are enhanced, the variance in the degree distribu-
tion collapses. Finally the degree distribution becomes very narrow and highly
peaked around the average degree (T = 10,000). This suggests that the network
is almost regular.
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Figure 5. (a) Dependance of the loads on the eigenvalue ratio, (b) standard
deviation of the load, and (c) maximum load. As can be seen in these plots, in-
creased synchronizability is associated with lower maximum and average loads.
This shows that synchronizability improves as the distribution of loads becomes
more homogeneous.

peaked around the average degree (k) ~ 5 (¢ = 10,000). This suggests
that the network is becoming more regular, that is, every node has
approximately the same number of edges.

The aforementioned regularities directly related to how load affects
synchronizability (see Figure 5). We find that improved synchronizabil-
ity is associated with a homogenous load distribution (small average
load (B) and small variance 03), and reduced maximum load distribu-
tion (B,,,). This indicates that the flow of information between nodes
within the network needs to be homogenous in order to maximize stabil-
ity of the synchronized state. This clearly shows that hubs in scale-free
networks may impede synchronization, as hubs tend to carry a high load.
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Figure 6. Evolution of various network statistics as a function of A, /A, . (a) Net-
work diameter: As the diameter of the network increases the stability of the sta-
ble synchronized state decreases. (b) Average shortest path-length: Networks
that have enhanced stability properties tend to have on average shorter path-
lengths between nodes. (c) Clustering coefficient: Networks with enhanced
synchronizability properties tend to have reduced clustering than those with
reduced synchronizability. Locally these networks are very tree-like. (d) Assor-
tativity: Networks that have high synchronizability tend to be dissasoratative.

Figure 6 shows how diameter, shortest average path-length, cluster-
ing, and assortativity change with synchronizability. As can be seen in
this figure, synchronizability improves as diameter and shortest path-
length decrease. Networks with a small diameter and short average
path-lengths allow information to flow between nodes rapidly. Cou-
pling this result with the homogeneous degree distribution suggests that
not only is it important to have rapid communication between nodes,
but also the flow of information needs to be balanced. Last we find that
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synchronizability also increases when clustering decreases. Locally the
networks appear tree-like. Another interesting result is that synchroniz-
ability increases as the network becomes more dissasortative.

| 5. Discussion

In this paper we have explored the fitness landscape of coupled os-
cillators. Our analysis reveals that as the problem scales (number of
nodes increases) the fitness landscape becomes less rugged, contains
more smooth regions, and the optima become easier to discover once
their basin of attraction has been reached. However, the distance of the
optima from random graph initial conditions grows as O(N*). With
this knowledge of the structure of the fitness landscape we developed
a stochastic hill-climbing routine to construct networks with optimized
synchronization properties. Building an ensemble of optimized net-
works, we analyzed the topological properties associated with improved
synchronization. We found that networks with superior synchroniza-
tion properties tend to have short average path-lengths and exhibit dis-
assortative degree mixing. A reduced cliquishness and a reduced number
of small cycles makes them appear locally tree-like.

Further analyzing the characteristics of networks with superior syn-
chronizability we find that their degree distributions have a very small
variance in comparison with the initial configurations. This explains
the very homogeneous load distributions (distributions of the number
of shortest paths running through each node). The above result suggests
that the networks explored here may belong to the class of (almost) L/N-
regular graphs. Studies of random L/N-regular graphs have identified
very similar properties [20]. However, a more detailed analysis shows
that the optimized networks exhibit properties which are a consequence
of more than the collapse of the degree variance. We note that the
optimized networks are substantially smaller, more disassortative, and
even less cliquish than random L/N-regular graphs. This observation
allows us to conclude that a small diameter and disassortative degree
mixing are features that per se improve network synchronizability. It
is important to know how to best generate enhanced synchronization
properties. From our findings, the following procedure appears to be
the most practical way to construct networks with superior synchroniz-
ability. Begin by constructing an L/N-regular random graph (see [21]).
Then proceed by applying the search algorithm described in section 4
until an optimal configuration is reached.

Finally, we note that many biological networks show disassortative
mixing of node degrees. One example of a system where synchroniza-
tion may play an important role in the dynamics is the neural network
of C. Elegans. From our findings we can speculate that apart from
enhanced stability against dynamical perturbations [22], dissasortative
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mixing could also be the result of the evolution of these networks to-
wards a topology that stabilizes synchronized states.
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