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The cellular automaton (CA) is a rapidly emerging computational
model that is widely used in different areas of simulations and scientific
applications, as it can solve complex problems using simple rules. Cellu-
lar automata (CAs) are largely used in VLSI systems, fault detection,
cryptography and other fields. In most of these applications, 2-state
3-neighborhood one-dimensional CAs are used. Some of the work on
characterizing elementary CA (ECA) rules has been done, but all such
work mainly focuses on a specific boundary condition (i.e., null, peri-
odic boundary). This paper targets the design and development of a
generic framework for the next state rule minterm transition diagram
(NSRTD), referred to as the generic NSRTD (G-NSRTD), for constant
(0/1) boundary conditions. By utilizing the developed G-NSRTD frame-
work, which is reconfigurable based on the chosen boundary condition
(constant-0/1), ECA rules can be characterized for both null and con-
stant-1 boundary conditions. Hence, the current paper also focuses on
characterizing all 256 ECA rules in constant (0/1) boundary conditions
using the developed G-NSRTD framework, leading to the identification
of all CA rules forming uniform single length cycle single-attractor CAs
(SACAs), single length cycle two-attractor CAs (TACAs) and single
length cycle multi-attractor CAs (MACAs) for arbitrary CA length 7.
Some of the relevant CA theories related to the characterization of ECA
rules in constant (0/1) boundary conditions have been developed and

reported accordingly.

Keywords: cellular automata; SACA; TACA; MACA,; fixed-point
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I 1. Introduction

John von Neumann first coined the term cellular automaton (CA) and
introduced the concept [1] in the 1950s. Later, Stephen Wolfram
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continued fundamental research [2] on cellular automata (CAs) and
introduced different concepts. Since then, many researchers have been
motivated to explore the structure and properties of CAs. CAs can be
represented as a class of dynamic computation that can solve complex
problems in a very simple way. CA models are represented by a series
of cells in discrete time and space, where each cell is updated by using
a set of rules and based upon the states of itself and its neighborhood.
Many papers have been written about the 2-state 3-neighborhood one-
dimensional CA because it is structurally simple to implement and
forms basins of attraction [3], which is a potential modeling tool for
solving various complex applications like pattern recognition [4, 5],
authentication and cryptography [6, 7], fault detection [8], language
recognition [9], cache coherence verification [10] and memory testing
[11]. Researchers in [12] explored one-dimensional CAs and demon-
strated how the asymptotic property of a CA changes with increased
neighborhood size. The researchers in [3] identified a set of attractors
during the characterization of one-dimensional 3-neighborhood CAs.
The researchers in [6] developed a technique and identified attractors
for linear or additive CAs. Researchers in [13] and [14] proposed a
graphical approach for the verification of CA invertibility in linear
time for periodic and null boundary CAs, respectively. Researchers in
[11, 15] proposed the explicit rule vector graph and reachability tree,
respectively, for identifying single length cycle attractors during the
CA state transitions but failed to identify the existence of a multi-
length cycle attractor. The researchers in [16] proposed the basic con-
cept of the next state rule minterm transition diagram (NSRTD) and
established it as an effective tool for the characterization of the single
length cycle single-attractor CA (SACA) and single length cycle two-
attractor CA (TACA) rules in the null-boundary condition.
Researchers in [17] proposed a method for identifying SACA rules in
the periodic boundary condition using the NSRTD. The authors in
[18] used the concept of NSRTD and proposed an algorithm for syn-
thesizing hybrid CA rules that form single length cycle two-attractor
CAs (TACAs) from all the 15 uniform TACA rules as identified in
[16]. However, the worst-case time complexity of the proposed design
remains in the order of O(15”). The authors in [19] further overcame
the drawbacks of [18] by introducing the concept of compatibility
class relationship between rules R; and R;;1, using NSRTD to synthe-
size the hybrid CA rules that form TACAs in linear time. The
researchers in [20] used the concept of compatibility class relationship
between CA rules following the concept of NSRTD to synthesize
nonuniform single length cycle single-attractor cellular automata
(SACAs) for any arbitrary CA length 7 in linear time.

However, no work has been done so far to develop a generic frame-
work of NSRTD that can be applied for characterizing rules in both
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null boundary (constant-0) CAs and constant-1 boundary CAs. This
motivates us to pursue research that can lead to the development of a
generic NSRTD framework for constant (0/1) boundary conditions.
The underlying theoretical basis for developing the generic NSRTD
(G-NSRTD) framework has been formalized as algorithms and ana-
lyzed. Further, this paper focuses on characterizing all of the ECA
rules using the developed G-NSRTD framework for constant (0/1)
boundary conditions, leading to the identification of all CA rules
forming uniform SACAs, TACAs and single length cycle multi-attrac-
tor CAs (MACAs) for any arbitrary length # in the null boundary con-
dition as well as the constant-1 boundary condition.

The main contribution of this research is summarized in the
following.

= Design and development of a G-NSRTD framework for constant (0/1)
boundary conditions that can be used for characterizing CA rules for
both null boundary and constant-1 boundary CAs.

» Characterizing all 256 elementary CA rules using the developed
G-NSRTD framework and the identification of all the uniform SACA,
TACA and MACA rules for arbitrary CA length # for both null bound-
ary and constant-1 boundary conditions.

= Development of some relevant CA theories forming the basis for the
proposed characterization of CA rules.

I 2. Cellular Automata Preliminaries

A CA is essentially an autonomous finite state machine where each
cell is characterized by either of the two states 0 or 1. The next state
(NS) of cell i of the CA at time step ¢+ 1 is Si*! = (S, S, St,,),
where S, St,; and S'_; are the present state (PS) (at time ) of self,
right and left neighbors of cell 7, respectively, and f; is known as the
NS function. The collection of states represented by
St = (S84, S5, ..., S,) represents the PS of the CA cells at time step ¢.
Figure 1 depicts the NS function f;. Here, a CA cell with state 0 is rep-
resented by O and a CA cell with state 1 is represented by m. The deci-
mal representation of the eight outputs of f; is known as rule R;.

RMT T(7) T(6) T(5) T(4) T(3) T(2) T(1) T(0) Rule
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NS [] ] ] i ] i} ] H 2
NS W ] ] | (] s [] L] 48
NS H | ] ] [ ] =] ] ] 22
NS ] | | M ' ' M 2100

Figure 1. Rule minterms of the rules. PS: present state; NS: next state; RMT:
rule minterm.
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There can be 28 = 256 possible rules in 2-state 3-neighborhood CAs.
Four such rules—21, 148, 220, 240—are illustrated in Figure 1. The

second row shows the possible 2° = 8 combinations of the PS of cells
(t—1),iand (: + 1) at time .

Following are some important definitions that are required for
understanding the CA theory.

» Rule vector. The combination of rules (Ry, Ry, ..., R;, ..., R,;) that con-
figures the CA cells is known as the rule vector (RV).

» Uniform and nonuniform CA. A CA is said to be a uniform CA if
Ri =R, = --- =R, in an RV; otherwise, it is called a nonuniform or
hybrid CA.

» Constant-1 boundary CA. A CA can be called a constant-1 boundary
CA if its left (resp. right) neighbor of the first (resp. last) CA cell is per-
manently fixed to 1-state as depicted in Figure 2.

Cell; Cell,_, Cell, Cell; 4, Cell,,
(FF) (FF) (FF) (FF) (FF)
NS, 5

H[X ouT IN OUTH r{IN OUT [ ourhH IN ouT

1 f Tl . 1 r

1-boundry fi: combinational logic 1-boundry

Figure 2. Constant-1 boundary CA.

= Null boundary CA. A CA can be called a null boundary CA if its left
(resp. right) neighbor of the first (resp. last) CA cell is permanently
fixed to O-state.

= RMT. The combination of the present states (PSs) (S¢_;, S, S%,;) in a
3-neighborhood CA forms a rule minterm (RMT) as illustrated in
row 2 of Figure 1. Rule minterms (RMTs) can be expressed by T(x),
where x=1{0,1,...,6,7); and T(x) e {T}, where T = {T(0),
T(1), ..., T(7)}. The RMT for a cell i at time # can be expressed as
Ti(x). For example, T5(2) refers to cell 3 RMT T(2) at time ¢. But, in all
the pictorial representations, the RMT is expressed by using the deci-
mal number format x, for example, T4(6) is expressed as 6.

» O-RMT and 1-RMT. The RMT for which the NS is 0 is called a
0-RMT, and the RMT for which the NS is 1 is called a 1-RMT.

» Active and passive RMT. If xyz is assumed as the PS RMT of a rule R,
and if the state of y remains the same in the NS (i.e., O(PS) - O(NS) or
1(PS) » 1(NS)), it is known as a passive RMT. Similarly, if the state of
y changes in the NS (i.e., 0(PS) » 1(NS) or 1(PS) » O(NS)), it is known
as an active RMT. The T(0) and T(2) in rules 148 and 220 (in Figure 1)
are passive, whereas T(0) in rule 21 is active.

» (-passive RMT and 1-passive RMT. Assume that xyz is the PS RMT
of a rule R, wherein y = 0 (resp. y = 1), then if the NS corresponding
to xyz is O (resp. 1), RMT xyz is referred to as a 0-passive (resp. 1-pas-
sive) RMT.
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RMT string. RMT string (RS) can be expressed as a consecutive
sequence of RMTs that appears in a CA state. It is expressed as
(T, To, ..., T,) for a CA with #» number of cells, where T; € T. In con-
stant-1 boundary, a four-cell CA with state 0110 can be expressed by
the RS (Tl, Tz, T3, T4) = (T(S), T(3), T(6), T(S))

Attractor. A set of states that form a cycle (0 » 0 and 2 -» 3 - 2 of Fig-
ure 3(a)) is known as an attractor in a CA. An attractor that forms a
self-loop (0 - 0 of Figure 3(a)) is known as a single length cycle attrac-
tor or fixed-point attractor. A cycle that is formed by multiple states
(2 » 3 > 2 of Figure 3(a)) is known as a multi-length cycle attractor.

Depth of a CA. The longest path length (number of edges in the path)
from a state to an attractor state in the state transition of a CA is
referred to as the depth of the CA. Figure 3(a) shows a CA with a depth
of three (10 » 7 - 12 - 0).

Reversible and irreversible CAs. If CA states during its state transitions
form only cycles, then it is known as a reversible CA; otherwise, the CA
is an irreversible CA (as depicted in Figures 3(a) and 3(b)).

w
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Figure 3. State transitions of SLCA in the constant-1 boundary condition.

= SLCA. If a CA during its state transition forms at least one single
length cycle attractor, then it is known as a single length cycle attractor
(SLCA) (as in Figures 3(a) and 3(b)). Multi-length attractors may or
may not be present in an SLCA.

SACA. If an SLCA forms a single connected component with only one
self-loop and without any multi-length attractors during its state
transition, then it is known as an SACA. A uniform four-cell CA with
rule 170 (as shown in Figure 3(c)) forms an SACA, and rule 170 is an
SACA rule.
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s MACA. If an SLCA forms more than one connected component, each
with one self-loop and without any multi-length attractors during its
state transition, then it is known as an MACA. A uniform four-cell CA
with rule 200 (as shown in Figure 3(d)) forms an MACA, and rule 200
is an MACA rule.

» TACA. A TACA is a special case of MACA that forms two connected
components, each with one self-loop and without any multi-length
attractors during its state transition. A uniform four-cell CA with
rule 64 (as shown in Figure 3(e)) forms a TACA, and rule 64 is a
TACA rule.

I 3. Next State Rule Minterm Transition Diagram

The NSRTD is a graph-based tool that was reported in [16] to iden-
tify the existence of single length cycle attractors as well as
multi-length cycle attractors during the CA state transitions. Some of
the definitions and terms that are relevant for proper understanding
of the NSRTD theory include NCR, NSR, NSRS, NSRS graph
(NSRS-G) and compatible classes of NSRSs.

During the CA state transition at time ¢, the RMTs T% and T%,, of
two consecutive CA cells (cell 7 and cell 7 + 1) are related via the next
cell RMT (NCR) relationship, which is reported in Table 1. On the
other hand, the RMT T! of cell 7 at time ¢ is updated to T:*! at time

t+1 during the CA state transition, and T#! is called the next state
RMT (NSR) of T The next state RMT sequence (NSRS) is the
sequence of next state RMTs (NSRs) depending upon which the state
of a CA cell changes during its state transition. In a CA cell, all the
possible next state RMT sequences (NSRSs) can be represented by
using a directed graph called the NSRS graph (NSRS-G), where the
RMTs represent the vertex and the edge represents the NSRs. Further,
the NSRSs between the two consecutive CA cells are said to be com-
patible if all the self-loops or multi-length cycles of cell i+ 1 follow
the NCR relationship with self-loop(s) or multi-length cycle(s) of

RMT T, NCR of RMT T,
(cell rule i) | (RMTs of cell rule (7 + 1))
T(0)/T(4) T(0), T(1)
T(1)/T(S) T(2), T(3)
T()/T(6) T4), T(5)
TG)/T(7) T(6), T(7)

Table 1. NCR relationship between cell i and cell i + 1.
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cell . The NSRTD is a two-dimensional directed graph where one
dimension represents the NSR relationship of a CA cell, and the other
represents the NCR relationship between the consecutive CA cells;
that is, it is constructed with the compatible class of NSRSs (self-
loop(s) and/or multi-length cycles(s)).

The details of NSRTD theory have been reported in [16]. The next
section elaborates the development of a generic framework of
NSRTD for the effective characterization of CA rules.

I 4. Proposed Work

In this section we develop a generic framework of NSRTD
(G-NSRTD) for constant (0/1) boundary CAs. Further, we present the
characterization of the class of SACA, TACA and MACA rules in con-
stant (0/1) boundary conditions. SACAs that form a single graph with
only one fixed point are used extensively in various applications, as
reported in Section 1. TACAs (respectively, MACAs) form two fixed
points (resp. specified number of fixed points) and are used largely in
designing a two-class classifier (resp. multi-class classifier). Devising
solutions to such problems requires characterizing SACA, TACA and
MACA rules in different boundary conditions, which essentially
demands the development of a G-NSRTD for different boundary con-
ditions. In the current paper, we consider developing a framework of
NSRTD for constant (0/1) boundary.

Finally, by utilizing the developed framework, we have identified
all the SACA, TACA and MACA rules from among the 256 ECA
rules (in both constant-0 (null) and constant-1 boundary conditions).
Algorithms 1 through 5 formalize the construction of the proposed
G-NSRTD framework.

Algorithm 1 accepts CA length 7, a set of NCRs (Table 1) and a
boundary condition & =0/1. It outputs the sets of SACA rules
(Rulessaca), TACA rules (Rulestaca) and MACA rules (Rulesyaca).
The algorithm checks each CA rule (represented as K) from 0 to 255
to identify the sets of SACA, TACA and MACA rules, as shown
in step 1. Step 2 identifies the set of NSRs of a cell represented as
NSRs; for CA cells i =1, 2, 3 (intermediate cells), #— 1, n by calling
Algorithm 2.

Algorithm 2 accepts CA length n, rule K, boundary condition b
and gives NSRs; as output. The algorithm checks for each CA cell
i=1,2, 3 (intermediate cells), 7 —1, n to identify the NSRs; of each
cell, as shown in step 1. Step 2 initializes the NSR structure (com-
posed of L =left, M =middle, R =right values) based upon CA cell
index i and the value of boundary condition b. There will be distinct
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NSR structure initializations for cells 1, 2, # — 1, n, as they are depen-
dent on boundary condition b, and for cell 3 (to be replicated for all
intermediate cells in the case of a uniform CA), the NSR structure ini-
tialization will be the same because it is independent of boundary con-
dition b. After initialization, step 2 calls Algorithm 3 to compute the
NSRs; by passing the parameter values L, M, R, rule K, boundary con-
dition b and CA cell index i.

Algorithm 3 accepts left value L, middle value M, right value R,
rule K, boundary condition b, CA cell index 7 as input and generates
NSRs for cell i as output. Step 1 creates L | M| R sets based on all the
combinations of present states (PSs) of L, M and R sets. Step 2 com-
putes the NS of M from all the L | M|R sets created in step 1 based
on CA cell index i. For the first cell of the CA, Algorithm 4 is called
two times by passing the parameter values PSbits, Lyz and yzR, respec-
tively, and rule K. Then the two NSbits returned from Algorithm 4
are concatenated to create the NS represented by y’z’. For the second,
third (intermediate cells), and 7 —1 CA cells, Algorithm 4 is called
three times by passing the parameter values PSbits (Lxy, xyz and yzR,
respectively) and rule K. Then the three NSbits returned from Algo-
rithm 4 are concatenated to create the NS represented by x’y’z’. For
the last cell of the CA, Algorithm 4 is called two times by passing the
parameter values PSbits Lxy and xyR, respectively, and rule K. Then
the two NSbits returned from Algorithm 4 are concatenated to create
the NS represented by x’y’.

Algorithm 4 accepts rule K and PSbits as input and generates NSbit
as output. Step 1 converts rule K into an eight-bit binary number and
stores the value of each bit in bit-7, bit-6, bit-5, bit-4, bit-3, bit-2,
bit-1 and bit-0, respectively. Step 2 checks the value of PSbits and
assigns NSbit accordingly. The value of NSbit corresponding to the
current PSbit (111/110/101/100/011/010/001/000) will be set with the
value stored in bit-7/bit-6/bit-5/bit-4/bit-3/bit-2/bit-1/bit-0, accord-
ingly. At the end, step 3 returns the calculated NSbit.

Step 3 of Algorithm 3 creates the NSR by using the transition
(represented by —) from PS to NS of M for all combinations of L,
M and R calculated in step 2 and stores it in the NSR set
represented by NSRs. For the first and last cells, the NSR is computed
using the formula {(bx4)+ decimal(yz) - (bx4) + decimal(y’z’)} and
{(decimal(xy)x2) + b - (decimal(x’y’)x2) + b}, respectively. Similarly,
for CA cells 2, 3 (intermediate cells), and # — 1, the NSR is computed
using the formula {decimal(xyz) - decimal(x’y’z’)}.

In step 3 of Algorithm 1, the NSRS-G for each cell (represented by
NSRS-G;) is computed by calling Algorithm 5. Algorithm 5 accepts
the NSRs as input and generates the NSRS-G as output. Step 1 of
Algorithm 5 merges all the NSRs of a CA cell i to create the NSRS-G;
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for CA cell i and returns the computed NSRS-G,; in step 2. For a uni-
form CA, the NSRs and NSRS-G of the intermediate cells (cell 3, ...,
cell (m-2)) will be the same. Now, the NSRS-G; are examined to
determine the presence of cycles and cycle length. Steps 4(a) and 4(b)
find the self-loops and multi-length cycles represented by SL; and
ML, respectively, from the NSRS-G;. Now, in step 4(c), the SL; and
ML, for each NSRS-G; are grouped together in a set, called the cycle
set CYC,. Further, in step 5, if any of the NSRS-G; has no self-loop
(SL; = @), the algorithm checks for the next CA rule. If all the
NSRS-G; are made up only of self-loop(s) (i.e., ML; = @), it jumps to
step 6. Otherwise, the presence of a multi-length cycle is confirmed,
and it jumps to step 8.

In step 6, each unique RMT sequence represented by S, is identi-
fied by examining the NCR compatibility (using NCR Table 1)
between self-loops SL; of two consecutive CA cells for each # number
of CA cells. The unique RMT sequences S,s are represented by graphs
in NSRTD. In step 7, the algorithm identifies a rule K as SACA (if
S.(s) = 1), TACA (if S,(s) = 2) and MACA (if S,(s) > 2) and classifies
the rule K in a set of SACA (Rulessaca), TACA (Rulestaca) and
MACA (Rulesypaca) rules, respectively. Otherwise, the algorithm
checks for the next CA rule.

In steps 8 and 9, each unique RMT sequence represented by S, is
identified by checking the compatible NSRS class Cj;.1) between
cycles (self-loop(s) along with the multi-length cycle(s)) of two consec-
utive CA cells for each » number of CA cells. In step 10, the algo-
rithm checks for the next CA rule if any of the S, is made up of a
cycle length more than one, that is, if there are any multi-length
cycle(s). The algorithm identifies a rule K as SACA (if S,(s) = 1),
TACA (if S,(s) = 2) and MACA (if S,(s) > 2) and adds the rule K in
the sets of SACA (Rulessaca), TACA (Rulestaca) and MACA
(Rulesypaca) rules, respectively. Otherwise, the algorithm checks for
the next CA rule. At the end, the algorithm returns a set of SACA
rules (Rulessaca), a set of TACA rules (Rulestaca) and a set of
MACA rules (Rulespaca) based on the selected boundary condition.

Algorithm 1. Compute_NSRTD_CB.
Input: CA length (1), set of NCRs, Boundary condition (b = 0/1)
Output: RulesSACA, RulesTACA, RUIESMACA

Start
1. for K = 0 to 255 where K represents the CA rule, do

2. NSRs; = call Identify_NSR (CA length (), Rule K, Boundary condi-
tion (b));fori=1,2,3,n-1,n
/* For uniform CAs, NSRs for all the intermediate cells will be the same
fori=3to (n-2)*/
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. NSRS-G; = call Compute_NSRS-G(NSRs;); fori =1,2,3,n—1,n

/* For uniform CAs, NSRS-G for all the intermediate cells will be the

same fori = 3 to (n—2)*/
(a) Identify self-loops SL;=SL;, for i=1,2,3,n-1,n and
j=1,2,..., p, where p is the number of self-loops in NSRS-G;

(b) Identify multi-length cycle ML; = MLj, fori =1, 2, 3, n— 1, n and
k=1,2,..., q, where g is the number of multi-length cycle in NSRS-G;
/* For uniform CA, SL; and ML, for all the intermediate cells will be
the same fori = 3 to (n-2)*/
(c) CYC; = {SL; U ML}

. if any NSRS-G; has no self-loops (SL; = @), for i=1,2,3,n—-1, n,

then
Check for (K + 1)t CA rule
else if all NSRS-G; has only self-loops (ML; =), for
i=1,2,3,n-1, nthen
Goto step 6
else
Goto step 8

Generate each RMT sequence S, as

Su = Slu - SZM o S(n—l)u - Snu;

where S;, € SL; and also € {NCR of S(_1),Yiz1}, for
i=1,2,..,n-1,n.

if (number of S, == 1) then
RuleSSACA « K

else if (number of S,, == 2) then
RulesTACA « K

else if (number of S,, > 2) then
RulCSMACA « K

else

Check for (K + 1)™ CA rule

Find compatibility class between
CYC; and CYCjy1 = Cyisry = (CYCiy, CYCip1ypVap); for
i=1,2,..,n-1

Generate each RMT sequence S, as
Su = S]u - SZu > e S(n—l)u - Snu;
where (Siy, Sir1w) € Cigrny, fori=1,2, .., n-1

if there exists an S;, without a self-loop in S, then
Check for the (K + 1)™ CA rule
else if (number of S,, == 1) then
RuleSSACA « K
else if (number of S,, == 2) then
RlllCSTACA « K
else if (number of S, > 2) then
Rulesypaca <« K
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else

Check for the (K + 1)™ CA rule

end
Stop

Algorithm 2. Identify_NSR.
Input: CA length(#n), Rule K, Boundary condition (b)
Output: NSRs;

Start
1. fori =1, 2, 3, n— 1, n where n represents CA length(r) do

2. if(i=1) then
L = b; M = {00, 01, 10, 11}; R = {0, 1};
NSRs; = call Compute_NSR(L, M, R, K, b, i);
/* For the first cell, M is represented as yz */
else if (i == 2) then
L = by M = {000, 001, 010, 011, 100, 101, 110, 111}; R = {0, 1};
NSRs; = call Compute_NSR(L, M, R, K, b, i);
/* For the second cell, M is represented as xyz */
else if (i == 3) then
L = {0, 1} M = {000, 001, 010, 011, 100, 101, 110, 111}; R = {0, 1};
NSRs; = call Compute_NSR(L, M, R, K, b, i);
/* For all the intermediate cells, M is represented as xyz; and the
NSR; of all the intermediate cells will be the same for uniform CA */
else if (i == n— 1) then
L = {0, 1}; M = {000, 001, 010, 011, 100, 101, 110, 111}; R = b;
NSRs; = call Compute_NSR(L, M, R, K, b, i);
/* For the second to last cell, M is represented as xyz */
else
L =1{0,1}; M = {00, 01, 10, 11}; R = b;
NSRs; = call Compute_NSR(L, M, R, K, b, i);
/* For the last cell, M is represented as xy */
end
3. return NSRs;
Stop

Algorithm 3. Compute_NSR
Input: Left Value (L), Middle Value (M), Right Value (R), Rule K, Boundary
condition (b), CA cell index (i)
Output: NSRs
Start
1. For all combinations of the present state (PS) of L, M, R sets, create a
L|M]|R set
/* For the 15, 20, 31 (intermediate), # — 1™, #™ cells, the PS of M is
represented as yz, xyz, Xyz, Xyz, xy, respectively */
2. Calculate the next state (NS) of M from the L| M |R sets created in
step 1 according to cell index i
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/* For the 15t, 2nd, 31 (intermediate), 7 — 1™, n™ cells, the NS of M is
represented as y'z’, x'y'z’, x'y'z, X'y'z’, x'y’, respectively */
if (i == 1) then
y'z’ = call compute_NSbit(K, Lyz); || call compute_NSbit(K, yzR);

/* For the first cell, the PS of M is represented as yz and the NS of M
is represented as y'z’ */
elseif (1 ==2||i==3]|i=n-1) then

x'y'z’ = call compute_NSbit(K, Lxy); || call compute_NSbit(K, xyz);
|| call compute_NSbit(K, yzR);

/* For the 2™, 37, 5 — 1t cells, the PS of M is represented as xyz and
the NS of M is represented as x’y’z’ */
else

x'y" = call compute_NSbit(K, Lxy); || call compute_NSbit(K, xyR);

/* For the last cell, the PS of M is represented as xy and the NS of M
is represented as x’'y’ */

Create NSR (PS to NS transition of M) for all combinations in the M
set and store it in the NSR set represented as NSRs
if (i == 1) then
NSRs « (bx4) + Decimal(yz) - (bx4) + Decimal(y’z’)
/* For the first cell */
elseif (1 ==2]i==3]||i=n-1) then
NSRs « Decimal(xyz) - Decimal(x’'y’'z’)
/* For the 2", 3™ (intermediate), 7 — 1™ cells*/
else
NSRs « (Decimal(xy)x2) + b - (Decimal(x’y’)x2) + b
/* For the last cell */

. return NSRs

Stop

Algorithm 4. Compute_NSbit
Input: Rule K, PSbits
Output: NSbit

2.

Start

Convert Rule K into 8-bit binary format and represent the 8 bit as
bit-7, bit-6, bit-5, bit-4, bit-3, bit-2, bit-1, bit-0, respectively.

if (PSbits == 000) then
NSbit « bit-0

else if (PSbits == 001) then
NSbit « bit-1

else if (PSbits == 010) then
NSbit « bit-2

else if (PSbits == 011) then
NSbit « bit-3

else if (PSbits == 100) then
NSbit « bit-4

else if (PSbits == 101) then
NSbit « bit-5
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else if (PSbits == 110) then
NSbit « bit-6
else
NSbit « bit-7
3. return NSbit
Stop

Algorithm 5. Compute_NSRS-G.
Input: NSRs
Output: NSRS-G
Start
1. Merge all the NSRs to create a graph called NSRS-G

2. return NSRS-G
Stop

I 4.1 Complexity Analysis

Step 1 of Algorithm 1 runs for all the CA rules 0 through 255 and
takes constant time. Step 2 finds NSRs for the first, second, intermedi-
ate, second to last and last cells by calling Algorithm 2.

Step 1 of Algorithm 2 runs for CA cell index i =1,2,3,n-1, n.
Step 2 assigns L, M and R values for each CA cell in constant time
and calls Algorithm 3.

Step 1 of Algorithm 3 creates all possible combinations of L| M| R
sets. There can be a maximum of eight possible combinations
of LIM|R sets in a CA cell, and hence, it also takes constant
time. Step 2 computes the NS of M from L|M|R sets by calling
Algorithm 4.

Step 1 of Algorithm 4 converts rule K into an eight-bit binary num-
ber, and step 2 assigns the value of NSbit according to the value of
PSbits. So, Algorithm 4 runs in constant time. Since Algorithm 4 takes
constant time, so also step 2 of Algorithm 3 takes constant time.
Step 3 of Algorithm 3 creates the NSR for all the combinations of PS
to NS transitions of M sets.

In a CA cell, the maximum number of RMT nodes (PS of M) can
be eight, and each RMT node can have a maximum of four out-
degree edges called NSR (NS of M). Therefore, the overall construc-
tion of the NSRs; in step 2 of Algorithm 1 also takes constant time.
Step 3 computes the NSRS-G for the first, second, intermediate, sec-
ond to last and last cells by calling Algorithm 5, which merges all the
NSRs of a CA cell i to create the NSRS-G; in constant time. Step 4
finds all possible cycles (self-loop(s) and multi-length cycle(s)) from
the NSRS-G, which is finite and independent of CA length » taking
constant time. Step 5 finds the number of self-loop(s) from the set of
cycles, and it takes constant time. Step 6 finds each RMT sequence S
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in O(n) time complexity, where # is the CA length. Step 7 finds the
total number of RMT sequences S (total number of graphs in
NSRTD) and it is dependent on the rule number. Only in the case of
rule 204, the total number of RMT sequences S is 2”7, making it the
worst-case time complexity with O(2”). But for all other rules, the
total number of RMT sequences S is < 2", making the average-case
time complexity O(S). Step 8 finds the compatibility class between
two CA cells and depends upon the total number of cycles in the
NSRS-G, so it is independent of #. Finding each RMT sequence S in
step 9 will be the same as in step 6 and will take O(n) time complex-
ity. Similarly, counting the total number of RMT sequences S in
step 10 will be the same as in step 7 and will take the worst-case time
complexity of O(2") (only in the case of rule 204) and an average
time complexity of O(S).

1 4.2 Examples

Example 1. Consider a run of Algorithm 1 (a single iteration) with CA
length #» = 5 and boundary condition b = 1 for CA rule 251 (Step 1).
Step 2 generates the NSRs (a set of NSRs for each CA cell) for the
first, second, intermediate, second to last and last cells (represented by
NSRs; for CA cell index i =1, 2, 3, n— 1, n, respectively) by calling
Algorithm 2.

Algorithm 2 initializes the values of the L, M and R sets according
to CA cell index i and calls Algorithm 3. Since constant-1 is the cho-
sen boundary condition, the value of L will be L = b = 1 for the first
and second cells, and the value of R will be R = b = 1 for the second
to last and last cells, respectively.

Further, step 1 of Algorithm 3 creates L | M|R sets using all the
possible combinations that can be made from the L, M and R values
initialized by step 2 of Algorithm 2. There will be 4, 8, 8, 8, 4 combi-
nations of L | M|R sets for the first, second, intermediate, second to
last and last cells, respectively, and we define it as the PS of M sets.
For the first cell, the possible L|M|R sets will be 1]00|0/1,
1]101|0/1,1]10]|0/1, 1|11|0/1. For the second cell, the possible
L|M|R sets will be 1]000|0/1, 1]001|0/1, 1|010]|0/1,
1j011|0/1, 1]100|0/1, 1|101]0/1, 1|110|0/1, 1]111]0/1.
For intermediate cells, the possible L|M|R sets will be
0/11000|0/1, 0/1]001]0/1, 0/1]010|0/1, 0/1]011|0/1,
0/1/100|0/1,0/1|101|0/1,0/1|110|0/1,0/1|111]0/1. For
the second to last cell, the possible L | M| R sets will be 0/1[000|1,
0/1|001|1, 0/1|010|1, O/1]|011|1, O/1|100|1, O/1]101]1,
0/1]110]1, 0/1]111|1. For the last cell, the possible L| M |R sets
willbe 0/1]00|1,0/1|01|1,0/1|10|1,0/1|11]1.

Step 2 of Algorithm 3 computes the NS of M from the L | M| R cre-
ated in step 1 by calling Algorithm 4 depending upon CA cell index i.
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For the first cell, Algorithm 4 is called two times for each L | M| R set
with parameter values Lyz and yzR as PSbits along with rule K. Algo-
rithm 4 checks the value of PSbits and assigns a specific bit from the
eight-bit binary representation of rule K to create NSbit. Now, the
two NSbits are concatenated to create the NS of M represented as
y'z’. So, for the first cell, the present states (PSs) of M(yz) are 00, 01,
10, 11, and the computed next states (NSs) of M(y’'z’) are 11, (10/11),
11, 11, respectively. In the case of the second, intermediate and sec-
ond to last cells, the same process is repeated, but Algorithm 4 is
called three times for each L|M|R set with parameter values Lxy,
xyz and yzR as PSbits along with rule K. For the second cell, the PSs
of M(xyz) are 000, 001, 010, 011, 100, 101, 110, 111, and the com-
puted NSs of M(x'y'z’) are 111, (110/111), 101, 111, 111, (110/111),
111, 111, respectively. For the intermediate cells, the PSs of M(xyz)
are 000, 001, 010, 011, 100, 101, 110, 111, and the computed NSs
of M@yz) are 111, (110/111), 101, 111, (011/111),
(010/011/110/111), 111, 111, respectively. For the second to last cell,
the PSs of M(xyz) are 000, 001, 010, 011, 100, 101, 110, 111, and
the computed NSs of M(x'y'z’) are 111, 111, 101, 111, (011/111),
(011/111), 111, 111, respectively. For the last cell, the PSs of M(xy)
are 00, 01, 10, 11, and the computed NSs of M(x’'y’) are 11, 11,
(01/11), 11, respectively.

Further, step 3 of Algorithm 3 creates the NSR for each of
the PS to NS transitions of M computed in step 2 according to CA
cell index i and stores it in the NSR set represented as NSRs.
For the first and last cells, the NSR is computed using
the formula  {(bx4)+ decimal(yz) - (bx4) + decimal(y’z’)}  and
{(decimal(xy)x2) + b — (decimal(x’y’)x2) + b}, respectively, whereas
for the second, intermediate and second to last cells, the NSR is
computed using the formula {decimal(xyz) —» decimal(x’y’z’)}. So the
NSRs for the first cell are 4 - 7; 5§ > 6,7; 6 > 7; 7> 7. The NSRs
for the second cell are 0 » 7;1 -5 6,7;2 55,3 574> 7,55 6,7,
6 >7; 7> 7. The NSRs for the intermediate cells are 0 — 7;
1-56,7,2-553->7,4->3,7,5-52,3,6,7; 6 >7; 7> 7. The
NSRs for the second to last cell are 0> 7; 157; 25 5; 3> 7
43,7, 53,7, 6 57; 7 7. The NSRs for the last cell are
1-7;,3-7; 5-53,7; 7—- 7. This completes the NSR computa-
tion steps.

Further, step 3 of Algorithm 1 generates the NSRS-G for the first,
second, intermediate, second to last and last cells (represented by
NSRS-G; for CA cell index i =1, 2, 3, n— 1, n, respectively) by call-
ing Algorithm 5. Step 1 of Algorithm 5 merges all the NSRs to create
the NSRS-G and returns the computed NSRS-G in step 2. The gener-
ated graphs for the first, second, intermediate, second to last and last
cells are shown in Figure 4(a)—(e), respectively.
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Figure 4. NSRS-G for uniform CA using rule 251.

From the graphs shown in Figure 4, we can identify that there
are self-loops ((T(7), T(7)) in the first, second, intermediate, second
to last and last cells) using step 4(a) and multi-length cycles ((T(2),
T(5), T(2)) in all the intermediate cells) using step 4(b). In
step 5, since the NSRS-G; are made up of self-loops and multi-length
cycles, it jumps to step 8. In step 8, the compatibility classes
Cii+1y are identified as Cyp = (T(7), T(7)), (T(7), T(7))), Ca3 = (T(7),
T(7))3 (T(7)3 T(7)))3 C3(7l—1) = ((T(7)9 T(7))9 (T(7)) T(7)))3 C(n—l)n =
(T(7), T(7)), (T(7), T(7))). Then, step 9 finds the unique RMT
sequences S,s by examining the compatibility between cycles
(self-loops along with the multi-length cycle) of two consecutive
CA cells. Here, S, = (T(7), T(7)) - (T(7), T(7)) = (T(7), T(7)) -
(T(7), T(7)) - (T(7), T(7)). The NSRTD §,, for CA rule 251 is shown
in Figure 5. In step 10, since the number of S, identified is 1 and it is
made up of only self-loops (no multi-length cycle), rule 251 is identi-
fied as an SACA rule, and it is included in the set Rulesgaca.

cell 1 cell2 celll cell n-1 cell n
Figure 5. NSRTD for uniform CA using rule 251.

Example 2. Consider a run of Algorithm 1 (a single iteration) with CA
length » = 5 and boundary condition b = 0 for CA rule 253 (step 1).
Step 2 generates the NSRs (a set of NSRs for each CA cell) for the
first, second, intermediate, second to last and last cells (represented by
NSRs; for CA cell index i =1, 2, 3, n—1, n, respectively) by calling
Algorithm 2.

Algorithm 2 initializes the values of the L, M and R sets according
to CA cell index i and calls Algorithm 3. Since null is the chosen
boundary condition, the value of L will be L = b = 0 for the first and
second cells, and the value of R will be R = b = 0 for the second to
last and last cells, respectively.
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Further, step 1 of Algorithm 3 creates L | M|R sets using all the
possible combinations that can be made from the L, M and R values
initialized by step 2 of Algorithm 2. There will be 4, 8, 8, 8, 4 combi-
nations of L|M|R sets for the first, second, intermediate, second to
last and last cells, respectively, and we define it as the PS of M sets.
For the first cell, the possible L|M|R sets will be 0]00|0/1,
0]01]0/1,0|10|0/1,0]11|0/1. For the second cell, the possible
LIM[R sets will be 0[000{0/1, 0]001|0/1, 0]010]0/1,
01011]0/1, 0/100]0/1, 0]101]0/1, 0|110]0/1, 0|111]0/1.
For the intermediate cells, the possible L|M|R sets will be
0/11000|0/1, 0/1]001]0/1, 0/1]010]0/1, 0/1[011|0/1,
0/1[100(0/1, 0/1]101]0/1, 0/1|110|0/1, 0/1|111]0/1. For
the second to last cell, the possible L | M| R sets will be 0/1[000 |0,
0/1]001(0, 0/1]010]0, 0/1[011]0, 0/1]100]0, 0/1|101]0,
0/1]110|0, 0/1|1110. For the last cell, the possible L | M|R sets
will be 0/1]00(0,0/1]01(0,0/1]10(0,0/1]11]0.

Step 2 of Algorithm 3 computes the NS of M from the L | M| R cre-
ated in step 1 by calling Algorithm 4 depending upon CA cell index 1.
For the first cell, Algorithm 4 is called two times for each L | M| R set
with parameter values Lyz and yzR as PSbits along with rule K. Algo-
rithm 4 checks the value of PSbits and assigns a specific bit from the
eight-bit binary representation of rule K to create NSbit. Now, the
two NSbits are concatenated to create the NS of M represented as
y'z’. So, for the first cell, the PSs of M(yz) are 00, 01, 10, 11, and the
computed NSs of M(y'z’) are (10/11), 01, 11, 11, respectively. In the
second, intermediate and second to last cells, the same process is
repeated, but Algorithm 4 is called three times for each L | M|R set
with parameter values Lxy, xyz and yzR as PSbits along with rule K.
For the second cell, the PSs of M(xyz) are 000, 001, 010, 011, 100,
101, 110, 111, and the computed NSs of M(x'y’z’) are (110/111),
101, 011, 011, (110/111), 111, 111, 111, respectively. For the inter-
mediate cells, the PSs of M(xyz) are 000, 001, 010, 011, 100, 101,
110, 111, and the computed NSs of M(x’y’z’) are (110/111), 101,
(011/111), (011/111), (110/111), 111, 111, 111, respectively. For the
second to last cell, the PSs of M(xyz) are 000, 001, 010, 011, 100,
101, 110, 111, and the computed NSs of M(x'y’z’) are 111, 101,
(011/111), (011/111), 111, 111, 111, 111, respectively. For the last
cell, the PSs of M(xy) are 00, 01, 10, 11 and the computed NSs of
M(x’y’) are 11, (01/11), 11, 11, respectively.

Further, step 3 of Algorithm 3 creates the NSR for each of the PS
to NS transitions of M computed in step 2 according to CA cell index
i and stores it in the NSR set represented as NSRs. For the first cell
and last cells, the NSR is computed using the formula
{(bx4) + decimal(yz) - (bx4) + decimal(y’z’)} and {(decimal(xy)x2)+
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b — (decimal(x’y’)x2) + b}, respectively, whereas for the second, inter-
mediate and second to last cells, the NSR is computed using the for-
mula {decimal(xyz) - decimal(x’y’z’)}. So the NSRs for the first cell
are 0 > 2,3; 1> 1; 2> 3; 3> 3. The NSRs for the second cell are
0-56,7,1-552-53,3-3,4-56,7;5->7;6->7;,7->7.The
NSRs for the intermediate cells are 0-6,7; 1-55; 23,7,
3-53,7,4->6,7;5->7;6>7;7 - 7. The NSRs for the second to
last cell are 0> 7;1-55;2-53,7;3-53,7;4>7;5>7; 6 > 7,
7 — 7. The NSRs for the last cell are 0 > 6; 2 > 2,6;4 - 6; 6 - 6.
This completes the NSR computation steps.

Further, step 3 of Algorithm 1 generates the NSRS-G for the first,
second, intermediate, second to last and last cells (represented by
NSRS-G; for CA cell index i =1, 2, 3, n— 1, n, respectively) by call-
ing Algorithm 5. Step 1 of Algorithm 5 merges all the NSRs to create
the NSRS-G and returns the computed NSRS-G in step 2. The gener-
ated graphs for the first, second, intermediate, second to last and last
cells are shown in Figure 6(a)—(e), respectively.

)
kJ \h-{_)/’ KJH\_J '\J G )}JJ Jf_ﬂ_f_‘ =5
(a) 1st cell IhJ ’lnl cell (e) Last cell
i = f’x_d___rf_/_'_"_
/d_~—F f__h_‘:;’{\ ,,/ il 1 |
1j 6—2; ¢ .':\u (6) (7 @) (1) '/'33 ’;@ (4 }C’D ) (7"
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(e) 1n1- mulh ite cell (d) ’mi l|~1 cell

Figure 6. NSRS-G for uniform CA using rule 253.

From the graphs shown in Figure 6, we can identify that there are
self-loops ((T(1), T(1)) and (T(3), T(3)) in the first cell; (T(3), T(3))
and (T(7), T(7)) in the second, intermediate, and second to last cells,
respectively; and (T(2), T(2)) and (T(6), T(6)) in the last cell) using
step 4(a) and no multi-length cycles in any cells using step 4(b). In
step 5, since the NSRS-G; are made up of only self-loops, it jumps to
step 6. Then, step 6 finds the RMT sequences S,s by examining the
NCR relationship between self-loops of two consecutive CA cells. For
rule 253, there exist two RMT sequences S; = (T(1), T(1)) - (T(3),
T(3)) - (T(7), T(7)) > (T(7), T(7)) - (T(6), T(6)) and S, = (T(3),
T(3)) - (T(7), T(7)) - (T(7), T(7)) - (T(7), T(7)) > (T(6), T(6)). The
NSRTDs S,s for CA rule 253 are shown in graphs Gy and G; in
Figure 7. In step 10, since there are two S,s, and as they are made up
of only self-loops (no multi-length cycle), rule 253 is identified as a
TACA rule, and it is included in the set Rulestaca.
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Figure 7. NSRTD for uniform CA using rule 253.

I 5. Results and Discussion
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With extensive experimentation by using the concepts of NSRTD
described in Section 3 and Algorithms 1 through 5 proposed in this
paper, we have analyzed all the CA rules from 0 to 255 with different
CA lengths n. Finally, we have identified all the rules that form
SACA, TACA and MACA for any arbitrary CA length n = 5.

The uniform SACA rules for constant-1 boundary and null bound-
ary conditions are reported in columns 2 and 3 of Table 2.

Group | Uniform SACA Uniform SACA CA Rules That
Rule in Constant-1 |Rule in Null Form SACA in
Boundary Boundary [16] Both the Boundary

Conditions

@ 2) 3) 4)

2 187,243 34,48 -

3 171,185,186, |2, 16, 32,42, 56, -

191,227,241, |98, 112, 162, 176
242,247,251

4 0, 15, 85, 170, 0, 10, 15, 24, 40, 0, 15, 85, 170,
175, 184, 189, 66, 80, 85, 96, 184,226, 240, 255
190, 226, 231, 130, 144, 160,

235, 240, 245, 170, 184, 226,
246,249, 250,255 |240, 255

S 14, 84,174, 188, 8, 64,128, 138, -
230, 234,239, 143,152,168,
244,248,253,254 194,208, 213, 224

6 238,252 136,192 -

Table 2. Uniform SACA rules in constant (0/1) boundary conditions.

Theorem 1. If any of the NSRS-G; for a rule R do not have at least one

self-loop, then that rule cannot be considered as a candidate for
SACA, TACA or MACA.

Proof. If all the NSRs of a NSRS-G; for a rule R form a cycle
(or cycles) without a self-loop, then there will be no compatibility
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class of self-loops between NSRS- G;_1)—NSRS-G; and
NSRS - G; = NSRS - Gi11). So, no path in NSRTD with only self-
loops will be created that corresponds to a single length cycle attrac-
tor. Hence, the proof. m

Conjecture 1. In a SACA rule under the constant-1 boundary condi-
tion, either of the RMTs T(7) or T(5) must be a passive RMT.

Conjecture 2. The set of SACA rules is different in null boundary and
constant-1 boundary conditions if and only if the number of 0-passive
RMTs does not equal the number of 1-passive RMTs.

Conjecture 3. Some of the group 4 SACA rules are common in null
boundary and constant-1 boundary conditions (as shown in Table 2)
if and only if the number of 0-passive RMTs equals the number of
1-passive RMTs.

Theorem 2. Rules 0 and 255 are both SACA rules in constant (0/1)
boundary conditions.

Proof. For a uniform CA configured with rule 0, all the states in the
state transition diagram will generate an all-Os next state, forming a
single graph where all the states point toward state-0 (CA state with
all 0) with a self-loop on state-0. Similarly, for a uniform CA config-
ured with rule 255, all the states in the state transition diagram point

toward state x (where x = 2CAlngth _ 1) with a self-loop on state x.
So, the state transition diagrams formed for the uniform CA with
rule 0 as well as the uniform CA with rule 255 satisfy the necessary
conditions (following the definition of SACA defined in Section 2) for
an SACA rule in constant (0/1) boundary conditions. m

Theorem 3. Rule 204 forms MACA in constant (0/1) boundary
conditions.

Proof. Rule 204 is the only ECA rule that has eight passive RMTs. As
all the RMTs are passive, so each state in the state transition diagram
will give the same state during the next state transition (self-replicat-
ing state), forming a fixed-point attractor only. As all the states in the
state transition diagram form fixed-point attractors only (no multi-
length cycle), and as it is independent of boundary condition, so
rule 204 is an MACA rule in constant (0/1) boundary conditions. m

Theorem 4. A uniform CA configured with rule 204 gives the maxi-
mum number of fixed-point attractors among the set of rules in
constant (0/1) boundary conditions, and the number of fixed-point
attractors increases exponentially with an increase in CA length.

Proof. As all the states in the state transition diagram form fixed-
point attractors (directly following the proof of Theorem 3), rule 204
forms the maximum number of fixed-point attractors among all the
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256 ECA rules in 3-neighborhood CAs. Further, the number of states
(fixed-point attractors in the state transition diagram of a uniform CA
configured with rule 204) in the state transition diagram increases
exponentially with an increase in CA length. So, for a uniform CA
configured with rule 204, the number of fixed-point attractors
increases exponentially with an increase in CA length in constant
(0/1) boundary conditions. m

Conjecture 4. SACA rules in null and constant-1 boundary conditions
belong only to groups 2, 3, 4, 5 and 6.

The uniform TACA rules for constant-1 boundary and null bound-
ary conditions are reported in columns 2 and 3 of Table 3.

Group | Uniform TACA Rule in Uniform TACA Rule in
Constant-1 Boundary Null Boundary [16]

€Y) 2) 3)

3 155,211 38, 52

4 40, 96, 139, 154, 169, 46, 106, 116, 120, 166,
209, 210, 225 180, 235, 249

5 8, 64,128,138, 208 174, 239, 244, 253, 254

Table 3. Uniform TACA rules in constant (0/1) boundary conditions.

Conjecture 5. All TACA rules in constant (0/1) boundary conditions
belong only to groups 3, 4 and S.

Conjecture 6. The RMT T(2) will always be an active RMT for all
TACA rules under constant-1 boundary condition.

Conjecture 7. In a TACA rule under constant-1 boundary condition, at
least one of the RMTs between T(5) and T(4), T(1) and T(5), T(0)
and T(7) must be a passive RMT.

The uniform MACA rules in constant-1 boundary and null bound-
ary conditions are reported in columns 2 and 3 of Table 4.

Figures 8 and 9 show the number of fixed-point attractors
(NSRTD) formed for an MACA rule with varying CA length n for
constant-1 and null boundary conditions, respectively.

Conjecture 8. All the MACA rules (as shown in Table 4) form multiple
numbers of fixed-point attractors for any arbitrary CA length (n = 5),
and the number of such fixed-point attractors increases monotoni-
cally with an increase in CA length.

Theorem 5. Some of the MACA rules show a small linear increase in
the number of fixed-point attractors, whereas some of the MACA
rules show a sharp exponential increase in the number of fixed-point
attractors with an increase in CA length.
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Proof. This proof depends upon two factors:

1. Number of passive RMT(s).

2. Compatible class of NSRSs between second cell — intermediate cell,
intermediate cell — intermediate cell, intermediate cell — second to

last cell.

Group | Uniform MACA Uniform MACA CA Rules That
Rule in Constant-1 |Rule in Null Form MACA in
Boundary Boundary [21] Both the Boundary

Conditions

@)) ) 3 4

4 159,215,219 |6, 20, 36 -

5 4,13,69,79,93, 4,13, 14, 44, 69, 4,13,69,79,93,
143, 158, 168, 74,79, 84, 88, 93, 223
173,203, 213, 100, 104, 134,

214,217, 218, 148, 164, 223,
223,224,229, 233 |234, 248

6 12, 68,72, 77,78, |12, 68,72,77,78, | 12,68, 72, 77, 78,
92,132,136, 141, |92, 132, 141, 142, | 92,132, 141, 142,
142,172, 192, 172,197, 202, 172,197, 202,
197, 202, 207, 207,212, 216, 207, 212, 216,
212,216, 221, 221,222,228, 221,222,228,
222,228,232,237 232,237, 238,252 | 232,237

7 76, 140, 196, 200, |76, 140, 196, 200, | 76, 140, 196, 200,
205, 206, 220, 236 | 205, 206, 220,236 | 205, 206, 220, 236

8 204 204 204

Table 4. Uniform MACA rules in constant (0/1) boundary conditions.
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Figure 8. Number of fixed-point attractors for MACA rule under constant-1
boundary with varying CA length 7.
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Figure 9. Number of fixed-point attractors for MACA rule under null bound-
ary with varying CA length 7.

A rule R with a larger number of passive RMTs tends to form a
larger number of self-loops in an NSRS-G. Now, with a larger num-
ber of self-loops in the NSRS-G, the probability of getting a compati-
ble class of NSRSs increases, thereby increasing the number of graphs
in NSRTD (or fixed-point attractor). Again, with an increase in CA
length (by replicating intermediate cells), the combination with com-
patible NSRSs class (between second cell — intermediate cell, interme-
diate cell — intermediate cell, intermediate cell — second to last cell)
increases further, thereby increasing the number of graphs in NSRTD
(or fixed-point attractor).

Figures 8 and 9 show the case for a uniform CA configured with
rule 204 (the number of passive RMTs = 8), which forms self-loops
in all NSRSs and has the maximum number of compatible classes
possible between two consecutive CA cells. So, in the case of a CA
with rule 204, there is a sharp exponential rise in the number of fixed-
point attractors with an increase in CA length. On the other hand, a
CA with rule 207 (number of passive RMTs = 6) shows a small
linear rise in the number of fixed-point attractors with an increase in
CA length, as it forms very few self-loop NSRSs and has a smaller
number of self-loop NSRSs in the compatible class between two con-
secutive CA cells. m

I 6. Conclusion

The evolution of the cellular automaton (CA) was started with
von Neumann’s work and progressed through Wolframs’s model to
the current research trends. Different forms of cellular automata
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(CAs) have been proposed for different applications. CAs yielding
fixed-point attractor(s) have proven their importance in cryptogra-
phy, fault detection and many other useful applications that neces-
sitate the characterization of CAs with fixed points. Some of the
previous papers in the literature have addressed the characterization
of elementary CA (ECA) rules using the next state rule minterm transi-
tion diagram (NSRTD) but have focused on only a specific boundary
condition. Hence, this paper explores the concept of NSRTD for
developing a generic NSRTD (G-NSRTD) framework, which is recon-
figurable depending upon the user-chosen boundary condition (i.e.,
constant(0/1)). The developed G-NSRTD can be effectively used for
characterizing CA rules in null boundary as well as constant-1 bound-
ary conditions. Further, we have identified all uniform single length
cycle single-attractor CA (SACA), single length cycle two-attractor
CA (TACA) and single length cycle multi-attractor CA (MACA) rules
in null boundary and constant-1 boundary conditions. Analysis of the
SACA, TACA and MACA rules in different boundary conditions
leads to the development of relevant CA theories, which are essential
for characterizing the class of CA rules with fixed-point attractor(s).
As a future extension of the proposed G-NSRTD framework, we may
consider incorporating more boundary conditions and extended neigh-
borhood configurations like the five-neighborhood (von Neumann
neighborhood).
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