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Maximal length cellular automata (CAs) have gained significant atten-
tion from researchers due to their applications in different areas like
random number generation, cryptography and test pattern generation.
This paper reports the theoretical framework of the next state rule min
term transition diagram (NSRTD) for the characterization of maximal
length CAs in null-boundary condition. The proposed solution helps in
verifying whether a given cellular automaton (CA) is a maximal length
CA or not in O(2") time. Also, the proposed solution can identify and
eliminate a CA candidate that fails to configure a maximal length CA in
linear time.
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I 1. Introduction

Cellular automata (CAs) were first proposed and introduced in the lit-
erature by John von Neumann [1]. Further progress on CAs has been
made by Stephen Wolfram [2] with the introduction of different struc-
tural and theoretical properties of a cellular automaton (CA). Many
other researchers have also explored the structure and properties of
CAs. A CA consists of a grid of discrete cells that are usually arranged
in a regular lattice, such as a one-dimensional, two-dimensional or
even higher-dimensional structures. A CA evolves over discrete space
and time depending upon a set of rules. A CA rule decides how a CA
cell state will change based upon the state of the cell itself and its
neighborhood. The rules for updating the cells are typically specified
in the form of a next state function, also called the transition func-
tion. These rules can be very simple or highly complex, depending on
the specific CA and the behavior it is intended to model. As CAs can
be used to explore emergent phenomena and complex patterns that
can arise from simple rules, they have been used to model a wide vari-
ety of applications like authentication and cryptography [3, 4], fault
detection [5], test pattern generation [6], language recognition [7],
cache coherence verification [8] and memory testing [9].
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Maximal length CAs are a special class of CA that form two con-
nected components in their state transition diagram (STD), one with
cycle length 2”7 — 1 and the other with state 0 as a fixed-point attrac-
tor for the CA with 7 cells [6, 10, 11, 12]. Since maximal length CAs
can generate sequences of maximum possible length and the sequence
repeats only after a very long period, these CAs are often used in cryp-
tography [13] and random number generation [6] because of their
ability to produce pseudorandom sequences that have desirable
statistical properties. The authors in [14] conducted an experimental
approach and were the first to find that a null-boundary hybrid CA
with certain combinations of rules 150 and 90 gives a maximal length
CA, whereas a periodic boundary hybrid CA cannot give a maximal
length CA. There exist two methods to evaluate whether a CA is a
maximal length CA: that is, searching exhaustively (check if the CA is
reversible and then check if the cycle is of maximal length) and
primitive-based analysis (determine the characteristic polynomial,
then check if it is primitive) [15], but both approaches take
exponential time. The researchers in [11, 16] used primitive polynomi-
als to identify maximal length CAs. The researchers in [17] explored
the nonlinear elementary CA (ECA) rules for maximal length CAs,
but no verification process was presented to determine nonlinear max-
imal length CAs. Their shortcomings were overcome in [12], where
the authors presented an algorithm that verifies whether a nonlinear
CA shows isomorphism as a linear maximal length CA by utilizing
the concepts of information flow, isomorphism and cycle length.

Most of the research done so far to identify maximal length CAs
has used the STD. The STD suffers from resource constraints because
the number of states increases exponentially with the CA size, becom-
ing a limitation for large CA sizes. The next state rule min term
transition diagram (NSRTD) can be a good characterization tool for
verifying maximal length CAs, as it can identify the existence of self-
loop(s) along with multi-length cycle(s) [18]. Some works on CA
characterization have been done using the NSRTD [19, 20]. How-
ever, identification of maximal length CAs under the null-boundary
condition using the NSRTD tool have not yet been explored. This
idea motivates us to carry out research on how to identify the maxi-
mal length CA rules using the NSRTD concept. The underlying
theoretical basis for the NSRTD is given in [18]. Now, based upon
the theoretical concept of the NSRTD, this paper focuses on the identi-
fication of maximal length CAs from a given rule vector of any length
under the null-boundary condition.

I 2. Cellular Automaton Preliminaries

CAs are dynamical systems that can be successfully employed in the
behavioral analysis of complex systems. A CA cell can be
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characterized by two states, either “0” or “1.” The next state (NS) of
the CA cell i at time step ¢+ 1 is SI*! = £;(St_,, S¢, S.,,), where St, S,
and S_; are the present state (PS) (at time #) of cell i and its right and
left neighbors, respectively, and f; is known as the next state function.
The collection of states represented by S* = (§4, S5, ..., S!,) represents
the PS of the CA cells at time step #. A truth table (Table 1) depicts
the next state function f;. The decimal representation of the eight out-
puts of f; is known as its rule R;. There can be 28 = 256 possible rules
in 2-state 3-neighborhood CAs. Four such rules: 90, 150, 13 and 240,
are illustrated in Table 1. The first row shows the possible 23 =8
combinations of the PS of cellsi — 1, 7 and 7 + 1 at time ¢.

PS | 111|110 |101 |100 [011 | 010 | 001 | 000
RMT [T(7) | T6) | T(S) | T4) | T(3) | T2) | T(1) | T(0) | Rule
NS | o |10 /|11 ]0]1]o0]09

NS 1 0 0 1 0 1 1 0 | 150
NS 0 0 0 0 1 1 0 1 13
NS 1 1 1 1 0 0 0 0 |240

Table 1. Rule min terms (RMTs) of the rules 90, 150, 13 and 240.

The following key definitions on CA theory are essential for under-
standing this paper.

» Rule vector. The combination of rules (R, Ry, ..., R,) that configures
the CA cells is known as the rule vector (RV).

» Uniform and nonuniform CAs. If all the rules in an RV are identical,
then it is known as a uniform CA. Otherwise, the CA is a nonuni-
form CA.

» Null-boundary CA. A CA can be called a null-boundary CA (NBCA) if
the left (resp., right) neighbor of the leftmost (resp., rightmost) terminal
CA cell is permanently connected to logic 0O-state [3] as shown in
Figure 1.

/P O /P O /P O P O
15t Cell (i-1fh Cell it Cell +1fh Cell
(FF) (FF) (FF) (FF)

I e Bl
— f; : next state function —
null boundary Rule 204: f; = S; Rule 42: = S’i_|.Si4 1457 Siy null boundary

Figure 1. n-cell NBCA.
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RMT. The combination of the PS (S!_,, S, St,;) in a 3-neighborhood
CA forms a rule min term (RMT), as illustrated in the first row of
Table 1. An RMT can be expressed by T(x), where x = {0, 1, ..., 6, 7}.
The RMT for the CA cell 7 at time # is usually expressed by T%(x). For
example, T%(5) refers to the 2-cell RMT T(5) at time ¢. However, in all
the pictorial representations in this paper, the RMT is expressed by x;
that is, T4(5) is expressed as 5 for ease of representation.

RMT string. An RMT string (RS) can be expressed as a consecutive
sequence of RMTs that appears in a CA state. RS is expressed as
(T, To, ..., T,) for a CA with n cells, where T;e{T(0),
T(), ..., T(7)}. For a 2-state 3-neighborhood 6-cell NBCA, state
101101 can be expressed by the RS

(T17 TZ’ T3, T4: T53 T6) = (T(2)7 T(S)) T(3)’ T(6)’ T(S)s T(Z))

Attractor. The states that create cycle(s) during a CA state transition
are called attractors of a CA. An attractor that forms a self-loop
(10 - 10 of Figure 2(a)) is known as a single length cycle attractor or a
fixed-point attractor. The cycle that is formed with multiple states
(6 > 9 - 6 of Figure 2(b)) is known as a multi-length cycle attractor.

Reversible and irreversible CAs. If all the configurations of a CA are
cyclic during its state transition, then it is called a reversible CA. A
reversible CA has no unreachable states (which cannot be reached from
any other state). On the other hand, an irreversible CA has unreachable
state(s) during its state transition (state 0, 1, 2, 3 of Figure 2(a)).

Maximal length CA. An n-cell maximal length CA is characterized by
the presence of a cycle of length 2” — 1 with all nonzero states [3]. Fig-
ure 2(c) shows a four-cell maximal length CA.

[0000 [~{ 1111 {1000 F—{ 1110] [0001 | 1101 m 1100 |
|

[oo10] [1011] [o011] [0110 ] 0100 0111 |

—ly
(a) <13,13,13,13>
0001 1011 0100 1000 [ 0011 1010 0110
|1HT||1HT||1HT|
[oo10] JJort1] [11r0] J11o01] [o101] [ 1100] 1001

(b) <90,150,150,90>

[ 1120 = 1111 [ 1100 | 1010 [ 0001 [ 0011 [ 0110 \__
| 1011 | q ooooﬁ

| 0100 |__| 1000 L._| 0111 |__| 1001 L_| 1101 |__| 0101 L_| 0010 |./

(¢) <90,150,90,150>

Figure 2. State transitions of a four-cell NBCA.
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| 3- NSRTD

The NSRTD is a graph-based CA characterization tool that was first
reported in [18] to identify the existence of self-loops(s) and multi-
length cycle(s) during a CA state transition. Further, constructing an
NSRTD considers the spatial relationship of the RMTs of a CA cell
(following the next cell RMT (NCR) relationship) as well as the tem-
poral relationship of RMTs of a CA cell (following the next state
RMT (NSR) relationship). So, in a nutshell, an NSRTD can provide a
detailed analysis of the spatio-temporal relationship of the RMTs of a
CA, which enables in-depth analysis of the intricate structure of a CA,
as essential for devising different real-life applications of CAs. Some
of the definitions and terminologies that are relevant for proper under-
standing of the NSRTD theory include NCR, NSR, NSRS, NSRS
graph (NSRS-G) and compatible classes of NSRSs.

During the CA state transition at time ¢, the RMTs T% and T¢,; of
two consecutive CA cells (cells 7 and i+ 1) are related via the NCR
relationship, which is reported in Table 2.

RMT T; NCR of RMT T;

(cell 7 rule) | (RMTs of the cell i + 1 rule)
T(0)/T4) T(0), T(1)
TM/T(S) TQ2), T(3)
TQ2)/T(6) T4, T(S)
T3)/T(7) T(6), T(7)

Table 2. NCR relationship between cell i and cell i + 1.

The RMT T of cell i at time ¢ is updated to T¢*! at time ¢ + 1 dur-
ing the CA state transition, and T!*! is called the NSR of T:.

The next state RMT sequence (NSRS) is the sequence of NSRs,
depending upon which the state of a CA cell changes during its state
transition.

In a CA cell, all the possible NSRSs can be represented by using a
directed graph known as the NSRS graph (NSRS-G), where an RMT
represents a vertex and the edge represents the NSRs.

Further, the NSRSs between the two consecutive CA cells are said
to be compatible if all the self-loop or multi-length cycles of the cell
i+ 1 follow the NCR relationship with self-loop or multi-length cycles
of the cell i.

The NSRTD is a two-dimensional directed graph where one dimen-
sion represents the NSR relationship of a CA cell and the other
represents the NCR relationship between the RMTs of consecutive
CA cells, that is, it is constructed with the compatible class of NSRSs
(self-loop(s) and/or multi-length cycle(s)).
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The details of NSRTD theory have been reported in [18]. The next
section elaborates the identification of a maximal length CA from a
given rule vector (RV) by developing and using the NSRTD concept.

I 4. Proposed Work

This section presents the identification of a maximal length CA using
the concept of NSRTD.

Given the RV of a CA with # cells, the solution steps for verifying
whether the given CA is a maximal length CA or not are depicted in
Algorithm 1, which accepts as input the RV, the CA length # and the
set of NCRs to give a decision on whether or not the CA is a maximal
length CA.

Algorithm 1 starts by identifying the NSRs (here, NSRs represent a
set of NSR) of CA cellsi =1, 2, 3, ..., n (represented as NSRs;) using
CA rule R; as described in step 1. In step 2, each cell’s NSRs are
merged to get the NSRS graph (represented as NSRS-G;) for CA cells
i=1,2,3, ..., n. Now, each of the NSRS-G; is examined to find the
presence of the cycle(s) and cycle length. Steps 3(a) and 3(b) find the
self-loop(s) and multi-length cycle(s) represented by SL; and ML,,
respectively, from the NSRS-G;. Now in step 3(c), the SL; and ML;
for each NSRS-G; are grouped together in a set that we call the cycle
set Cyc;.

Further, in step 4, if any of the NSRS-G; do not have a self-loop in
RMT T(0) (i.e., no graph in the NSRTD with a self-loop in the RMT
T(0) can be formed, thereby violating the necessary condition of a
maximal length CA), the algorithm terminates. Next, the algorithm
checks if any of the NSRS-G; do not form a multi-length cycle com-
posed of all possible RMTs (i.e., {T(0), T(1), T(2), T(3)} for the first
cell, {T(0), T(1), ..., T(7)} for all other cells, and {T(0), T(2),
T(4), T(6)} for the last cell), the algorithm terminates. Else, the algo-
rithm jumps to step 3.

In step 5, the compatible class of NSRSs Cj;.1) between the cycles
(i.e., self-loop(s) along with the multi-length cycle(s)) of two consecu-
tive CA cells, for each of n CA cells, is identified. Further in step 6,
each RMT sequence S, is generated by using the compatibility class of
NSRSs Cj;+1) identified in step 5.

Step 7 counts the number of S,. If the number of §,, > 2, the algo-
rithm terminates, as it violates the necessary conditions for forming a
maximal length CA (i.e., for a maximal length CA, there should be
exactly two RMT sequences). Otherwise, the algorithm returns the
decision that the given CA with RV is a maximal length CA.
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Algorithm 1. Maximal length CA identification.
Input: CA RV = (R4, Rz, R3, ..., R,), CA length n, set of NCRs.
Output: Decision on whether the given CA with RV is a maximal length CA
or not.
Start

1. Identify NSRs; using rule R;, V1<i<.
/* Here, i represents a CA cell index */
2. Create NSRS-G;¥1<i<y.

3. (a) Identify self-loop(s) SL; = SL;,, ¥Y1<i<, and # = 1 to x, where x is the
count of self-loop(s) in NSRS-G;
(b) Identify multi-length cycle(s) ML; = ML;,, Y1i<<, and v =1 to vy,
where y is count of multi-length cycle(s) in NSRS-G;
(¢) Cyc; = {SL; U ML;}
4. if any of the NSRS-G; do not have a self-loop in RMT T(0), ¥1<i<p
then
Exit
else if any of the NSRS-G; do not form a multi-length cycle consisting
of all RMTs (ie., ({T(0), T(1), T(2), T3) for i=1,
{T(0), T(1), ..., T(7)}V2<icn-1) and {T(0), T(2), T(4), T(6)} for i =n)
then
Exit
else
Goto step 5
5. Find compatibility class between
Cyc; and Cyc;,y = Ciiny = {Cycm, Cyc(i+1)bva’b}; Yi<izn, such that
Cycy1yp is the NCR of Cyc, ¥,
6. Generate each RMT sequence S, as
Su = Slu - SZM A S(n—l)u - Snu;
where (Siu, Si+1yu) € Cigirt)s Yi<i<ti-1)-
7. if number of S,, > 2 then
Exit
else
CA with rule vector RV is a maximal length CA
Stop

| 4.1 Complexity Analysis

In Algorithm 1, step 1 identifies the NSRs for each individual CA cell.
For an NBCA in a 2-state 3-neighborhood configuration, the maxi-
mum number of RMTs can be eight and each RMT can have at most
four possible NSRs. Therefore, computing the NSRs for each cell
takes constant time. So, step 1 of Algorithm 1 finds the NSRs for an
n-cell CA in O(n) time. Creating each cell in the NSRS graph by
merging the NSRs of each individual CA cell identified in step 1 takes
constant time. So, in step 2, NSRS-G computation for an n-cell CA
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takes O(n) time. Steps 3(a) and 3(b) find the possible cycle(s) (self-
loop(s) and multi-length cycle(s), respectively) for each individual CA
cell from the NSRS-G. There can be a maximum of eight self-loops
corresponding to eight RMTs of a CA cell, and the count of multi-
length cycles is also finite and independent of the CA length n. For an
n-cell CA, step 3 identifies the possible cycle(s) in O(#) time. Step 4
checks each of the NSRS-Gs for the presence of self-loops in RMT
T(0) and the presence of a multi-length cycle involving all RMTs in
constant time, and therefore, for an n-cell CA, it takes O(n) time. Fur-
ther, step 5 finds the compatible class of NSRSs between two
consecutive CA cells, which depends upon the count of cycles in the
NSRS-G and finding the NCR-compatible RMTs between cycles of
two consecutive CA cells. The count of cycle(s) in the NSRS-G is inde-
pendent of 7, taking constant time. For each CA cell, there can be a
maximum of eight RMTs involved in a cycle. Each RMT can have a
maximum of two out-degree edges (which corresponds to its NCRs).
So, the time taken to find each compatibility class between two consec-
utive CA cells is independent of 7 and takes constant time. For an

n-cell CA, there will be # — 1 checks for compatible class, and it takes
O@n - 1) time. Step 6 generates each individual RMT sequence S,.
Generating each RMT sequence S, with a self-loop NSRS takes O(n)
time for an n-cell CA. There exist two cases when the complexity can
go exponential.

First, in the case of a uniform CA that is configured by using
rule 204, the total number of RMT sequences S (S = }.S,,) will be 27,
making the time complexity O(n*2"). But it is also to be noted that a
uniform CA configured with rule 204 will not satisfy the second
condition given in step 4 of Algorithm 1, thus it will not be
considered as potential maximal length CA. So, we are not consider-
ing this case here.

Second, we know that for a maximal length CA, there exists a
multi-length cycle consisting of all the RMTs in each cell NSRS-G.
We also know that each RMT involved in the cycle can have two pos-
sible NCRs. So, for the first cell, there can be the four RMTs involved
in a cycle that forms a compatibility class with the eight RMTs
involved in the cycle of the second cell. Similarly, for the second cell,
the eight RMTs involved in the cycle can create a compatibility class
with 16 RMTs (two same cycles containing eight RMTs each) of the
third cell, and so on. So, during the creation of an RMT sequence in a
maximal length CA, the compatibility class of NSRSs increases expo-
nentially with CA length #, making the time complexity O(2"). Step 7
counts at most two RMT sequences, and if the number of RMT
sequences exceeds two, the algorithm terminates. So, Step 7 takes
constant time. Therefore, the overall running time complexity of
Algorithm 1 becomes O(2").
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Note: During the development of the proposed NSRTD theoretical
framework, the structure and properties of a CA to form maximal
length have been studied meticulously, keeping in mind how to iden-
tify and eliminate a non-potential CA candidate that fails to configure
a maximal length CA in the early stage of Algorithm 1. After careful
observation, we have introduced two conditions (later presented as
two theorems) in step 4 of Algorithm 1, as they form two necessary
criteria for a potential CA candidate to form maximal length. So, a
non-potential CA candidate is identified in the early stage of
Algorithm 1 in O(n) time.

The steps of Algorithm 1 are illustrated using the following
examples.

Example 1. Consider the scenario where Algorithm 1 accepts rule vec-
tor RV =90, 150, 90, 150) and CA length # = 4. NSRs of each CA
cell (represented by NSRs;) are obtained by applying rule R; for
i=1,2, 3,4 (where i represents CA cell 7) in step 1. Step 2 finds the
NSRS graph (represented by NSRS-G;) for i =1, 2, 3, 4. From the
NSRS-Gs as shown in Figure 3, we can identify the self-loops of each
CA cell using step 3(a):

» First cell: {0-0, 3-3}.

» Second cell: {00, 7-7}.
» Third cell: {0-0, 5-5}.
» Last cell: {00, 2-2}.

(a) NSRS-G of 1% cell

(c) NSRS-G of 37 cell (d) NSRS-G of 4" cell

Figure 3. NSRS-G for the CA (90, 150, 90, 150).

On the other hand, the multi-length cycles of each CA cell are
identified using step 3(b), which are:

m Firstcel: {0 o1 -53-52-50,0-1-52-50,1->3->52>1,
1-2-1}L
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m Secondcel: {051-52-756-4-53-55-50,0-1-52->7->6
-5-0,0-1-2-56-4-53-55-50,01-52-56->55-50,0
-1-53-55-50,1-2-57-56->4-53->5-1,1-2-57-56->95
-1,152-26-4-53-5-1,1-2-56-55-1,1-3->5-1,
257-56-4-52,2-56-4-52,4-53->4}

s Thirdecel: {054-52-55-51-3-56-7-50,0-4>52->5->1>
7-0,0-4-52-51-53-56-57-50,0o4-52->1-7-50,0-4
-6-57-50,4-52-5-1-3-56->7-4,4-52->5->1->7>
4,4-52-51-53-56-7-44-52-51-7-544-56->7->4,
2-55-51-53-2,2-1-3-52,3-56-3}.

mlastcel: {0 »4>52-56-50,0-4-56->0,4->2->6>4,
4564}

In step 4, the algorithm checks if any NSRS-G; do not a have self-
loop in RMT T(0). Here, as all the NSRS-G; have a self-loop on RMT
T(0) (i.e., 0 — 0 in all the CA cells), the algorithm proceeds to check
the next condition. Further, the algorithm checks if any NSRS-G; do
not form a multi-length cycle consisting of all RMTs (i.e.,
(T(0), T(1), TQ), T3)} for i=1; {T(0), T(1), ..., T(7)} for i=2 to
n — 1; and {T(0), T(2), T(4), T(6)} for i = n). Here, as all the NSRS-G;
are composed of NSRSs with multi-length cycles involving all the
RMTs (i.e., the first cell NSRS is 0 » 1 - 3 -» 2 - 0, and the second,
third and fourth cell NSRSsare 0 > 1 52 ->7-56 5453 ->5-0,
0-4-52-55-51-3-56->7-50,and0 >4 -2 > 6 > 0, respec-
tively), the algorithm jumps to step 5. Further, from the identified
cycles Cyc; of the CA cells as in step 3, the compatibility classes Cjg,1)
between the CA cells i and i + 1 are identified by examining the NCR
relationship between the RMTs involved in the cycle(s) of each consec-
utive CA cell (i.e., cells i and i+ 1). The compatibility classes are
identified as:

= Cp2 = {((T(0), T(0)), (T(0), T(0)); ((T(3), T(3)), (T(7), T(7))); ((T(0),
T(1), T(3), T(2), T(0)), (T(0), T(1), T(2), T(7), T(6), T(4), T(3), T(5),
T(0))); ...}

= Gz = {((T(0), T(0)), (T(0), T(0))); ((T(0), T(1), T(2), T(7), T(6), T(4),

T(3), T(5), T(0)), (T(0), T(4), T(2), T(5), T(1), T(3), T(6), T(7),
TO)); ...}

» C34 = {((T(0), T(0)), (T(0), T(0)); ((T(5), T(5)), (T(2), T(2))); ((T(0),
T(4), T(2), T(5), T(1), T(3), T(6), T(7), T(0)), ((T(0), T(4), T(2), T(6),
T(0))); ...}

In step 6, each unique RMT sequence (also known as graphs in an
NSRTD) is constructed by picking one compatible NSRS from each
compatibility class Cjj.1) for each n CA cells. Here, S; is a graph in an
NSRTD that is made up of self-loop NSRSs only and is represented
by graph Gy, and S, is a graph in an NSRTD that is made up of multi-
length cycle(s) only and is represented by graph G, in Figure 4. In
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step 7, as the number of S, identified is exactly 2, the algorithm
returns that the CA (90, 150, 90, 150) is a maximal length CA.

cell 1 cell 2 cell 3 cell 4

’——t——’——: (0)——=(0)—(0)

@ SO O
Graph Gy

cell 1 cell 4

Graph Go

______ In-Degree edge (NCR) to RMT of cell i+1 (from RMT of cell i)

__________ » Out-Degree edge (NCR) from RMT of cell i (to RMT of cell i+1)
NSR of cell i from T% to T/

Figure 4. NSRTD for the CA (90, 150, 90, 150).

Discussion: The discussion part depicts how the NSRTD of the CA
(90, 150, 90, 150) complies with its STD. Column 1 of Table 3
shows the number of graphs in the NSRTD. Here, we have two
graphs: G1 and G, in the NSRTD (Figure 4). Column 2 depicts the
RMT strings and column 3 represents the CA states corresponding to
these RMT strings. Here, graph G, is composed of a single path with
single length cycles only, thereby representing a single RMT string,
whereas graph G,, composed of multi-length cycles only, represents
2" — 1 number of RMT strings for an n-cell CA (here it is 15 for
n = 4). For the CA (90, 150, 90, 150), one RMT string correspond-
ing to Gy and the 15 RMT strings corresponding to G, are
represented in column 2. From Table 3, it can be observed that the
CA states as listed in column 3 comply with the states in the STD of
the CA as shown in Figure 2(c). It can easily be seen that graph G,
complies with a fixed-point attractor with an all-zero state and graph
G, complies with a multi-length (15-length) cycle attractor involving
the states 1, 2, 3, ..., 15.

https://doi.org/10.25088/ComplexSystems.35.2.141


https://doi.org/10.25088/ComplexSystems.35.2.141

152 S. Banerjee and M. Dalui

NSRTD Graph (1) RMT String (2) CA State (3)
Cell 1 | Cell 2 | Cell 3 | Cell 4

Graph G4 0 0 0 0 [0000

Graph G, 0 0 1 2 10001
0 1 2 4 10010
0 1 3 6 (0011
1 2 4 0 (0100
1 2 5 2 0101
1 3 6 4 0110
1 3 7 6 0111
2 4 0 0 (1000
2 4 1 2 1001
2 5 2 4 1010
2 5 3 6 1011
3 6 4 0 (1100
3 6 5 2 1101
3 7 6 4 1110
3 7 7 6 1111

Table 3. Compliance of NSRTD and STD for the CA (90, 150, 90, 150).

Example 2. Consider the scenario where Algorithm 1 accepts rule vec-
tor RV = (90, 150, 150, 90) and CA length 7 = 4. NSRs of each CA
cell (represented by NSRs;) are obtained by applying rule R; for
i=1,2, 3,4 (where i represents CA cell 7) in step 1. Step 2 finds the
NSRS graph (represented by NSRS-G;) for i =1, 2, 3, 4. From the
NSRS-G; as shown in Figure 5, we can identify the self-loops of each
CA cell using step 3(a):

» First cell: {0 - 0, 3 — 3}.

m Second cell: {0 » 0,7 - 7).

w Third cell: {0 - 0,7 - 7}.

m Lastcell: {0 0,6 - 6}.

On the other hand, the multi-length cycles of each CA cell are iden-
tified using step 3(b):
w Firstcel: {0 o1 -53-52-50,0-1-52-50,1->3->52>1,
1-2-1}L

m Secondcel: {051-3-54-52-57-56->55-50,0-1->3->4->2
-6-55-0,0-1-2-7-6-55-0,0-1-52-56->5-0,
0-1-53-55-50,153-54-52-57-56-5->1,1-3-4-52>
6-5-1,1-2-57-6-5-1,1-2-56-5->1,1-3->55->1,
354-53,4-52-57-56-4,4-52-56-4}.
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th
(c) NSRS-G of 37 cell (d) NSRS-G of 4% cell

Figure 5. NSRS-G for the CA (90, 150, 150, 90).

m Thirdcel: {0 »4-52-57-5351-56->5-50,0-4-52->7->3>
5§5-0,0-4-52-53-1-6->5-0,0-4-52-53-55-50,0-4
-6-55-0,4-52-57-3-1-6-5-44-52-57-53-55->
4,4-52-53-51-6-5-44-52-53-55-44-56->5-4,
257-53-51-52,2-53-51-2,1-6->1}.

wm Lastcel: {0 o4 -56-52-50,0-4-52-50,4>56>2> 4,
452 -4}

In step 4, the algorithm checks if any NSRS-G; do not have a self-
loop in RMT T(0). Here, as all the NSRS-G; have a self-loop on RMT
T(0) (i.e., 0 > 0 in all the CA cells), the algorithm proceeds to check
for the next condition. Further, the algorithm checks if any NSRS-G;
do not form a multi-length cycle consisting of all RMTs (i.e., {T(0),
T(1), T(2), T(3)} for i =1, {T(0), T(1), ..., T(7)} for i=2 to n -1,
and {T(0), T(2), T(4), T(6)} for i = n). Here, as all the NSRS-G; are
composed of NSRSs with multi-length cycles involving all the RMTs
(i.e., the first cell NSRS is 0 - 1 - 3 - 2 - 0, and the second, third
and fourth cel NSRSsare0 -1 -53-54-52-57-56->5-0,0->
4-52-5753-51-56->5->0,and0 >4 -6 > 2 - 0, respec-
tively), the algorithm jumps to step 5. Further, from the identified
cycles Cyc; of the CA cells as in step 3, the compatibility classes Cis1)
between the cells i and 7+ 1 are identified by examining the NCR
relationship between the RMTs involved in the cycle(s) of each
consecutive CA cell (i.e., cells 7 and i+ 1). The compatibility classes
identified are:

= Cip = {((T(0), T T(0)); ((T(3), T(3)), (T(7), T(7))); ((T(1),
T(2), T(1)), (T(3), T(4), T(3))); ((T(0), T(1), T(2), T(0)), (T(0), T(1),
T(3), T(5), T(0))); ...}
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» Csq = {((T(0), T(0)), (T(0), T(0))); ((T(7), T(7)), (T(6), T(6))); ((T(6),
T(1), T(6)), (T(4), T(2), T(4))); ((T(1), T(2), T(7), T(3), T(1)), (T(2),
T(4), T(6), T(2)))s ...}

In step 6, each unique RMT sequence (also known as a graph in an
NSRTD) is constructed by picking one compatible NSRS from each
compatibility class Cjj,1y for each n CA cells. Here, S; and S, are
graphs in the NSRTD made up of self-loop NSRSs only, and they are
represented by graphs G; and G,, respectively, in Figure 6. Further,
S3, S4, S5 and S¢ are graphs in the NSRTD made up of multi-length
cycles, and they are represented by the graphs Gz, G4, G5 and Gg,
respectively (Figure 6). In step 7, as the number of S, identified is 6,
the algorithm terminates and returns that the CA (90, 150, 150, 90)
is not a maximal length CA.

cell 1 cell 2 cell 3 cell 4

cell 1 cell 2 cell 3 cell 4

Graph G Graph Go
cell 1 cell 2 cell 3 cell 4

cell 4

Complex Systems, 35 © 2026



Characterization of Maximal Length Cellular Automata Using NSRTD 155

_____ » In-Degree edge (NCR) to RMT of cell i4+1 (from RMT of cell i)
.......... » Out-Degree edge (NCR) from RMT of cell i (to RMT of cell i+1)
NSR of cell i from T? to TiH!

Figure 6. NSRTD for the CA (90, 150, 150, 90).

Discussion: The discussion part depicts how the NSRTD of the CA
(90, 150, 150, 90) complies with its STD. Column 1 of Table 4
shows the number of graphs in the NSRTD. Here, we have a total of
six graphs: Gy, G2, G3, G4, Gs and G¢ in the NSRTD (Figure 6).
Columns 2 and 3 represent the RMT strings and the CA states corre-
sponding to these RMT strings, respectively. Here, each of the graphs
G1 and G; is composed of a single path with single length cycles only,
thereby representing a single RMT string each. Similarly, graphs Gs,
G4, Gs and Gg, are composed of multi-length cycles only, represent-
ing 2, 4, 4 and 4 RMT strings, respectively. From Table 4, we can see
that the CA states in column 3 comply with the states in the STD of
the CA as shown in Figure 2(b). Here, graphs G; and G, comply with
fixed-point attractors 0 and 135, respectively, whereas graph G3 com-
plies with the multi-length (2-length) cycle involving the states 6, 9;
G4 complies with the multi-length (4-length) cycle involving the states
1, 2, 7, 11; Gs complies with the multi-length (4-length) cycle
involving the states 4, 8, 13, 14; and G4 complies with the multi-
length (4-length) cycle involving the states 3, 5, 10, 12, respectively.

Theorem 1. A CA with rule vector RV = (R4, Ry, ..., R,) can be con-
sidered as a potential candidate for a maximal length CA if and only
if for each R;, i=1,2,...,n, there exists a self-loop NSRS with
RMT T(0).

Proof. If there exists a self-loop NSRS with RMT T(0) in all the CA
cells of rule vector RV =(Ry, Ry, ..., R,), then it will form an
NSRTD graph G with single length cycles only (as the NCR of
RMT T(0) is RMT T(0) itself). This corresponds to a single RMT
string (T4, T, ..., T,,) = (T(0), T(0), ..., T(0)), which complies with
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a fixed-point attractor with an all-zero state (a necessary condition
for a maximal length CA). Hence, the proof. O

NSRTD Graph (1) RMT String (2) CA State (3)
Cell 1 |Cell 2 | Cell 3 | Cell 4
Graph G4 0 0 0 0 [0000
Graph G, 1111
Graph G; 0110
1001
0001
0010
0111
1011
0100
1000
1101
1110
0011
0101
1010
1100

Graph G4

Graph G;

Graph G

W | R | OQ|W| W[N] =[O =W
AN AN RN RN AW R IOh W[
AN ULl WANLN|O|R|W[J|N|=—|3N|
(=N N SRR S} Kl el Ko )N o)W RN NI I (SR (SN RS e )N

Table 4. Compliance of NSRTD and STD for the CA (90, 150, 150, 90).

Theorem 2. A CA with rule vector RV = (R4, Ry, ..., R,) can be con-
sidered as a potential candidate for a maximal length CA if and only
if for each R;, i =1, 2, ..., n, there exists a multi-length cycle NSRS
involving all the RMTs.

Proof. If there exists a multi-length cycle NSRS involving all the
RMTs in all the CA cells of rule vector RV = (Rq, Ry, ..., R,), then
it will form an NSRTD graph G with multi-length cycles only,
representing 2” RMT strings. Further, as discussed in Theorem 1,
there will be an NSRTD graph representing RMT string
(T(0), T(0), ..., T(0)) in a maximal length CA. So, this RMT string
will be excluded here. This will lead to the creation of NSRTDs with
multi-length cycles, representing 2” — 1 RMT strings, which complies
with multi-length cycle of length 2” — 1 comprised of all nonzero
states (another necessary condition for a maximal length CA). Hence,
the proof. O

Discussion: This paper explores and utilizes the NSRTD frame-
work for the identification of maximal length CAs. There is a lot of
work in the literature that employs maximal length CAs for modeling
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applications like random number generators [15, 21], cryptography
[13], test pattern generators [22] and signature analysis [23]. Some of
the unique properties of the maximal length CA that make it suitable
for modeling and use in the above-mentioned applications are:

» Maximal length CAs can be used to produce long, deterministic output
based upon the current CA state configuration and the rule vector used.
The produced output, despite being deterministic, appears to be ran-
dom and chaotic in nature.

= By definition, maximal length CAs produce a cycle of length 2"~! for an
n-cell CA. This means the CA state configuration must go on cycling
through all possible configurations (except, in the case of an all-zero
configuration) before a particular configuration is repeated. This maxi-
mizes the randomness of the generated sequence.

» The sequences generated by a maximal length CA also have good statis-
tical properties, like uniform distribution and minimal correlation
between the successive outputs.

= As a maximal length CA can easily be implemented in software or hard-
ware with minimum resources, it inherently became a modeling tool for
random number generation.

This paper identifies a maximal length CA that can be used further
to model different CA-based applications by utilizing the unique prop-
erty of a maximal length CA as discussed earlier.

I 5. Conclusion

This paper presents a theoretical framework based on the next state
rule min term transition diagram (NSRTD) for characterizing
maximal length cellular automata (CAs). The primary contribution is
determining whether a cellular automaton (CA) exhibits maximal
length behavior or not. In line with this, an algorithm was developed
that can efficiently determine whether a given CA with 7 cells exhibits
maximal length behavior in O(2") time. Additionally, the developed
algorithm benefits by facilitating the identification and elimination of
non-potential CA candidates that fail to realize maximal length config-
urations in linear time. The proposed solution would be helpful for
researchers who use maximal length CAs for devising applications in
the field of cryptography, random number generation and test pattern
generation. As a future extension, the NSRTD framework can be
extended to analyze k-neighborhood CA (e.g., 5-neighborhood or
9-neighborhood CAs) to identify maximal length behavior. This
would enable the study of richer dynamics and increased state
complexity.
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