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This article describes a streamlined method for simultaneous integration
of an entire family of interpolating functions that uses one and the same
interpolation grid in one or more dimensions. A method for creating cus-
tomized quadrature/cubature rules that takes advantage of certain special
features of Mathematica’s InterpolatingFunction objects is presented.
The use of such rules leads to a new and more efficient implementation
of the method for optimal stopping of stochastic systems that was devel-
oped in [1]. In particular, this new implementation allows one to extend
the scope of the method to free boundary optimal stopping problems in
higher dimensions. Concrete applications to finance—mainly to American-
style financial derivatives—are presented. In particular, the price of an
American put option that can be exercised with any one of two uncorre-
lated underlying assets is calculated as a function of the observed prices.
This method is similar in nature to the well-known Longstaff-Schwartz
algorithm, but does not involve Monte-Carlo simulation of any kind.

Preliminaries

The most common encounter with the concept of dynamic programming—
and here we will be concerned only with continuous time dynamic programm-
ing (CTDP)—occurs in the context of the optimal stopping of an observ-
able stochastic process with given termination payoff. This is a special case
of stochastic optimal control where the control consists of a simple on-off switch,
which, once turned off, cannot be turned on again. A generic example of an
optimal stopping problem can be described as this: the investor observes a contin-

uous Markov process (X;),. , with state-space § € RY and with known stochastic
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dynamics and, having observed at time ¢ = 0 the value X, € §, where X, denotes
the observed realization of the random variable X, the investor must decide

whether to terminate the process immediately and collect the payoff A(X}),
where A: S R is some a priori determined (deterministic) payoff function, or
to wait until time # + A > ¢ for the next opportunity to terminate the process (in
the context of CTDP, the time step A should be understood as an infinitesimally

small quantity). In addition, having observed the quantity X, € §, the investor
must determine the value of the observable system (associated with that state) at
time ¢ = 0. In many situations, the stopping of the process cannot occur after
some finite deterministic time 7" > 0.

There is a vast literature that deals with both the theoretical and the com-
putational aspects of modeling, analysis, and optimal control of stochastic
systems. The works of Bensoussan and Lions [2] and Davis [3] are good examples
of classical treatments of this subject.

Many important problems from the realm of finance can be formulated—and
solved—as optimal stopping problems. For example, a particular business can be
established at the fixed cost of 7 dollars, but the actual market price of that busi-

ness follows some continuous stochastic process (X;),.,, which is observable.

Having observed at time 7 the value X}, an investor who owns the right to incor-
porate such a business must decide whether to exercise that right immediately, in

which case the investor would collect the payoff of X, - I dollars, or to postpone
the investment decision until time 7+ A, with the hope that the business will

become more valuable. In addition, having observed the value X, the investor
may need to determine the market price of the guaranteed right (say, a patent) to
eventually incorporate this business—now, or at any time in the future.

Another classical problem from the realm of finance is the optimal exercise of a
stock option of American type, that is, an option that can be exercised at any time
prior to the expiration date. A stock option is a contract that guarantees the right
to buy (a call option) or to sell (a put option) a particular stock (the underlying) at
some fixed price (the swrike price, stated explicitly in the option contract) at any
time prior to the expiration date T (the maturity date, also stated in the option
contract). Consider, for example, an American style put option which expires at
some future date 7 > 0. On date # < T, the holder of the option observes the

underlying price X, and decides whether to exercise the option, that is, to sell the
stock at the guaranteed price K (and, consequently, collect an immediate pay-

off of K- X ; dollars) or to wait, hoping that at some future moment, but no later

than the expiration date 7, the price will fall below the current level X,. If the
option is not exercised before the expiration date, the option is lost if X1 = K or,
ignoring any transaction costs, is always exercised if X7 < Kj that is, if the option
is not exercised prior to the expiration date 7, on that date the owner of the
option collects the amount Max[K — X, 0]. In general, stock options are traded
in the same way that stocks are traded and, therefore, have a market value deter-
mined by the laws of supply and demand. At the same time, the price of such
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contracts, treated as a function of the observed stock price X;, can be calculated
from general economic principles in conjunction with the principles of dynamic
programming.

In general, the solution to any optimal stopping problem has two components:
(1) for every moment in time, #, one must obtain a termination rule in the form
of a termination set & C S so that the process is terminated at the first moment ¢
at which the event {X; € &)} occurs; and (2) for every moment #, one must
determine the value function f;:$+ R, which measures how “valuable”
different possible observations are at time #. Clearly, if A(-) denotes the
termination payoff function (e.g., in the case of an American style put option that
would be A(x) = Max[K - x, 0], x € R,), then for every x € & one must have
fi(x) = A(x), while for every x ¢ & one must have f;(x) > A(x); that is, one would
choose to continue only when continuation is more valuable than immediate
termination. Consequently, the termination sets &, ¢ = 0, can be identified with
the sets {x eRYN; fi(w) = A(x)}, and the associated optimal stopping time can be
described as

Thus, the entire solution to the optimal stopping problem can be expressed in

terms of the family of value functions {f;(-); # € [0, T1}, which may be treated as
a single function of the form
[0, T]xS 2 (¢, x) — fi(x) €R.

It is important to recognize that the solution to the optimal stopping problem,
that is, the value function (¢, x) — f;(x), must be computed before the observa-
tion process has begun.

In most practical situations, an approximate solution to the optimal stopping
problem associated with some observable process (X}), . , and some fixed termina-

tion payoff A: S — R may be obtained as a finite sequence of approximate value
functions

, T T
(fl:6mR, =T, T-—, T-2—,..,0,
v v

where 7 >0 is the termination date and v is some sufficiently large integer
number. This approximate solution can be calculated from the following recur-
sive rule, which is nothing but a special discrete version of what is known as the

dynamic programming equation: for t =T, we set (f ):(-) = A(+), that is, at time
t =T, the value function coincides with the termination payoff on the entire

state-space S, and fort = T — %, T-2 %, ..., we set

) (@) = Max[A(x), e T EQ[< Py Kooy /V) ‘ X, = x]] xeS, (1)

where 7; is the instantaneous discount rate at time #, and the probability measure

Q, with respect to which the conditional expectation is calculated, is the so-called
pricing measure (in general, the instantaneous discount rate 7, = 7;(x) may depend

on the observed position x = X, and the pricing measure may be different from
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the probability measure that governs the actual stochastic dynamics of the
process (X}),. ). Furthermore, for every t =T — %, T-2 %, ..., the approxi-

mate termination set is given by
&) = {xr e RY; ()] (0) = AW}
If, given any ¢ € [0, T, the limit

ﬁ(')Elimv/‘oo(f)E/T/v)lvt/TJ(') Q)

(L-] denotes the integer part of a real number) exists, in some appropriate
topology on the space of functions defined on the state-space S, then one can
declare that the function

[0, T1xRY 3 (¢, x) — fi(x) € R

gives the solution to the optimal stopping problem with observable process
(X1), > payoff function A(-), and pricing measure Q.

It is common to assume that under the pricing probability measure Q the
stochastic dynamics of the observable process (X;),. , are given by some diffusion

equation of the form
dX, =c(X)dW, +b(X,)dt 3)

for some (sufficiently nice) matrix-valued function RY 3 x— o (x) € RN®N,

vector field RY 5 x—s b(x) € RN, and some R -valued Brownian motion process
U®) which is independent from the starting position X (note that (W), , is

Brownian motion with respect to the law Q). Given any x € RV, let A(x) denote

t=0

the matrix o(x) o(x)T and let £ denote the second-order field in RN given by

1 X & N d
RNsx—L,=— ) Aw),; + ) b(x);, —.
2,4 0, 0, Z* 9,

2 .

ij=1

As is well known, under certain fairly general conditions for the coefficients o7(-)
and 4(-), and the termination payoff A : 6 - R, the value function

[0, T]xS 2 (¢, x) — fi(x) €R,

that is, the solution to the associated optimal stopping problem, is known to
satisfy the following equation, which is nothing but a special case of the
Hamilton-Jacobi-Bellman (H]B) equation

ri(x) fi(x) = Max|ri(x) Ax), 8; fi(x) + Le fu(w)], xeRY, )

with boundary condition f;(x) = A(x), x € RV. This equation is a more or less
trivial consequence of equations (1) and (2), in conjunction with the It6 formula.
It is important to recognize that the dynamic programming equation (1) is
primary for the optimal stopping problem, while the HJB equation (4) is only
secondary, in that it is nothing more than a computational tool. Unfortunately,
equation (4) admits a closed form solution only for some rather special choices
of the payoff function A(-), the diffusion coefficients #(-) and o(-), and the
discount rate 7;(-). Thus, in most practical situations, the HJB equation (4)
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happens to be useful only to the extent to which this equation gives rise to some
numerical procedure that may allow one to compute the solution (¢, x) — f;(x)
approximately. Essentially, all known numerical methods for solving equation (4)
are some variations of the finite difference method. The most common approach
is to reformulate equation (4) as a free boundary value problem: one must find a
closed domain D ¢ [0, T[x$ with a piecewise differentiable boundary 09D and
nonempty interior D° = D\ JD, plus a continuous function #: D - R, which is
continuously differentiable with respect to the variable 7 €10, T[ and is twice
continuously differentiable with respect to the variables x € ©°, that satisfies the
tollowing two relations everywhere inside O°

r(x) u(t, x) = 8, u(t, x) + Ly u(t, x) and u(t, x) > Alx), (t, x) € D°,

and, finally, satisfies the following boundary conditions along the free (i.e.,
unknown) boundary d D

0 0
u(t, x) = A(x) and 6_ u(t, x) = 6_ Aw), l<i<mn, (t, x) € 0D.

X Xi

The last two conditions are known, respectively, as the value matching and the
smooth pasting conditions. It can be shown that under some rather general—but
still quite technical—assumptions, the free boundary value problem that was just
described has a unique solution (consisting of a function #(-, -) and domain D)
which then allows one to write the solution to the optimal stopping problem as
follows: for any ¢ € [0, T and any x € S, one has

fi) = {

u(t, x), for(t, x) € D;
A(x), for(t, x) € D° = ([0, T]1xS)\D.

The drawbacks from formulating an optimal stopping problem as a free
boundary value problem for some parabolic partial differential equation (PDE),
which—in principle, at least—can be solved numerically by way of finite
differencing, are well known. First, the value matching and the smooth pasting
conditions are difficult to justify and this makes the very formulation of the
problem rather problematic in many situations. Second, just in general, for
purely technical reasons, it is virtually impossible to use finite differencing when
the dimension of the state-space is higher than 3 and, in fact, in the case of free
boundary value problems, even a state-space of dimension 2 is rather chal-
lenging. Third, with the exception of the explicit finite difference scheme, which
is guaranteed to be stable only under some rather restrictive conditions, the im-
plementation of most finite differencing procedures on parallel processors is
anything but trivial.

At the time of this writing, it is safe to say that finite differencing is no longer at
the center of attention in computational finance, where most problems are inher-
ently complex and multidimensional. Indeed, most of the research in computa-
tional finance in the last five years or so appears to be focused on developing new
simulation-based tools—see [4-8], for example (even a cursory review of the
existing literature from the last few years is certain to be very long and is beyond
the scope of this article). Among these methods, the Longstaff-Schwartz algo-
rithm [8] seems to be the most popular among practitioners.
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The attempts to avoid the use of finite differencing are nothing new (there is a
section in the book Numerical Recipes in C entitled There Is More to Life than
Finite Differencing—see [9], p. 833). Indeed, Monte Carlo, finite element, and
several other computational tools have been in use for solving fixed boundary
value problems for PDEs for quite some time. Apparently, from the point of view
of stochastic optimal control, it is more efficient—and in some ways more
natural—to develop numerical procedures directly from the dynamic pro-
gramming equation (1) and skip the formulation of the HJB equation alto-
gether—at least this is the approach that most recent studies in computational
finance are taking.

Since the solution to an optimal stopping problem is given by an infinite family
of functions of the form f;:S R, t< [0, T], for some set S cRY, from a

computational point of view the actual representation of any such object involves
two levels of discretization. First, one must discretize the state-space S, that is,
functions defined on S must be replaced with finite lists of values attached to
some fixed set of distinct abscissas

{x, €6 1<k<nl,

for some fixed # € Z,.. This means that for every list of values ¢ € R”, one must
be able to construct a function S*: S~ R which “extends” the discrete assign-
ment x,—{,, 1 <k <n, to some function defined on the entire state-space S.
Second, one must discretize time, that is, replace the infinite family of functions
{f:(+); t € [0, T]} not just with the finite sequence of functions

, T T
(f:6mR,  t=T,T-— T-2—, ..,0,
4 v

determined by the discrete dynamic programming equation (1), but, rather, with
a finite sequence of lists
T T
{(t) eR", t=T- —, T-2—, ..., 0,
v v
computed from the following space-discretized analog of the time-discrete

dynamic programming equation (1): forz =T — %, we set

(), = Max[A(w,), e "M EQ[AX) | X; = x]], l<k=n,
and then define
oy, = Max|A(xy), e T BQ[STTIX, ) | Xe= ]|, 1<k=m, )
consecutively, for t =T -2 %, t=T-3 %, ..., where ST/ : & 5 R is simply

the map that “extends” the discrete assignment x;, —>/(t + %)k.

Of course, in order to compute the conditional expectation in equation (5), the
distribution law of the random variable X, ), relative to the pricing measure Q

and conditioned to the event {Xt = xk} must be expressed in computable form.
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Unfortunately, this is possible only for some rather special choices for the diffu-
sion coefficients o(-) and &(-) that govern the stochastic dynamics of the process
(X3),.( under the pricing measure Q. This imposes yet another—third—level

of approximation. The simplest such approximation is to replace X, /y In equa-

tion (5) with the random quantity

T T
WT/V(xk, F) =+ O'(xk) = I+ b(xk) [;} 6)

where T is some standard normal RY-valued random variable. As a result of this
approximation, expression (5) becomes

(1), = Max[A(xk), e (T]) fu;\" S‘”(HT/")(l//T/V(xk, x)) P () cﬂx],

l<k=<mn,

™)

where py(-) stands for the standard normal probability density function in RY.
Another (somewhat more sophisticated) approximation scheme for the diffusion
process (X;),., in the case N =1 is discussed in [1]. Fortunately, in the most

widely used diffusion models in finance, the conditional law of X T/ given the

event {Xt = xk}, coincides with the law of a random variable of the form w(xk, F)
for some function l//(xk, ) that can be expressed in computable form, so that in

this special case the right side of equation (7) is exactly identical to the right side
of equation (5) and the approximation given in equation (6) is no longer
necessary.

One must be aware that, in general, the distribution law of the random variable
Y(x, T) is spread on both sides of the point x; and, even though for a reasonably

small time step % this law is concentrated almost exclusively in some small neigh-
borhood of the node x,, when this node happens to be very close to the border
of the interpolation region, the computation of the integral on the right side

of equation (7) inevitably requires information about the function S+7/*)(.)
outside the interpolation domain. However, strictly speaking, interpolating
functions are well defined only inside the convex hull of the abscissas used in the
interpolation. One way around this problem is to choose the interpolation
domain in such a way that along its border the solution to the optimal stopping
problem takes values that are very close to certain asymptotic values. For
example, if one is pricing an American put option with strike price of $1, one
may assume that the value of the option is practically 0 when the price of the
underlying asset is above $100, regardless of the time left to maturity (of course,
this assumption may be grossly inaccurate when the volatility is very large and/or
when the option matures in the very distant future). Consequently, for those
nodes x;, that are close to the border of the interpolation domain, the respective
values #(2), will not depend on ¢ and will not be updated according to the pre-

scription (7). At the same time, the remaining nodes x;, must be chosen in such a
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way that the probability mass of the random variable y(x;, I') is concentrated
almost exclusively inside the interpolation region.

In general, numerical procedures for optimal stopping of stochastic systems
differ in the following: First, they differ in the space-discretization method, that
is, the method for choosing the abscissas x;, and for “reconstructing” the function

S(+) from the (finite) list of values ¢ assigned to the abscissas x;. Second,
numerical procedures differ in the concrete quadrature rule used in the calcu-
lation of the conditional expectation in the discretized dynamic programming
equation (5). The method described in this article is essentially a refinement
of the method of dynamic interpolation and integration described in [1]. The
essence of this method is that the functions S/(-) are defined by way of spline
interpolation—or some other type of interpolation—f{rom the list of values /,
while the integral in equation (7) is calculated by using some standard procedures
for numerical integration. As was illustrated in [1], the implementation of this
procedure in Mathematica is particularly straightforward, since NIntegrate
accepts as an input InterpolatingFunction objects, and, in fact, can handle
such objects rather efficiently.

The key point in the method developed in this article is a procedure for
computing a universal list of vectors Q, € R”, 1 <k <mn, associated with the

abscissas xy, 1 <k < n, that depend only on the stochastic dynamics of (X)),

. T .
and the time step —, so that one can write

T
f S/(”T/")(lp(xk, x)) py(a) dx = Q ~((t + —) ®)

R v
for any ¢ and for any k, where R stands for the convex hull of the interpolation
grid x,, that is, the domain of interpolation. Essentially, equation (8) is a varia-

tion of the well-known cubic spline quadrature rule—see §4.0 in [9] and §5.2,
p. 89, in [10]. It is also analogous to the “cubature formula,” which was devel-
oped in [11] with the help of a completely different computational tool
(following [14] and [11], we use the term cubature as a reference to some integra-
tion rule for multiple integrals and the term quadrature as a reference to some inte
gration rule for single integrals). One of the principal differences between the
interpolation quadrature/cubature rules and the cubature formula obtained in
[11] is that the former allows for a greater freedom in the choice of the abscissas
x;. This means that, in practice, one can choose the evaluation points in a way
that takes into account the geometry of the payoff function A(-) and not just the
geometry of the diffusion (X),. ,. From a practical point of view, this feature is
quite important and, in fact, was the main reason for developing what is now
known as Gaussian quadratures.

An entirely different method for computing conditional averages of the form

EQ ["D(Xt+T/V)

was developed in [12] and [13]. In this method, quantities of this form are approx-
imated by finite products of linear operators acting on the function ¢(-). One

X, = xk]
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must be aware that the methods described in [11-13] require a certain degree
of smoothness for the integrand ¢(-), which, generally, Interpolating.
Function objects may not have.

The method developed in this article bears some similarity also with the quantiza-
tion algorithm described in [4, 5]. The key feature in both methods is that one
can separate and compute—once and for all—certain quantities that depend on
the observable process but not on the payoff function. Essentially, this means
that one must solve, simultaneously, an entire family of boundary value problems
corresponding to different payoff functions. The two methods differ in the way
in which functions on the state-space are encoded in terms of finite lists of val-
ues. The advantages in using interpolating functions in general, or splines in
particular, are well known: one can “restore” the pricing maps from fewer evalua-
tion points and this feature is crucial for optimal stopping problems in higher
dimensions.

Making Quadrature/Cubature Rules with Mathematica

In this section we show how to make quadrature/cubature rules for a fixed set
of abscissas that are similar to the well-known Gaussian rules or the cubic spline
rules. We consider quadrature rules on the real line R first. To begin with,
suppose that one must integrate some cubic spline x— S(x) that is defined from
the abscissas {x{, ..., a,} € R”, x1 < --- <&,, and from some list of tabulated
values {vy, ..., v,} € R". Since S(-) is a cubic spline, for any fixed 1 <k < (n - 1)
there are real numbers 4, ¢, 4, ;, 4;, 5, and 4, ; for which we have

3

2
S() =mpp +a x+a,,x" +a3x° forany x e [xk, xk+1].

As a result, one can write

" n-1 3
f Sx)dx = ZZ
1 k=1 i=0

which reduces the computation of the integral fx T"S(f) dé¢ to the computation

i (w41 — *1) ©)
g e TN )

of the coefficients #; ; from the tabulated values v, and the abscissas .

Though not immediately obvious, it so happens that when all abscissas
%1 < -++ < &, are fixed, each coefficient 4, ,—and, consequently, the entire expres-
sion on the right side of equation (9)—can be treated as a linear function of the
list {v1, ..., v,} € R” (in fact, each 4, is a linear function only of a small portion
of that list). This property is instrumental for the quadrature/cubature rules that
will be developed in the next section. To see why one can make this claim, recall
that (e.g., see §3.3 in [9]) the cubic spline created from the discrete assignment
x,— v, 1 < k <mn,is given by
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- 2 3
S =ag+ap 0+ a,x +ay3x

= Ak(x) 'Uk + Bk(x) vk+1 + Ck(x) 'UZ + Dk(x) UZ+1, (10)
XS XA, l<k=n-1,
where
Xyl —X
Apx) = ———,
Xerl — Xk

Bk(x) =1- Ak(x),

A, (x) - A,(x)
Crlx) = % X1 ~ xk)z’

By(x)’ - By(x)
Dy(x) = % Xyl — xk)za

and v} := S”(xk), 1 < k < n (note that the definition implies S(xk) =v,, 1 <k=n).
Usually, one sets v} = v, = 0 (which gives the so-called natural splines) and deter-
mines the remaining values {v5, ..., v/_;} from the requirement that the cubic
spline has a continuous first derivative on the entire interval ] xy, x,[ (it is a trivial
matter to check that with this choice the second derivative of the function de-
fined in equation (10) is automatically continuous on ]xi, x,[). Finally, recall
that this last requirement leads to a system of 7 — 2 linear equations with un-
knowns {v7, ..., vj} and that the right side of each of these equations is a linear
function of the list {vy, ..., v,}, while the coefficients in the left side are linear
functions of the abscissas {xy, ..., x,}—see equation (3.3.7) in [9], for example.
This means that each quantity in the list {v}, ..., v/_;} can be treated as a linear
function of the list {vy, ..., v,}. Since the quantities A4,(x), B,(x), C.(x), and D, (x)
are all independent from the choice of {vy, ..., v,}, one can claim that the entire
expression in the right side of equation (10) is a linear function of the list
{v1, ..., vu}. Thus, for every 1 < k < (n — 1) and every x € [«}, x,41], we can write

n

S(x) = apg+a, %+ a, x + M3 x = Zbkﬂ«(x) U,
k=1

where b ;(-) are polynomials of degree at most 3. More importantly, these poly-
nomials are universal in the sense that they depend on the abscissas x; but not on

the tabulated values v,. In fact, this representation holds for spline interpolation

objects of any degree, except that in the general case the degree of the polyno-
mials 4, ,(-) may be bigger than 3. An analogous representation is valid for other

(non-spline) interpolating functions S(-); in particular, such a representation is
valid for interpolating functions S(-) defined by way of divided differences inter-
polation, which is the method used by ListInterpolation. For example, if S(-)
denotes the usual interpolating polynomial of degree # —1 defined from the

discrete assignment x,—w;, 1<k=un, then hy;(-)=hy(-) is simply the &
Lagrange polynomial for the abscissas x,. Thus, when S(-) is an interpolating
function object (defined by, say, splines, divided differences, or standard polyno-
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mial interpolation) from the assignment x, — v, 1 < k <, assuming that ¢(-) is
some (fixed) continuous and strictly monotone function and that p(-) is some
(fixed) integrable function and, finally, assuming that the values z, €R,

1 < k < n, are chosen so that qﬁ(zk) =y, 1 <k <mn, one can write

f S(¢x)) px)dx ={w ..., Wp-{v1, ..oy va} = Z“’k Vg (11)
1 k=1
where
N-1 2ir1
w= Y | @) pwydy,  1<ks=n
i=1 Vi
Since the list {w1, ..., w,} € R” can be computed once and for all and indepen-

dently from the interpolated values v;, and since the calculation of the integral
fz T"S((b(x)) p(x)dx comes down to the calculation of the dot product {w; ...,

wy}{v1, ..., vy}, the computation of the list {wy, ..., w,} € R” may be viewed as
a simultaneous integration of all functions of the form x— S(¢(x)) p(x) for all
interpolating functions S(-) (of the same interpolation type) that are based on
one and the same (forever fixed) set of abscissas {xy, ..., x,}. Indeed, the knowl-
edge of the list {wy, ..., w,} turns the expression L zl"S(q)(x)) p(x) dx into a trivial
function of the list {vy, ..., v,}, that is, a trivial function defined on the entire
class of interpolating functions S(-). In other words, in equation (11) we have made
a quadrature (or cubature) rule.

The preceding remarks contain nothing new or surprising in any way and we
only need to find a practical way for computing the weights w,. Fortunately,

Mathematica allows one to define InterpolatingFunction objects even if the
interpolated values v, are defined as symbols that do not have actual numerical

values assigned to them. Furthermore, such objects can be treated as ordinary
functions that can be evaluated, differentiated, and so on—all in symbolic form.
We illustrate this powerful feature next (recall that ListInterpolation has
default setting InterpolationOrder-3).

mp1i= V = Array[vy, &, {10}]

outil= {01, 032, U3, U4, Us, Vs, V7, Vg, Vo, Vo)
mp21= S = ListInterpolation[V]

outpzl= InterpolatingFunction[(1 10 ), <>]
mi3l= OxxS() /. {x - 3.5} // Simplify

Out[3]= 05 vy — 05 U3 — 05 (2 +0.5 Vs
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7
= D S@) /. {2 - 5} // Simplify
1
Out[4}= 5 (Uz U3 U4t 715)

Since, just by definition, the restriction of the function x » S(x) to the interval
[3, 4] coincides with a polynomial of degree 3, by Taylor’s theorem, for any fixed
x0 €13, 4[, we have

1 ‘
S(x) = Z = SD(xg) (v — xp)’ forany 3 <« <4.
=0 7

Thus, if we define
1 . .
5= te[ff_, x0_] := Sum[.—' 1 (x0) * (x — x0)’, {3, 0, 3}];
i!

then on the interval [3, 4] we can identify the function S with the dot product
inel= X0 = 3.5; S34[x_] = CoefficientList{te[S, x0], x].{1, x, 4%, x*}; Clear[x0]
Mathematica can rearrange this expression as an ordinary polynomial:
7= Collect|S34(x) // Simplify, x|

outtzi= (—0.166667 v, + 0.5 v3 — 0.5 vy + 0.166667 vs) * +
(2.0 -55v5+ 5.0 — LS vs)a? +
(~7.833330; + 19.03 — 15.5 v + 4.33333 v5) x + 10.v; — 20. 03 + 15. 04 — 4. 05

We can also do

7
nigl= x0 = E; SS34[x_] = CoefficientList[te[S, x0], x].{l, x, %2, x3}; Clear[x0]

In[9]= Collect[SS34(x) // Simplify, x]

1 1
out[9]= g (—7/2 +3'Z/3 —37/4 +'U5).X'3 + g(lz Uy — 33 U3 + 307)4—97)5).76'2 +

1 1
A (-47vy + 11403 = 9304 + 26 v5) x + g(60v2 — 12003 + 900y — 24 v5)

Essentially, this is some sort of reverse engineering of the InterpolatingFunc ™.
tion object S, that is, a way to “coerce” Mathematica to reveal what polynomials
the object S is constructed of between the interpolation points.

There are other tricks that we can use in order to reverse engineer an Interpo".
latingFunction object. For example, with the definition of S, the entire

function [3, 4] 3 x—S(x) e R can be restored from the values {8(3), 5(13—0),

S(g—l), S(4)}. To do the restoration we must solve a linear system for the four

unknown coefficients in some (unknown) cubic polynomial. This can be imple-
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mented in Mathematica rather elegantly without the use of CoefficientList.
The only drawback in this approach is that one must resort to Solve or Linear™.
Solve, which, generally, are more time-consuming, especially in dimensions 2 or
higher. Of course, instead of using reverse engineering, one can simply imple-
ment the interpolation algorithm step-by-step, which, of course, involves a
certain amount of work.

For example, we have

o= S34(3.7) — S(3.7) // Simplify

outriol= 3.55271x 107 9, — 1.42109%x 107 03 + 0. 94 — 7.10543 x 107" 5
inf11j:= % [/ Chop

outf11J= 0

SS34| — | -S| — Simplify
n[12]:= impli
izl [1()] [1()]//

outf12j= 0
In the definition of S34, the variable x0 can be given any numerical value inside
the interval ] 3, 4[; the choice x0=3.5 was completely arbitrary.

In the same way, one can reverse engineer InterpolatingFunction objects that
depend on any number of independent abscissas. Here is an example.

inf13t= VV = Array[vm,nz &, {10, 10}],
mp141= H = ListInterpolation[VV]

) ) 1 10
outf14)= InterpolatmgFunctlon[ 1 10 ,<>]

nsi= Oy H(x, y) /. {x > 3.2, y > 3.7} // Simplify
outf1sl= —0.0186556v,, +0.178633 v, 5 — 0.147967 v, 4 — 0.0120111v, 5 — 0.1022 v5 5 +

09786 713,3 - 0.8106 '03!4 —0.0658 '03,5 + 01387 '04,2 -1.3281 '04,3 +1.1001 ?}4’4 +
0.0893 vy 5 — 0.0178444 v, +0.170867 vs 5 — 0.141533 v5 4 — 0.0114889 v 5

In[16]:= Te[ff_, x0_, y()_] =

Sum| ———— « %7 (x0, y0) » (v = x0)' (y - y0, (i, 0, 3}, {, 0, 3}};
@n=*(5)
nf171:= x0 = 3.5; y0 = 4.5;
H3445 [x_, y_] = Flatten[CoefﬁcientList[Te[H , X0, yO], {x, y}] // Simplify].

Flatten[Table[xi yj , {i, 0, 3}, { 7,0, 3}]]; Clear[xO, yO]
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ns1= H3445(3.2, 4.7) - H(3.2, 4.7) // Simplify

outrrgl= 17053107 0,5 + 0.0, 4 — 4.54747x 1077 05 +
1.13687x 107" v, 5+ 0.03 3 = 7.27596 x 1072 034 —
2.72848x 1077 035 — 1.81899x 1077 03 5 — 2.04636x 107 045 +
2.27374x 1077 044 = 2.27374% 1077 045 + 1.53477x 107 046 +
341061 x 107" 055 + 0. 054 +2.27374x 107" w55 — 1.7053x 107" w5

inf19= % [/ Chop
out19}= 0

In this example, for 3 =x <4 and for 4 < y <5, the quantity H[x,y] can be
expressed as the following polynomial of the independent variables x and y.

inzop= H3445[x, y];

If one does not suppress the output from the last line (which would produce a
fairly long output), it becomes clear that all coefficients in the polynomial of the
variables x and y are linear functions of the array Vv e R1®10. Consequently,
if the variables x and y are integrated out, the expression will turn into a linear
combination of all the entries (symbols) in the array VV.

Now we turn to concrete applications of the features described in this section.
For the purpose of illustration, all time-consuming operations in this notebook
are executed within the Timing function. The CPU times reflect the speed on
Dual 2 GHz PowerPC processors with 2.5 GB of RAM. The Mathematica
version is 6.0.1. For all inputs with computing time longer than 1 minute, a file
that contains the returned value is made available.

Some Examples of Cubic Cubature Rules for Gaussian
Integrals in R?

First, define the standard normal density in R?.

1 x2+y2
nezii= plxo y_] = 2—@_ 23
Vs

In this section, we develop cubature rules for computing integrals of the form

f dxf flx, y) plx, y)dy

for certain functions f(-). We suppose that the last integral can be replaced by

R R
f a?xf fx, y) pla, y)dy (12)
-R -R

without a significant loss of precision, where the value
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n, = R—_
In[22]: 5
[22] ’

is chosen so that

1 e w2
Inf23]:= ——— f e 2 du < $MachineEpsilon
R
2n

outpz}= True

The next step is to choose the abscissas X[k], 1 <k <m,and Y[/], | </ =<m:

4= X = Table[x, {x, -R, R, ;}], Y =X;

ni2s;= m = Length[X]; #» = Length[Y];

For the sake of simplicity, in display equations we will write «;, instead of X[4]
and vy, instead of Y[/]. Then we define the associated array of symbolic values

attached to the interpolation nodes (xk, y,)
npze1= V= Array[vg m &, {m, n}];
and produce the actual InterpolatingFunction object:

mp7i= f = ListInterpolation[ Table[{X[k], Y11, {Vk, I1}}, {k, 1, m}, {I, 1, n}]]

2 2
InterpolatingFuncti S8 <>]
outi27]= InterpolatingFunction| 2w
5 5

Note that V was defined simply as an array of symbols and that, therefore, £ can
be treated as a symbolic object, too. In any case, we have

R R
f dxf [, y) plx, y)dy
-R -R

m—1n-1

"Nt 1 Vi+1
= Z f dx f(x, ) plx, ) dy.
Vi

k=1 [=1 %7
Note that each double integral on the right side of the last identity is actually an
integral of some polynomial of the variables x and y multiplied by the standard

normal density in R?. Furthermore, as was pointed out earlier, every coefficient
in this polynomial is actually a linear function of the array V. Since the Interpo™.
latingFunction object £ was defined with InterpolationOrder—3 (the default
setting for ListInterpolation), we can write

Xt 1 Vi+1
f dxf flx, ) plx, y)dy

Y

Ye+1 Vvl .
= Z O j (V) dxf x' ! pla, y)dy,

303
i=0 j=0 £ »
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where £;;; (-) :R”®" 5 R are linear functions of the tensor }” that can be com-

puted once and for all by using the method described in the previous section. In
addition, the integrals in the right side of the last identity also can be computed
once and for all by using straightforward integration—this is the only place in
the procedure where actual integration takes place. Once these calculations are
completed, the integral (12) can be expressed as an explicit linear function of the
array V of the form

Flatten[Q] - Flatten[V]
for some fixed tensor Q) € R”®", Of course, the actual calculation of the tensor Q
is much more involved and time consuming than the direct numerical evaluation

of the integral (12) in those instances where f is not a symbolic object, that is,
when the symbols v, are given concrete numeric values. The point is that the

calculation of the tensor Q is tantamount to writing the integral (12) as an
explicit function of the symbols that define £; that is, we evaluate simultaneously
the entire family of integrals for all possible choices of actual numeric values that
can be assigned to the symbols v, ;. Once the tensor Q is calculated, we can write

R R
f dxf f(x, y) p(x, y)dy = Flatten[Q] - Flatten[V]. 13)
-R -R

Note that this identity is exact if the abscissas (x;, y;) are exact numbers. In other

words, by computing the tensor Q0 we have made a cubature rule. Furthermore,
when F(-) is some function defined in the rectangle [-R, R]x[-R, R] that has
already been defined and the symbol V is given the numeric values

Table[F (X[k], Y[1]), {k, 1, m}, {1, 1, n}],

then the right side of equation (13) differs from the left side by no more than

4 R’ times the uniform distance between the function F(-) and the interpolating
function created from the assignment

(xk’ )’z) _’F(xk’ )’1)-

First, we compute—once and for all—all integrals of the form

Yhe+1 Vsl .
f cle £y ple, y)dy
X )i

for all choices of 1 <k <m, 1 </=<mn, 0=<i=<3,and 0 =< j <3, and we represent

these integrals as explicit functions of the symbols {xk, Xprt> Vi Viel }

Instead of calculating the tensor integrals, one may load its (precomputed)
value from the files integrals.mx or integrals.txt (if available):

<< "C:/LocalHDlocation/integrals.mx"

or

<< "C:/LocalHDlocation/integrals.txt"
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inizs}= Timing]|
integrals = Table[Integrate[xi * 7 % p[x, y], {x, Xk, Xk1}, { ¥, Yl, Yll}],
i, 0,33, {j, 0, 3}]3]
out2s)= {40.43, Null}

Next, we replace the symbols {xk, Xprts Vi Vi +1} with the actual numeric values
of the associated abscissas on the grid:

in291= Timing| WM = Tableintegrals /. {Xk - X[k], Xkl —» X[k + 1],
Yl Y], YI1 » Y[+ 11}, tk, m - 13, {I, n — 1}];]

out29= {2.26533, Null}

in301:= Dimensions[WM]

outizo)= {21, 21, 4, 4}

The next step is to create the lists of the midpoints between all neighboring
abscissas

1
e Xm = Table[; « (X[l + X[ + 1), (G, 1, m — 1}];

1
Ym = Table[E « (YTl + YT+ 1), G, 1, n— 1}];

which would allow us to produce the Taylor expansion of the Interpolating”.
Function object £ at the points (Xm[4], Ym[/]) € R?, for any 1 <k <m -1 and

any 1 =/=<mn-1. As noted earlier, for every choice of k and /, the associated
expansion coincides with the object £ everywhere in the rectangle

[X[&], X[k + 17 1x[Y[/], Y[/ + 1]] c R2.

Now we will compute the entire expression

m—1n-1( 3 Kot i
ZZ Z (i (V) dxf Xy plae, y)dy

k=1 I=1 \i,j=0 Tk i

as a linear function of the symbols v, 1 <k <m, 1 </ <n. Note that for every

fixed %4 and /, the third summation simply gives the dot product between the
vectors

Flatten[CoefficientList[Te[f, Xm[k], Ym[1]], {x, y}]]
and Flatten[WM[k, 1]].

It is important to recognize that the sum of these dot products gives the exact
value of the integral

R R
f cle fx, y) plx, v)dy.
-R -R

Unfortunately, the exact values of the integrals stored in the list WM are quite
cumbersome:
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np2= WMIS, 7, 3, 1]
1 V2
erf] p

4 p116/5 \/;

— erf

Out[32]=

o2
5

26 5242/25 22 @3338/25

\/? - +ené/5\/; erf] Hy? — erf 13;/?

5 5 5

Since working with such expressions becomes prohibitively slow, we convert
them to floating-point numbers (we can, of course, use any precision that we
wish).

inz= TiminglWMN = N[WM, 20];]

outizzj= {1.22097, Null}

Note that this last operation is the only source of errors in the integration of the
interpolating function f£.

Finally, we compute the integral

R R
f cle fle, y)plx, y)dy
-R R

in symbolic form, that is, as an explicit function of the symbols v, that define the

interpolating function f—what we are going to compute are the actual numerical
values of the coefficients for the symbols v, in the linear combination that repre-

sents this integral. Consequently, an expression in symbolic form for the integral
is nothing but a tensor of actual numeric values. We again stress that the only
loss of precision comes from the conversion of the exact numeric values for the
integrals stored in WM into the floating-point numbers stored in WMN.

Instead of calculating the object CoeffList in the following, which contains the
actual linear combination of the symbols v;j, one may load its (precomputed)

value from the files CoeffList.mx or CoeffList.txt (if available):

<< "C:/LocalHDlocation/CoeffList.mx"
or

<< "C:/LocalHDlocation/CoeffList.txt"
In[34]= Timing[CoeffList = Total[

Table[Total[Expand[CoefﬁcientList[Te( f> Xm[:], Ym[[ ]]]), {x, y}]
WMNi, j]], 2], G, m - 13, {j, n-1}], 2];]

outfza)= {98.8673, Null}

Now we extract the numeric values for the coefficients v, ; and store those values

in the tensor Q:
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In[35]:= Timing[ﬂ = Table[Coefﬁcient[CoeffList, vk,l], {k, m}, {1, n}];]
outfzsj= {0.119846, Null}

Note that in order to produce the actual cubature rule we need to compute the
tensor (1 only once, so that several minutes of computing time is quite accept-
able. Note also that Q (i.e., the cubature rule) can be calculated with any preci-
sion. This means that if we approximate an integral of the form

R R
f dxf u(x, y) plx, y)dy
-R -R

Flatten[Table[u (X[i], Y[j]), {i, m}, {j, n}]] - Flatten[Q],

with the dot product

then the upper estimate for the error in this approximation can be made arbi-
trarily close to the uniform distance between the function «(-, -) and the interpo-
lating function created from the values that u takes on the grid multiplied by the
area of the integration domain, which is 4 R2.

Now we turn to some examples. First, consider the function
= ul[x_, y_| = % + »%

and set

niszi= V= Table[u[X[kl, Y1, {k, m}, {I, n}];

Now we have

inzsi= Flatten[V].Flatten[Q]
outzgl= 1.9999999999999934

1 2y
In[39]:= NIntegrate[u[x, y] * 2— *e'Ty, {x, —-R, R}, {y, -R, R}]
Fis

out[39}= 2.

infa0j:= Abs[% — % %]
outia0j= 1.51149x 1077

For the function

miarp= u[x_, y_| = ArcTan[x? « ¢?]; V = Table[u[X kL, Y11, (k, m}, {1, n}];
we get

Inf42]:= Abs[Flatten[V].Flatten[ﬂ] -

1 24
NIntegrate[u[x, y] *x—=xe 2 ,{x,—R, R}, {y, -R, R}]]
2n

outfa2j= 0.0086428

One must be aware that NIntegrate is a very efficient procedure and, generally,
replacing NIntegrate with a “hand made” cubature rule of the type described in
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this section may be justified only when the integrand cannot be defined in terms
of standard functions, or when a better control of the error is needed, provided
that one can control the uniform distance between the integrand and the respec-
tive interpolating function created from the grid. In general, such “hand made”
cubatures become useful mostly in situations where one has to compute a very
large number of integrals for similarly defined integrands—assuming, of course,
that the uniform error from the interpolation in all integrands can be controlled
(this would be the case, for example, if one has a global bound on a sufficient
number of derivatives).

Interpolation quadrature rules for single integrals can be obtained in much the
same way. It must be noted that, in general, spline quadrature rules are consider-
ably more straightforward than spline cubature rules. This is because smooth
interpolation in R! can be obtained without any additional information about the
derivatives at the grid points and this is not the case in spaces of dimension
greater than or equal to 2. For example, cubic splines in R! are uniquely deter-
mined by the values at the grid points and by the requirement that the second
derivative vanishes at the first and last grid points (the so-called natural splines).
In contrast, smooth interpolation in two or more dimensions depends on the
choice of the gradient and at least one mixed derivative at every grid point, and
when information about these quantities is not available—as is often the case—
one usually resorts to divided difference interpolation. In general, the efficiency
of the interpolation may be increased by using a nonuniform grid and by placing
more grid points in the regions where the functions that are being interpolated
are more “warped.” We will illustrate this approach in the last section. The use
of nonsmooth interpolation, such as bilinear interpolation in R?, for example,
reduces considerably the computational complexity of the problem. In any case,
the error from the interpolation must be controlled in one way or another.
While the discussion of this issue is beyond the scope of this article, it should be
noted that rather powerful estimates for the interpolation error are well known.

Some Examples of Bilinear Cubature Rules for Gaussian
Integrals in R2

In general, just as one would expect, cubature rules based on bilinear interpola-
tion are less accurate than the cubature rules described in the previous section
(assuming, of course, one uses the same grid and keeping in mind that this claim
is made just in general). However, from a computational point of view, bilinear
cubature rules are considerably simpler and easier to implement, especially for
more general integrals of the form

f F @) plx) dx

for some fixed functions x— ¢(x) and x—> p(x). The greater computational
simplicity actually allows one to use a denser grid, which, in many cases, is a
reasonable compensation for the loss in smoothness. The dynamic integration
procedures in R? that are discussed in the next section are all based on bilinear
cubature rules (in the case of R! we will use cubic quadratures).
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Here we will be working with the same interpolation grid X[4], 1 < k < m, Y[/],
1 </ <n, that was defined in the previous section and, just as before, in all
display formulas will write x, instead of X[k] and y, instead of Y[/]. Instead

of working with the interpolation objects of the form

ListInterpolation|
Table[{{x[k]]’ Y[]-]]}’ {Vk,l}}’ {k: 1: m}, {1’ 1: n}}}7

we will work with bilinear interpolation objects that we are going to “construct
from scratch” as explicit functions of the variables x and y that depend on the

respective grid points and tabulated values. This means that for
Xp =X =Xy and Yr=Y=Jnn
the bilinear interpolation object can be expressed as
bi(x, y, X[k], X[k+1], Y[1], Y[1+1], vk,1, Vk,1+1> Vke1,15 Vke1,141),
where the function bi is defined as

= bix_, y_, x1_, x2_, yl_, y2_, V11_, V12_, V21_, V22_| =

x—x1 -yl x—x1 -yl
[1— ]*(1— 7Y ]*V11+ *[1— 7y ]*V21+

x2 —x1 y2 -yl x2 —x1 y2 -yl
x—x1 y-yl x-x1 y-yl

( - ]* * V12 + * *V22;
x2-x1) y2-yl x2-x1 y2-yl

It is clear from this definition that, treated as a function of the variables x and y,
the expression bi can be written as

A+Bx+Cy+Duxy,
where the entire list {4, B, C, D} can be treated as a function of the grid points
(4> %411, 91> ¥141) and the tabulated values (v, 0,1, Vst g Vas1ge1)- In fact, this
function (that is, a list of functions) can be written as
intaa= cfbilx1_, x2_, y1_,y2_, V11_, V12_, V21_, V22_| =
CoefficientList|bi[x, y, x1, x2, y1, y2, V11, V12, V21, V22|, {x, y}];
For every fixed % and /, the integral of the bilinear interpolating object taken over
the rectangle
Xp =X = Xpyy and Yi=Y=)m

is simply the dot product between the list {4, B, C, D} and the list of integrals
(over the same rectangle) of the functions

(x, y) — plx, y), (x, y) — x plx, y),
(x, y) — y p(x, ), and (x, y) — xy p(x, y).

Now we will calculate—and store—all these lists (of integrals) of dimension 4 for
all choices for 1 <k <mandfor1 </ <u:
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In[45]:= ip00[3_9 b_’ C_, d_] =
Assumingls e R&& b e R&& cc R&&d e R&& a<b&&c<d,
Integrate[p[x, y], {x, a, b}, {y, c, d}]]

1 a b c d
outiasi= — |erf] —— | — erf] —— ||| erf] —erf| —

N Ve [ B W B WY

ins= ipl0[a_, b_, c_, d_] =
Assumingls e R&& b e R&& ce R&&d e R&& a<b&&c<d,
Integrate[x*p[x, y], {x, a, b}, {y, c, d}]]

e 0
Jor

In[47]:= ipOl[a_, b_, Cc_, d_] =
Assumingls e R&& b e R&& ce R&&d e R&& a<b&&c<d,

Integrate[y*p[x, y], {x, a, b}, {y, c, d}]]

o ] ol -
Jir

ins)= ipllla_,b_, c_,d_] =
Assumingls e R&& b e R&& ce R&&d e R&& a<b&&c<d,
Integrate[x*y*p[x, y], {x, a, b}, {y, c, d}]]

1

2 et (ra-p-e-a) sinh(% (ﬂz -p )) Sinh(% (- dz))

Out[46]=

Out[47]=

Out[48]=
T

In[49]:= Timjng [

WM2 = Table[{ip00[X[4], X[k + 11, Y1, Y[/ + 111, ipOL[X[4], X[

k+ 11, Y1, YT+ 111, iplOLXT4T, XTIk + 11, YT, YT + 111,
IPII[XIIk]], X[[k + 1]]9 Y[[lﬂ’ Y[[l+ 1]]]}’ {k9 m — 1}9 {l’ n-— 1}];]
outa9)= {0.444583, Null}
ingsop= TiminglWM2N = N[WM2, 20];]
outfsoj= {0.028574, Null}
and then compute the sum of all dot products:

In[51]:= Timing[

loc = Total[ Table[(Flatten|cfbi[ X [k], X[k + 11, Y1, YIZ + 11, vis, vise1,

Vit s Vkare1 ||\ WM2NIE, 1) //
Simplify, {k, m - 1}, {I, n - 1}], 2];]
outfs1)= {0.488303, Null}
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This sum is a linear function of the symbols v,,, and this linear function
represents the integral of the interpolating function f(-) over the entire inter-
polation region (each dot product gives the integral of f(-) in the respective sub-
region). Finally, we must extract the coefficients for the symbols v, , from the

linear combination (of those symbols) that we just obtained.
nis21= Timing[® = Table[d,,, (oc), {k, m)}, {1, n}];]
outs2j= {0.643791, Null}

Now we can use the tensor O in the same way in which we used the tensor  in
the previous section: although ® contains concrete numeric values, this ten-
sor still has the meaning of “integral of f(-) in symbolic form.” For example,

if we set

3= u[x_, y_| = €17

then we obtain

insaj= Timing[V = Table[u[X[k], Y11, {k, m}, (I, n}]; Flatten[}'].Flatten[®]]
outisaj= {0.001992, 1.0014}

which is reasonably close to

x2+y2

1

In[55]:= NIntegrate[u[x, y] * 2— e 2 ,{x, —-R, R}, {y, -R, R}] // Timing
/g

outssi= {0.045307, 1.00504}

In this case, the cubic cubature rule is considerably more accurate:

nisel= Timing[V = Table[«[X k], Y11, {k, m}, {I, m}]; Flatten[}'].Flatten[Q]]
outsel= {0.00184, 1.00503}

Here is another example.
ins71= u[x_, y_| = Max|R — Min[x + R, y + R], 0];
This function is nonsmooth, as the following 3D plot shows.

inss1= Plot3D|u|x, y|, {x, R, R}, {y, R, R},
PlotPoints - 150, Mesh - False, PlotRange - All]

Out[58]=
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infso1= Timing[} = Table[«[X[k], Y11, {k, m}, {I, n}]; Flatten[}].Flatten[®]]
out;saj= {0.003845, 0.744238893601963570}

mfeoj= Timing[V = Table[«[X[k], Y11, {k, m}, {I, n}]; Flatten[}].Flatten[]]
outsoj= {0.003853, 0.6874360084736024}

*2 +y2

1

In[61]:= NIntegrate[u[x, y]* py" xe 2 ,{x,—R, R}, {y, -R, R}] // Timing
T

outfs= {0.151764, 0.681037}

ints2i= Abs[{%[2] - %%[21, %[2] — %%%[2]}]
outtez= 10.00639893, 0.0632018}

Finally, we remark that—at least in principle—the procedures developed in this
and in the previous sections may be used with any other, that is, nonGaussian,
probability density p(-), including nonsmooth densities.

Application to Optimal Stopping Problems and Option
Pricing

The main objective in this section is to revisit the method of dynamic interpola-
tion and integration described in [1] and to present a considerably more efficient
implementation of this method, which takes advantage of the fact that the objects

that are being integrated sequentially are actually interpolating functions. More
importantly, we will show how to implement this method in the case of optimal

stopping problems for certain diffusions in R?. Essentially, this section is about
the actual implementation in Mathematica of the method encoded in the space-
discretized version of the time-discrete dynamic programming equation (7). The solu-
tion is approximated in terms of dynamic cubature rules of the form (8) by using
the procedure encoded in equation (11). For the sake of simplicity, the examples
presented in this section will be confined to the case where the (diffusion type)
observation process (X;),. is computable, in the sense that for any fixed 7" =

t = 0, the random variable X can be expressed as
Xy =y (X, Wy —W))

for some computable function ¥4, : RN xRN - RY (note that the position of the
diffusion process at time ¢, X;, is independent of the future increment of the
Brownian motion Wy —W;). In other words, the conditional law of X, given
the event {X = x} can be identified with the distribution law of a random vari-

able of the form
Q[/T_t(x, \, T_ t F),

where I' is a standard normal RN-valued random variable. Of course, when
(X1), o is computable in the sense that we just described, then there is no need to
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use the approximation (6), and, if (X}),. , is not computable, in principle at least,

the procedures described in this section can still be used, provided that the defini-
tion of the function ¥;_,(-, -) is changed according to the recipe (6).

We note that the Mathematica code included in this section is independent of the
code included in all previous sections.

To begin with, define the following symmetric probability density function in R?.

1 w2+y?

In[63]:= P(X_, y_) = ; xe 2 H

This is nothing but the probability density of a bivariate normal random variable

(X, ¥) e R?, with standard normal marginals X and ¥ and with correlation
E[XY]=0.Let W,, t=0, and B, t = 0, be two standard Brownian motions that
are independent, so that E[IW; B,] = 0 for any ¢ = 0. Next, for some fixed o >0

and for (x, y) € R?, set af =x e’ and b = ye”® for any t > 0. Note that

the joint distribution law of (ﬂf, 172’) is the same as the joint distribution law

of (x eVt X yerVi Y ) It is a trivial matter to check that
R, > t—>(ﬂf, bty) e R?

is a diffusion process in R? with generator

o2
L= 5 (x2 Oex+y c’)),,y).

In what follows, we study the problem for optimal stopping of the process
(ﬂf, 124 )t20 no later than time 7 > 0, for a given termination payoff A :R2 - R.

For the sake of simplicity, we will suppose that the discount rate for future
payoffs is 0. In the special case where A(x, y) = A(x), x = 0, for some “sufficiently
nice” function of one variable 2:R, » R, the problem comes down to the
optimal stopping of the one-dimensional diffusion (ﬂf)tzo. We analyze this one-
dimensional case first.

1 &
infea;= N(&E_) =

2n

infesi:= o = 0.3;

The time step in the procedure, that is, the quantity %, is set to
Inf66]:= Lt = 05,

Next, define the interpolation grid:
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ite7i= X = Join[Table[x // N, {x, 2, 32, 2}], Table[x // N, {x, 34, 42, 2}],
Table[x // N, {x, 44, 80, 4}], {90, 100}, Table[x // N, {x, 120, 200, 20}]];
m = Length[X]; XX = Join|{$MachineEpsilon}, X, {300, 400}|;

1
Xm = Table[z « (XXTE] + XX[k + 10), (k, 1, m + 2}];

Just as before, in all display equations we will write x, instead of X[4] and ¥,

instead of XX[4]. The boundary conditions will be prescribed at the first and last
two abscissas on the extended grid XX. This means that the recursive procedure
will update only the values on the grid X. Thus, the procedure that we develop
can be applied only to situations where the value function does not change at
those points in the state-space that are either close to 0 or happen to be very
large.

The next step is to define the list of tabulated symbols

infegl:= vrsb = Array[by, &, {m + 3}];

and the associated (symbolic) InterpolatingFunction object

miesj= g = ListInterpolation[ Table[{ XX[[k], {vrsblkI}}, {k, 1, m + 3}1];

Next, extract the coefficients of the cubic polynomials that represent the object g
between the interpolation nodes.

1 . .
ni7oj= telff_, x0_] := Sum[m 19 (x0) * (x — x0)’, {3, 0, 3}];
il

in71:= mO0loc = Table[CoefﬁcientList[te[g, Xm[[k]]], {x}] // Simplify, {k, m + 2}];
For example,
ng721:= mOloc[1] // Chop

outizz= {1.by, —0.916667 by + 1.5 by — 0.75 by + 0.166667 b,
0.258; — 0.625 b, +0.5b; — 0.125 by,
~0.0208333 b, +0.0625 by — 0.0625 by + 0.0208333 by}

which means that for ¥; < x < x;, the expression glx] can be identified with the
polynomial

In[73]:= {1, x, &%, x3}.m010c[[1]]

outizzj= (=0.0208333 by +0.0625 b, — 0.0625 by +0.0208333 by) & +
(0.255, = 0.625 b, +0.5 b3 — 0.125 by) 2* +
(—0.916667 by + 1.5 b, — 0.75 by + 0.166667 by) x + 1. by —
4.44089% 107" b, + 1.11022x 10719 by — 1.38778%x 1077 &,

Next, note that the relation

Yk = .X'é: @U\/Tx = y}e+1

The Mathematica Journal 10:4 © 2008 Wolfram Media, Inc.



Dynamic Integration of Interpolating Functions 687

is equivalent to

1 X 1 Xpy1
L, k) = log[—] <x< log[ ] =L k+1).
oVt X¢ oVt X

For every fixed ¢ = 1, ..., m, we will compute all integrals

L(f,k+1) )
f eV Y Ny de,  1s=i<4  lsksm+2,
L(g)

and will store these integrals in the matrix (initially filled with zeros):
In[74]:= wl = Table[(Table[O’ {7, 0, 3D, {k, 1, m + 2}];

In particular, the integral

L(&k+1)
f g(xé: e"‘ﬁx) N(x)dx
L(¢& k)

can be replaced by
{1, Xe, xé, xjt} . (mOloc [k]] *wl [kﬂ ),
and we remark that

4
m0loc Hk]] *wl [kﬂ = ZmOloc [[/e, iﬂ *wl [[/e, l].
i=1

The entire expression

L(Em+3) m+2
f dlre TN dx = 3 {1, e, o2, 33 (m020c [£] +w1 [&])
L&D P

then becomes a linear function of the symbols {41, ..., b,,,3}. This linear function
(i.e., vector of dimension 7 + 3) depends on the index ¢ and represents a quadra-

ture rule for the integral in the left side in the last identity. We stress that we
need one such rule for every abscissa xz, 1 < & < m. We will store all these rules

(i.e., vectors of dimension 7z + 3) in the tensor (initially filled with zeroes):
mi751= @ = Table[Table[0, {k, 1, m + 3}], {£, 1, m}];
in76= Clearlll, ul]; locInt =

Table[Integrate[e("‘l)*"*‘/T*" * N(x), {x, 11, ul}] // Simplify, {i, 1, 4}];
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1 XX[%]
In[77]= Do[[Do[Do[[wl[{k, il=N [[locInt[[i]] /. {ll - e *Log[ XTIzl ], ul »
oxVt

1 XXk + 1]

— et ]}]]], 1, 4, t 421

lcls = Sum|({1, XT£T, XT£1%, XT£T° }.(mOloc]k] + wl[kT) // Simplify),
{k, m +2}];

wl€] = Table[()bk (cls), {k, m + 3}];], {¢, m}] // Timing
outf771= {0.90158, Null}

As a first application, we compute the price of an American put option with
payoff:

nrel= Alx_] = Max[40 — «, 0]

outi7g)= max(0, 40 — x)

"The first iteration will be done by using a direct numerical integration—not inter-
polation quadrature rules.

In[79]:= Timing[

V1 = Table[{Max[A[XX[[k]]], NIntegrate[A[XX[[k]} * e"*ﬁ*x] * N(x),

1 40
{x, — o0, Log[ ]}, MaxRecursion - 10,
oxVt XX[k]
AccuracyGoal - 16, SingularityDepth —» 10]]}, {ky, 1, m + 3}];]
outza- {1.02531, Null}

Now we will do 19 additional iterations by using interpolation quadratures. The
time step is # = 0.05 years. This will give us the approximate price of an Amer-
ican put with strike price 40 and one year left to expiry. Note that the list w[#]
gives the integral associated with the abscissa x;, which is the same as x,,; for
1 <k <m. The idea is to keep the value at the abscissa ¥; fixed, throughout the
iterations, equal to the initial value 40 and, similarly, keep the values at the
abscissas ¥,,.> and ¥,,,3 forever fixed at the initial values 0 and 0.

o= K=V1; VL =K;
inig1):= Timing][

Do[(Do[VL[k + 1] = {Max[A[ XX[% + 171, Flatten[K].w[k]1}, {k, m}];
K =VL), {19}];]

outfgrj= {0.010863, Null}
Note that the first iteration took about 20 times longer to compute than the

remaining 19. Now we define the value function after 20 iterations—this is

nothing but the option price with one year left to maturity treated as a function
defined on the entire range of observable stock prices.

ms21= f = ListInterpolation[ Table[{ XX[[%], K[k]}, {k, 1, m + 3}1];
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We plot the value function f(-) together with the termination payoff A(-).
= Plot[{flx], Alx1}, {x, 0, 120}, PlotRange - All,
PlotPoints - 150, PlotStyle - {Hue[0.], Hue[0.71}]

Out[83]=

20 40 60 80 100 120

The range of abscissas at which the value function and the termination pay-
off coincide is precisely the price range where immediate exercise of the option is
optimal, assuming that there is exactly one year left to expiry.

Now we consider the same optimal stopping problem but with a smooth pay-
off function, namely

1 1
inisaj= Alx_] = — x% + — (Max[40 — x, 0])%;
100 40

Essentially, this is an example of some sort of a generalized obstacle problem.

In[85]:= Plot[A[x], {x, 0, 60}, PlotRange —» All]

40 |

30

Out[85]=

0 20 a0 40 50 6
In this case, there is no need to perform the first iteration by using direct numer-
ical integration.
nse= Timing[V1 = Table[{A[ XX[£I1}, {&, 1, 7z + 3}];]
outissl= {0.000257, Null}

Now we perform 60 iterations, which will give us the value function with three
years left to the termination deadline.

ng71= K =VI1; VL = K;
infsg= Timing[

Do[(Do[VL[k + 1] = {Max[A[ XX[k + 1]], Flatten[K].0[k]1}, {k, 1, m}];
K = VL), {60}];]

outisgj= {0.039661, Null}
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nso= f = ListInterpolation[ Table[{ XX[%], K[k1}, {k, 1, 7z + 3}1];

In[90]:= PIOt[{f[x]’ A[x]}’ {x9 09 120}9
PlotRange - All, PlotStyle - {Hue[0.], Hue[0.7]}]

40 |

30 [

Out[90]=

20 40 60 80 100 120

The most common approach to dynamic programing problems of this type is to
use the free boundary problem formulation, followed by some suitable variation
of the finite difference scheme. However, such an approach is much less straight-
forward and usually takes much longer to compute—a fraction of a second would
be very hard to imagine even on a very powerful computer. In fact, we could
double the number of the interpolation nodes and cut the time step in half,
which would roughly quadruple the timing, and still complete the calculation
within one second.

It is important to point out that, in terms of the previous procedure, there is
nothing special about the standard normal density. In fact, we could have used
just about any other reasonably behaved probability density function N(-)—as
long as the associated integrals are computable. In particular, one can use this
procedure in the context of financial models in which the pricing process is
driven by some nonwhite noise process, including a noise process with jumps.
The only requirement is that we must be able to compute the integrals

L(Ek+1)
f e DTV x () i, l<i<4, l<k=<m+2,
L(&k)

forany £ =1, ..., m.

Finally, we consider the two-dimensional case. We use the same grid-points on
both axes:

mpor= ¥ = X3 n = Length[Y]; YY = XX;

Although the lists Y and YY are the same as X and XX, in the notation that we use
we will pretend that these lists might be different and will write y, instead

of Y[, y, instead of YY [£], and set
log| —|.
oVt In

M, ) =
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We will use bilinear cubature rules, which are easier to implement—we need one
such rule for every point (xz, yy), 1 <& <m, 1 <5 =<n. Thus, we must compute
all integrals

L& k+1) M(nl+1) )
f dxf e TNV G-DoNT Yy sy gy (14)
L(£4) M(n,f)

for 4, j=1,2, for 1<k<m+2, for 1 <l<n+2, for 1 <¢é=<m, and for
& =1 < n (because of the symmetry in the density p(-), it is enough to consider
only the case 7= ¢). Now we need to operate with substantially larger lists
of data and for that reason we need to organize the Mathematica code differently.

Assuming that (x, y)— f(x, y) is an interpolating function constructed by way
of bilinear interpolation from the tabulated symbols

ﬂ/e,sz(@,%), l<k=m+3, l<sl=n+3,
we can express each of the integrals
L(ék+1) M,/ +1)
f ‘“f FlaeemVT o, yyemV00) pls, ) dy
in the form
{1’ x-f}‘Af,r],/e,l'{ 1, )’n},

where A, ;. , is the 2 X 2 matrix given by (here we use the definition of c£bi from

the previous section)
Af,n,k,l = Cfbi[yk’ y/e+1’ YP 71+1, ﬂk,l’ ﬂk,Hl’ ﬂk+1,l’ ﬂk+1,l+1] *locIntegrals,

and locIntegrals is the 2 X 2 matrix of the integrals (14) indexed by 1 <4, j <2
( is the first index and j is the second). In fact, with our special choice for the bi-
variate density p(x, y), all these integrals can be calculated in closed form:

In[92):= Clear[(r, t, x, y, Ix, Lx, ly, Ly]

mp3r= i=1;j=1; Integrate[e G-V x4 (- Vi y *p(x, y), {x, Ix, Lx}, {y, ly, Ly}]

1 Ix Lx ly Ly
outezl= — | erf] — erf]

V2o W2t W) e

o= =257 =1; Integrate[e DoVt x+(j-Do Vi y *p(x, ¥), {x, Ix, Lx}, {y, ly, Ly}]

1 w2 ly Ly x-Vt o Lx-Vt o
out[94]= Ze 2 |erf] — erf] erf] — erf]

NES I VS | OV B
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mposi= i=1; j=2; Integrate[e G-DoVt x+(j-Do Vi y *p(x, y), {x, Ix, Lx}, {y, ly, Ly}]

1 2 Ix Lx ly-vVt o Ly-vVt o

outfos}= — e 2 |erf] —erf] erf] — erf]

NES I Wy O B O

6= =23 j=2; Integrate[e G-V x+(-ho Vi y * p(x, y), {x, Ix, Lx}, {y, ly, Ly}]

N

R k-Vt o Lx-Vt o ly-vVi o Ly-vVt o

out[96]= — € erf| — erf] erf —erf
CTE T E T E T

After fixing the values for the volatility o and the time step ¢

into71= Clear[i, j|; o = 0.3;2 =.05;
the integrals can be written as explicit functions of the integration limits:

infosj:= cipll = Compile[{{lx, _Real}, {Lx, _Real}, {ly, _Real}, {Ly, _Real}},

1 Ix Lx 1 L
—x |erf] — | — erf] — *erfy—erf y];

SR e

Info9:= cip21 =

1 to?
Compile[{{lx, _Real}, {Lx, _Real}, {Iy, _Real}, {Ly, Real}} Z xe 2 %
ly Ly -Vt o Lx-Vt o
erf| — | — erf] —— || *| erf —erf ];
Nol B N v
inf100:= cipl2 =
1 to?
Compile[{{]x, _Real}, {Lx, _Real}, {ly, _Real}, {Ly, Real}} Z xe 2 x
Ix Lx ly-Vi o Ly-Vt o
erf —erf * | erf] —erf ];

N I NS A O P B R

Inf101:= €ip22 = Compile[{{lx, _Real}, {Lx, _Real}, {ly, _Real}, {Ly, _Real}},

ro2 Ix-Vt o Ix-Vt o

— xe'7 x|erf] — erf] *

! V2 V2
[ [ly V7o Ly-Vio

_erfT ];
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Our method depends in a crucial way on the fact that {1, X €D} Ay 141, YNl

is actually a linear function of the symbols {ﬂw, Be1i1> Vv ) ﬂk+1’l+1}. In fact,

we can compute the coefficients in this linear combination explicitly, as we now
demonstrate.

mrio021= Clearla, b, ¢, d]
mro31= locIntegrals = {{C11, C12}, {C21, C22}}

Cl1 C12
0utliosl= {21 €22

The next two definitions are taken from the previous section, so that the code
included in this section can be self-contained.

inoap= bi[x_, y_, x1_,x2_,yl1_,y2_, V11_, V12_, V21_, V22_] =

x—-x1 -yl x —x1 -yl
[1— )*[1— L ]*V11+ *[1— 7Y ]*V21+

x2 —x1 y2 -yl x2 —-x1 y2 -yl
x—-x1 -yl x —x1 -yl

(1— ]* s * V12 + * Iy *V22;
x2-x1) y2-yl x2-x1 y2-yl

iniosp= cfbilx1_, x2_, yl1_, y2_, V11_, V12_, V21_,V22_] =
CoefficientList|bi[x, y, x1, x2, y1, y2, V11, V12, V21, V22|, {x, y}];

In[106]:= Coefﬁcient[{l, xx}.(cfbi[xl, x2, yl, y2,a, b, c, d] *locIntegrals).{l, yy},
a| // Simplify
Cl1x2y2 -C21xxy2 - C12x2 yy + C22 xxyy

(x1 —x2) (yl - yZ)

Out[106]=

In[107]:= Coefﬁcient[{l, xx}.(cfbi[ x1, x2, y1, y2, a, b, c, d] *locIntegrals).{l, yy},
b] // Simplify
-Cl1x2yl + C21 xxyl + C12x2 yy — C22 xx yy

(x1 -x2) (yl - yZ)

Out[107]=

In[108]:= Coefﬁcient[{l, xx}.(cfbi[ x1, x2, y1, y2, a, b, c, d] *locIntegrals).{l, yy}, c] //
Simplify
-Cl1x1y2 +C21xxy2 + C12xlyy — C22 xxyy
(x1 —x2) (yl - yZ)

Out[108]=

In[109]:= Coefﬁcient[{l, xx}.(cfbi[xl, x2, yl, y2, a, b, c, d] *locIntegrals).{l, yy},
d| // Simplify
Cllxlyl -C21xxyl - Cl12xlyy + C22xxyy

(x1 —-x2) (yl - yZ)

Out[109]=
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Thus, the entire integral

L(&,m+3) M(n,n+3)
f dxf AX1E1eY 5 Vi eV ) pe, pdy - (15)
L& M@,1)

can be treated as a linear function of the symbols
{akJ; l<k=m+3,1 slsn+3}.

This linear function is nothing but a tensor of dimension (72 + 3)x(z + 3) and this
tensor is nothing but a cubature rule for the integral (15), which, obviously,
depends on the indices ¢ and 5. Consequently, we have one such cubature rule
(tensor) for every choice of £ = 1, ..., m and every choice of n =&, ..., n, and all
such rules will be stored in the tensor (initially filled with zeros):

In[110]:= == Table[Table[01 {k’ m + 3}7 {l’ n+ 3}]’ {f’ m}’ {’]’ é:’ n}];

The calculation of the tensor E is the key step in the implementation of the
method of dynamic interpolation and integration in dimension 2. This is the
place where we must face the “curse of the dimension.” It is no longer efficient to
express the global integral (15) as the sum of local integrals of the form (14) and
then extract from the sum the coefficients for the symbols 4;,. It turns out to be

much faster if one updates the coefficients for the symbols 4, , sequentially, as the

local integrals in (14) are calculated one by one. Just as one would expect, dealing
with the boundary conditions in higher dimensions is also trickier. Throughout
the dynamic integration procedure we will be updating the values of the value

function at the grid points (xg, 3’77)’ 1 <é<m, 1 <n=<n, or, which amounts to
the same, the grid points (Ek, yl), 2<k=m+1,2 <np=n+1. The values on the
remaining grid points (@, 71) withk=1,ork=m+2,ork=m+3,0orl=1, or
I=n+2,or!/=mn+3, will be kept unchanged, or, depending on the nature of the

problem, will be updated according to some other—one-dimensional, perhaps—
dynamic quadrature rule.

Now we turn to the actual computation of the tensor E. On a single “generic”
. 1 . .
processor, this task takes about 3 hour (if more processors are available the task

can be distributed between several different Mathematica kernels in a trivial way).
The key point is that this is a mlculation that we do once and for all. As will be illus-
trated shortly, once the tensor E is calculated, a whole slew of optimal stopping
problems can be solved within seconds. Of course, the “slew of optimal stopping
problems” is limited to the ones where the termination payoff and the value func-
tions obtained throughout the dynamic integration can be approximated reason-
ably well by way of bilinear interpolation from the same interpolation grid. In
general, the set of these “quickly solvable” problems can be increased by
choosing a denser grid and/or a grid that covers a larger area. However, doing so
may become quite expensive. For example, if we were to double the number
of grid points in each coordinate, the computing time for the tensor E would
increase roughly 16 times—again, everything is easily parallelizable.
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It is important to recognize that the calculation of the list Z involves only the
evaluation of standard functions and accessing the elements of a fairly large
tensor (2 has a total of 1,245,621 entries). This is close to the “minimal number
of calculations” that one may expect to get away with: if the number of discrete
data from which the value function can be restored with a reasonable degree
of accuracy is fairly large, then there is a fairly large number of values that will
have to be calculated no matter what. Furthermore, the evaluation of standard
functions is very close to the fastest numerical procedure that one may hope to
get away with in this situation. From an algorithmic point of view, the efficiency
of this procedure can be improved in two ways: (1) find a new way to encrypt the
value function with fewer discrete values; and/or (2) represent all functions
involved in the procedure (i.e., all combinations of standard functions) in a form
that allows for an even faster evaluation. In terms of hardware, the speed of the
procedure depends not only on the speed of the processor but also on the speed
and the organization of the memory.

Instead of calculating the list 2, one may load its (precomputed) value from the
files Xi.mx or Xi.txt (if available):

<< "C:/LocalHDlocation/Xi.mx"
or
<< "C:/LocalHDlocation/Xi.txt"
miinig= Timing|Dolxx = X115 yy = YInl;
XX[k] 1 XX[k + 1]

Do[ Ix = o *Log[ XUl ],L = o *Log[ XIEl ],
x1 = XX[k]; x2 = XX[k + 1]
Dol|l ! L YV L
0[[y VT o P2
1 YY[/+ 1]
*Log[ ]; vl = YY[II; y2 = YY[ + 1;

o« V1 Y(nl
C11 = cipl1[lx, Lx, ly, Ly|; C12 = cip12[lx, Lx, ly, Ly];
C21 = cip21[lx, Lx, ly, Ly]; C22 = cip22[lx, Lx, ly, Ly];
Bl n-E+ LB IN=E1&n—-E+1, k) I +

Cl1x2y2 - C21xxy2 — C12x2yy + C22 xxyy
(x1 —x2) (yl —y2)
BlE, n—€E+ 1,k I+ 11 =El§,n—-€¢+ 1,k 1+ 1] +
-Cl1x2yl + C21xxyl + C12x2yy - C22 xxyy

(x1 —x2) (yl - y2)

El§, n-&6+ L k+ LI =E[§,n-6+ 1L, k+1, ]+
—Cl11x1y2 + C21xxy2 + C12x1yy — C22 xxyy

)

b

)

(x1-x2)(y1 -y2)
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Elé, n—¢+Lk+ 1L, I+1]=El§, -6+ 1L, k+1, 1+ 1] +
Cllxlyl -C21xxyl — C12xlyy + C22 xxyy

x1 -x2) (yl - y2)

P

,n+ 2}]], ke, 1+ 2}];], € 1,m), tn, & mlj]

outfi11)= {391.51, Null}

Now we can turn to some concrete applications. First, we will consider an Amer-
ican put option with strike price 40 on the choice of one of two uncorrelated
assets (the owner of the option can choose one of the two assets when the option
is exercised). The termination payoff from this option is

mi1z1= A[x_, y_] = Max[40 — Min][x, y], 0];

13- Plot3D[A[x, y], {x, 0, 120}, {y, 0, 120},
PlotPoints - 250, Mesh - False, PlotRange - All]

40 ¢
30%
Out[113]=  20%
10L

~— 7/
100 ‘\(\~\§/’0

The two underlying assets are uncorrelated and follow the processes xye” ",

t=0, and ype” %, t > 0, where B and W are the Brownian motions described
earlier in this section. Let (x, y)— fi(x, y) be the value function with ¢ years left
to expiry, that is, if the time left to expiry is ¢ years and the prices of the two
assets are, respectively, x € R, and y € R,, then the value of the option is
fi(x, y) € Ry and we remark that what is meant here as “the value of the option”
is actually a function defined on the entire range of prices, that is, the range
of prices covered by the interpolation grid. Clearly, we must have
fi(x, 0) = £;(0, y) = 40. Furthermore, when one of the assets has a very large
value, then the option is very close to a canonical American put option on the
other asset. Consequently, the values at the grid points (Ek, y,), where k=1 or
I =1, will never be updated and will remain forever fixed at the initial value 40.
When £ is fixed to either k =m +2 or k =m+ 3, the values at the grid points
(%4, 7)), 1 =/ <n+3, will be updated exactly as we did earlier in the case of an
American put on a single asset with a strike price 40. Similarly, when / is fixed to
either / =n+2 or / =m +3, the values at the grid points (¥}, y,), | <k <m+3,
will be updated in the same way, that is, as if we were dealing with an American
put on a single asset with strike price 40. Of course, since the payoff is symmetric
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and so is the density p(-, -), we only need to update the values at the grid points
(Yk, 71)fork= l,...,m+3and/=Fk, ..., n+3.

Now we turn to the actual calculation. By using the method of dynamic integra-
tion of interpolating functions, we will compute—approximately—the pricing
function (x, y)— fi(x, y) that maps the prices of the underlying assets in the
range covered by the grid into the price of the option with one year left to matu-
rity. With time step # = 0.05, we need to perform 20 iterations in the dynamic
integration procedure. Note that if we choose to perform the first iteration by
direct numerical integration of the termination payoff, then that would require
the calculation of 741 integrals.

We initialize the procedure by tabulating the termination payoff over the interpo-
lation grid.
In[114]:= Timing[V3 = Table[A[ XX[[k:H’ YY[[’]]]; {k, 1’ m+ 3}, {l’ 17 n+ 3}];]
outi14j= {0.0069, Null}
mf1151= K =V3; VL = K;
Then we do 20 iterations—at each iteration we update the tensor VL:
inf116]= Timing[
Do[(Do[(VL[£ + 1, p + 1] = {Max[A[ XX[¢ + 11, YY[I#n + 111, Flatten[
El¢, n - ¢ + 11].Flatten[K11}), {£, m}, {n, &, n}];
Do[VLE + 1, n + 2] = {Max[Max[40 — XX[k + 1], 0],
Flatten[K[AIL z + 2]].0[k11}, {k, 72}];
Do[VL[k + 1, n + 3] = {Max[Max[40 — XX[% + 1], 0],
Flatten[K[All, z + 3]].0[k11}, {k, m}];
DO[(VIJ[[‘.E’ ’l]] = VLH’]’ 'f]]), {§7 2’ m + 3}7 {’]’ 'f_ 1}];
K = VL), {20}};]

outf116]= {3.61598, Null}

Now we can produce the pricing map with one year left to maturity.

mr1171= floc = ListInterpolation[
Table[{ (XX[%1, YYI/T}, {VLIk, IT}}, {k, 1, m + 3}, {}, 1, n+ 3}1];

1= Plot3D[floc[x, y], {x, 0, 120}, {y, 0, 120},
PlotPoints - 250, Mesh — False, PlotRange —» All]

40

30%

Out[118]= 20%
108

ot

5
~.
0
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Calculating the derivatives of the value function (treated as functions, too) is
straightforward as we now illustrate, and before we do we remark that in the
realm of finance, information about these derivatives (known as the deltas of the
option) is often more important than the pricing function itself.

iir19= Plot3D|[floc™(x, y), {x, 0, 80}, {y, 0, 80},
PlotPoints —» 250, Mesh - False, PlotRange — All]

0.0¢

Out[119]= —051

7
b v/
b / 60
-1.0% /
0 740
20 < 7
~ 720
40 e J
60 XN“\NB/

In our second example, we consider an American put option on the more expen-
sive of two given underlying assets (in contrast, in our previous example we dealt
with an American put option on the less expensive of the two underlying assets).
In this case, the termination payoff function is given by

nnz20i= Alx_, y_] = Max[40 — Max[x, y], 0];

2= Plot3D[A[x, y], {x, 0, 120}, {y, 0, 120},
PlotPoints - 250, Mesh — False, PlotRange — All]

Out[121]=

This time the boundary conditions must take into account the fact that when one
of the assets becomes too expensive, the option becomes worthless, and when
one of the assets is worthless, the option may be treated as a standard American
option on the other asset. For the purpose of illustration we will compute the
value of the option with three years left to maturity.

inf1221= Timing[V4 = Table[A[ XX[kI, YYIZII, {k, 1, m + 3}, {/, 1, n + 3}];]
outf1221= {0.007632, Null}

mnf1231= K =V4; VL = K;
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In[124]:= Timing [
Do[(Do[(VL[£ + 1, p + 1] = {Max[A[ XX[£ + 1], YY[#5 + 1], Flatten[
El¢, n — £ + 1]].Flatten[K11}), {§, m}, {n, £, n}];
Do[VL[1, &k + 1] = {Max[Max[40 — YY[% + 1], 0],
Flatten[K[1, Alll].w[kT1}, {k, 72}]; Do[
VL[k + 1, n + 2] = {0}, {k, m}]; Do[VL[k + 1, n + 3] = {0}, {k, m}];
DO[(VLﬂf’ ’7]] = VLH']: f]])’ {f, 2, m + 3}, {’]’ f_ 1}]’ K= VL)9 {60}1;]

outf124j= {12.2292, Null}

mf1251:= floc = ListInterpolation[
Table[{{XX[£], YY[/T}, (VLIk, I1}}, {k, 1, m + 3}, {, 1, n + 3}1];

261 Plot3D[floc[x, y], {x, 0, 120}, {y, 0, 120},
PlotPoints - 250, Mesh - False, PlotRange — All]

Out[126]=

This is a good example of a value function which is neither everywhere smooth
Nor convex.

In our final example we consider optimal stopping of the same diffusion in R?
but with smooth termination payoff of the form

1 1 1
= AIX_] = — 2%+ — (Max[40 — x, 0D%; Alx_, v_] = — Alx]1+A[y];
it 100" 40 R bl

innzsi= Plot3D[A[x, y], {x, 0, 120}, {y, 0, 120},
PlotPoints - 250, Mesh - False, PlotRange — All]

40

30%
Out[128]= 20%
10

With this termination payoft the boundary conditions must reflect the fact that
the option is worthless when one of the assets is worthless or when one of the
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assets is too expensive. We will execute 60 iterations, which will give us the value
function with three years left to expiry.

inf129= Timing[V5 = Table[A[ XX[k], YY[I/I1, {k, 1, m + 3}, {I, 1, n + 3}];]
outf129}= {0.015148, Null}
mr1301:= K =V5; VL = K;
inf1317:= Timing[
Do[(Do[(VL¢ + 1, 5 + 1] = {Max[A[ XX[¢ + 11, YY[[5 + 1]], Flatten[
El¢, n - £ + 1]].Flatten[K11)), {£, m}, {n, £, n}];

Do[VL[1, k + 1] = {0}, {k, m}]; Do[VL[k + 1, n + 2] = {0}, {k, m}];

Do[VL[k + 1, n + 3] = {0}, {k, m}];

Do[(VLI¢, nl = VLI, £D), (£, 2, m + 3}, {n, £ — 1}]; K = VL), {60}];]
out131j= {12.3947, Null}
inr1321= floc = ListInterpolation[

Table[{{XX[kI, YY[T}, (VLIk, i1}}, {k, 1, m + 3}, {I, 1, n + 3}]];

inn1331= Plot3D[floc[x, y], {x, 0, 120}, {y, 0, 120},
PlotPoints - 250, Mesh - False, PlotRange - All]

30%
out[133]=  20%
10t

m Conclusions

Most man-made computing devices can operate only with finite lists of numbers
or symbols. Any use of such devices for modeling, analysis, and optimal control
of stochastic systems inevitably involves the encoding of inherently complex
phenomena in terms of finite lists of numbers or symbols. Thus one can think
of two general directions that may lead to expanding the realm of computable
models. First, one may try to construct computing devices that can handle larger
and larger lists, faster and faster. Second, one may try to develop “smarter”
procedures with which more complex objects can be encrypted with shorter lists
of numbers. With this general direction in mind, the methodology developed in
this article is entirely logical and natural. Indeed, the approximation of functions
with splines or other types of interpolating functions is a familiar, well
developed, and entirely natural computing tool. The wuse of special
quadrature/cubature rules—as opposed to general methods for numerical
integration—in the context of dynamic integration of interpolating functions is
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just as logical and natural. However, only recently have computer languages in
which one can implement such procedures in a relatively simple and straight-
forward fashion become widely available. This article is an attempt to
demonstrate how the advent of more sophisticated computing technologies may
lead to the development of new and more efficient algorithms. Curiously, new
and more efficient algorithms often lead to the design of new and more efficient
computing devices. In particular, all procedures described in this article can be
implemented on parallel processors or on computing grids in essentially a trivial
way. There is a strong incentive to build computing devices that can perform
simultaneously several numerical integrations, or can compute dot products
between very large lists of numbers very fast.

Finally, we must point out that most of the examples presented in the article are
only prototypes. They were meant to be executed on a generic (and slightly out
of date) laptop computer with the smallest possible number of complications.
Many further improvements in terms of higher accuracy and overall efficiency
can certainly be made.
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m Additional Material

Lyasoff.zip contains:
integrals.mx
integrals.txt
CoeffList.mx
CoeffList.txt

Xi.mx

Xi.txt

Available at www.mathematica-journal.com/data/uploads/2011/12/Lyasoff.zip.
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