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Search for Hamiltonian
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Determining whether Hamiltonian cycles exist in graphs is an
NP-complete problem, so it is no wonder that the Combinatorica
function HamiltonianCycle is slow for large graphs.
Theorems by Dirac, Ore, Pésa, and Chvatal provide sufficient
conditions that are easy to check for the existence of such
cycles. This article provides Mathematica programs for those
conditions, thus extending the capability of Hamiltoniang,
which only tests the biconnectivity—a simple necessary
condition—of a given graph. We also investigate experimentally
the limiting behavior of whether the conditions are fulfilled for
large random graphs. The phenomenon seen is proved as a
theorem, closely related to earlier results by Karp and Posa.

Introduction

The Combinatorica function HamiltonianCycle seems to work slowly for large
graphs, because finding a Hamiltonian cycle in graphs is obviously an NP-complete prob-
lem. The search can be made faster, starting by testing if such a cycle exists at all. The
Combinatorica function HamiltonianQ does this by checking the biconnectivity of the
graph, which is a simple necessary condition for the existence of a Hamiltonian cycle.
However, further conditions are easy to check, formulated in theorems by Dirac [1], Ore
[2], Pésa [3], and Chvaétal [4]. (See also [3, 6, 7].) It saves time to apply these criteria be-
fore trying to construct a Hamiltonian cycle. We think that the present algorithms might
also help improve other functions in the Combinatorica Package, such as Trav-
elingSalesman.

All of our algorithms are deterministic; however, probabilistic algorithms are also known
for the same problem, see Angluin and Valiant [8].

The structure of our paper is as follows. First we define the functions that test the
conditions in the theorems by Dirac, Ore, P6sa, and Chvétal and we apply these functions
to all the graphs in FiniteGraphs. Two examples are shown to prove that the
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conditions are different. Next, a few examples are used to show that in some cases the
HamiltonianCycle function takes more time than one of our functions using the
simplest necessary condition. Experiments on large Erdés—Rényi random graphs G(n, p)

as n (the number of vertices) tends to infinity follow, leading to a conjecture that if p > —;

(p is the probability of an edge), then the conditions are typically fulfilled, and if p < 1

then they are typically violated. This is in accordance with the results of Pésa [9] and
Karp (see [4]). The conjecture is finally rigorously proved and also illustrated.

m Functions
We need these two packages.

Get["Combinatorica™"] // Quiet;
Get["GraphUtilities™"];

First of all, the function RequireQ verifies the necessary condition that all of the ver-
tices of the graph should have at least two neighbors.

RequireQ[G_] := Min[Degrees[G]] 2 2;

Next we test four sufficient conditions formulated as in [10].
Dirac’s theorem
A simple graph with n = 3 graph vertices in which each vertex has degree at least

’—g] has a Hamiltonian cycle.

DiracQ[G_] :=
V[G] > 3&&And@@Map[# > Ceiling[V[G] / 2] &, Degrees[G]]

Ore’s theorem

If a simple graph G has n = 3 graph vertices and every pair of vertices that are not
joined by an edge has a sum of degrees that is greater than n, then G has a Hamiltonian
cycle.

OreQ[G_] := Module[{d = Degrees [G], adj = AdjacencyMatrix[G]},
Ande@@Flatten[Table[Or[adj[i, j] ==1, d[i] +d[j] = V[G]],
{i, V[G]}, {j, i+1, V[G]}1]]
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Poésa’s theorem

If a simple graph G has degrees dy <d, ... <d, where n=3 and d, zk+1 if

k < 121, then G has a Hamiltonian cycle.

PosaQ[G_] :=

Module[{dord = Sort@Degrees[G], n = V@G},

n
n>3 &&And@@Map[dord[[n]] >2H#H+1g&, Range[ (Ceiling@—) - 1] ”
2

Chvatal’s theorem

If a simple graph G has degrees d| < d, ... < d, where n = 3 and, when d;, < k < g
then d,_;, = n—k holds, then G has a Hamiltonian cycle.

ChvatalQ[G_] :=
Module[{dord = Sort@Degrees[G], n = V@G},

n> 3&&And@@Map[(dord[[1:t]] >#) V (dord[n-#] 2 n-#) &,

Range[ (Ceiling@g) - 1] ] ]

m Examples
In these examples we can see the usefulness of the theorems.

AbsoluteTiming[RequireQ[#] & /@ FiniteGraphs]
AbsoluteTiming[DiracQ[#] & /@ FiniteGraphs]
AbsoluteTiming[OreQ[H] & /@FiniteGraphs]
AbsoluteTiming[PosaQ[#] & /@FiniteGraphs]
AbsoluteTiming[ChvatalQ[#] & /@ FiniteGraphs]

{0.0180010, {True, True, True, True, True, True, True,
True, True, True, True, True, True, False, True, True,
True, True, True, True, True, True, True, True, False}}

{0.0220013, {False, False, False, False,
False, False, False, False, False, False, False,
False, False, False, False, True, False, False,
False, True, False, False, False, False, False}}

{0.1240070, {False, False, False, False,
False, False, False, False, False, False, False,
False, False, False, False, True, False, False,
False, True, False, False, False, False, False}}
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{0.0190011, {False, False, False, False,
False, False, False, False, False, False, False,
False, False, False, False, True, False, False,
False, True, False, False, False, False, False}}

{0.0200011, {False, False, False, False,
False, False, False, False, False, False, False,
False, False, False, False, True, False, False,
False, True, False, False, False, False, False}}

These functions run fast, but AbsoluteTiming[ (HamiltonianCycle[H1] &) -
/@FiniteGraphs] would take 10 hours. That shows that the Hamiltonian cycles are

found 10° times more slowly than the theorems compute which graphs surely have a
Hamiltonian cycle. If one has many large graphs but needs only a single Hamiltonian cy-
cle in any one of them, these functions should be run first.

In the following individual examples, HamiltonianCycle runs 10 times more slowly
than the theorems. The difference grows with the size of the graphs because searching for
Hamiltonian cycles is an O(n!) complexity problem and the complexity of the theorems is

only O(nz).

GraphPlot [

ml = {{O, 1,1, 0,1, 1}, {1, 0,0,1,1, 1}, {1,0,0,1, 1, 1},
(o, 1,1, o, 0, 0}, {1, 1,1, 0,0,0}, {1,1,1, 0, 0, 0}}]

Gl = FromAdjacencyMatrix[ml];
Map [AbsoluteTiming[H#H@G1] &,

{DiracQ, OreQ, PosaQ, ChvatalQ, HamiltonianCycle}]

GraphPlot [

m2 = {{0,1,1,0,1,1,0,1, 0}, {

{, 0,0,1,1,1,0,1, 0}, {0,

{1I 1’ 1’ 0’ ol OI 0’ 0’ 1}’ {ll
1,0,1,0

{0, 1’ 0’ 14 14 14 1’ 1}’ {1’
{0, 1, 0,0,1,0,1, 0, 0}}]
G2 = FromAdjacencyMatrix [m2];
Map [AbsoluteTiming[#@G2] &,

14

1
1
1
0

,0,0,1,1,1,1,0, 1},
;,1,0,0,0,1, O, O},
;,1,0,0,0,1, 1, 0},
;,1,0,0,1,1, 0, 0},

{DiracQ, OreQ, PosaQ, ChvatalQ, HamiltonianCycle}]
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{{0.0010001, False}, {0.0010000, False}, {0.0010001, True},
{0., True}, {0.0210012, {1, 5, 2, 4, 3, 6, 1}}}

{{0., False}, {0.0020001, False}, {0.0010001, False},
{0.0010001, True}, {0.0110006, {1, 2, 4, 3,5, 9, 7, 6, 8, 1}}}
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These two examples also illustrate that the theorems do not always give the same result.
However it is easy to see the connection between Dirac’s theorem and Ore’s theorem, be-
cause satisfying the conditions of Dirac’s theorem implies that the conditions of Ore’s theo-
rem are also satisfied. There are more implications between these theorems, which are not
as easy to prove: the conditions of Ore’s theorem imply those of Pdsa’s theorem and the
conditions of Pdsa’s theorem imply those of Chvéital’s theorem.

A graph G is biconnected if for every two vertices u and v of G, there are two disjoint sim-
ple paths between u and v. The built-in function HamiltonianQ only tests the biconnec-
tivity of the graph, and if the graph is biconnected, it runs the HamiltonianCycle func-
tion. So if the graph is biconnected then it is slower than the theorems. The RequireQ
function may provide a negative result more quickly.

AbsoluteTiming[RequireQ[FiniteGraphs[25]]]
AbsoluteTiming[HamiltonianCycle[FiniteGraphs[25]]]
AbsoluteTiming[HamiltonianQ[FiniteGraphs[25]]]

{0.0050003, False}
{0.0140008, {}}

{0.0080004, False})

An even more convincing example of the same type follows.

m= {

{(0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0},
{i,0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 0},
i, 1,¢0,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 0},
i, 1,1,690,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 0},
i, 1,1,1,90,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 0},
i, 1,1,1,1,690,1,1,1,1,1,1,1,1,1,1,1,1,1, 0},
i, 1,1,1,1,1,%0,1,1,1,1,1,1,1,1,1,1,1,1, 0},
{1,1,1,1,1,1,1,01,1,1,1,1,1,1,1,1,1,1, 0},
{1,1,1,1,1,1,1,1,90,1,1,1,1,1,1,1,1,1,1, 0},
{1,1,1,1,1,1,1,1,1,0,1,1,1,1,1,1,1,1,1, 0},
{1,1,1,1,1,1,1,1,1,1,%0,1,1,1,1,1,1,1,1,0},
{1,1,1,1,1,1,1,1,1,1,1,%0,1,1,1,1,1,1,1, 0},
{1,1,1,1,1,1,1,1,1,1,1,1,¢0,1,1,1,1,1,1, 0},
i,1,1,1,1,1,1,1,1,1,1,1,1,0,1,1,1,1,1, 0},
i, 1,1,1,1,1,1,1,1,1,1,1,1,1,01,1,1,1, 0},
i,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,1, 1,1, 0},
i,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,1,1, 0},
i,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,1, 0},
i, 1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,1},
{0, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1, 0}};

G = FromAdjacencyMatrix[m];
AbsoluteTiming[RequireQ[G]]
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AbsoluteTiming[HamiltonianCycle[G]]
AbsoluteTiming[HamiltonianQ[G]]

{0.0030002, False}
{4.1412369, {}}

{0.0120007, False}

Here is an example for the difference in a large graph.

G = RandomGraph[5000, 3 /5000];
Map[AbsoluteTiming[#@G] &, {RequireQ, HamiltonianQ}]

{{0.1060060, False}, {3.2431855, False}}

Here we can see that in huge graphs it is better to run the RequireQ function first, be-
cause it is possible that Mathematica will search for a long time when there is no Hamilto-
nian cycle in the graph at all. So it might be useful to build the function RequireQ into
the HamiltonianQ and HamiltonianCycle functions in Mathematica.

m Limit Values in Large Graphs

In applying the theorems for large Erd6s—Rényi random graphs (see [11]) using Mathemat-
ica, a question emerges: what kinds of limit do exist?

Let p denote the probability of the existence of an edge. We wonder what happens if p is
fixed and the number of vertices tends to infinity.

G = RandomGraph[100, 58 /100];
Map [AbsoluteTiming [H@G] &,
{DiracQ, OreQ, PosaQ, ChvatalQ, HamiltonianCycle}]

{{0.0300017, False}, {0.1530087, False},

{0.0280016, True}, {0.0280016, True},

{9.6985547, {1, 4, 2, 3, 6, 11, 7,5, 9, 8, 15, 10, 12, 13, 14,
16, 17, 18, 19, 20, 21, 23, 22, 26, 29, 25, 28, 27, 31, 30,
24, 32, 40, 34, 33, 35, 39, 36, 42, 41, 38, 45, 37, 43, 44,
48, 46, 47, 50, 49, 53, 51, 54, 52, 55, 56, 57, 58, 60,

59, 61, 62, 63, 65, 67, 66, 64, 68, 70, 69, 71, 72, 73,
74, 75, 78, 76, 77, 82, 79, 80, 81, 85, 83, 89, 87, 84,
86, 91, 88, 90, 92, 93, 95, 97, 94, 96, 99, 100, 98, 1}}}

The Mathematica Journal 13 © 2011 Wolfram Media, Inc.



Csongor Gy. Csehi and Jdnos Toth

As can be seen in the previous example, P6sa’s theorem or Chvétal’s theorem is more effi-
cient than the others because they gave True and the others did not, so let us use only
these two.

G = RandomGraph[100, 48 /100];
Map [AbsoluteTiming[#@G] &, {PosaQ, ChvatalQ, GraphPlot}]

{{0.0250014, False}, {0.0240014, False},

{0.1820104,

G = RandomGraph[100, 52 /100];
Map[AbsoluteTiming [H#@G] &, {PosaQ, ChvatalQ, GraphPlot}]

{{0.0260015, True}, {0.0270015, True},

{0.1950112,

Our simulation results have shown that in a random graph with a hundred vertices with
probability 0.48 for an edge, the conditions of the theorems are violated in about 99.6% of
the cases. However, changing the edge probability to 0.52 implies that the conditions of
the theorems are satisfied in about 98.8% of the cases.
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Let us try these limits in graphs with a thousand vertices.

G = RandomGraph[1000, 52 /100];
Map[AbsoluteTiming[#@G] &, {PosaQ, ChvatalQ, GraphPlot}]

{{2.6231501, True}, {2.6201498, True},

{17.0899775,

G = RandomGraph[1000, 48 /100];
Map[AbsoluteTiming[H#@G] &, {PosaQ, ChvatalQ, GraphPlot}]

{{2.4111379, False}, {2.4141381, False},

{15.9869144,
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The ratios seem to be the same, but it is very difficult to compute the relevant probabili-
ties. Here is a table with the test results.

Texte@

Grid[{{"number of\nvertices", "number of\ntest graphs",
"probability\nof an edge",
"number of cases\nwhen Pésa’s\ntheorem is true",
"number of cases\nwhen Chvatal’s\ntheorem is true"},

{100, 10000, 0.48, 0, 38},

{100, 10000, 0.52, 8739, 9862},

{100, 100000, 0.48, 9, 344},

{100, 100000, 0.52, 87620, 98780},

{1000, 1000, 0.48, 0, 0},

{1000, 1000, 0.52, 1000, 1000},

{1000, 1000, 0.495, 0, 0},

{1000, 1000, 0.505, 1000, 1000},

{1000, 1000, 0.498, 0, 5},

{1000, 1000, 0.502, 899, 987}}, Frame -» All]

number of | number of | probability [ number of cases [ number of cases
vertices test graphs | of an edge when Pésa’s when Chvatal’s
theorem is true | theorem is true
100 10000 048 0 38
100 10000 0.52 8739 9862
100 100000 048 9 344
100 100000 0.52 87620 98780
1000 1000 048 0 0
1000 1000 0.52 1000 1000
1000 1000 0.495 0 0
1000 1000 0.505 1000 1000
1000 1000 0.498 0 5
1000 1000 0.502 899 987
Theorem

Let p be the probability of an edge and € be any positive number. If p — € = —; and
n — oo, then the probability of satisfying the conditions of the four theorems tends to 1,
and if p+€= —; and n — oo, then the probability of satisfying the conditions of the four
theorems tends to 0.

The Mathematica Journal 13 © 2011 Wolfram Media, Inc.



Search for Hamiltonian Cycles 11

Proof

Number the vertices with a bijective function N: V — {1, 2, ..., n}.
When p > - change the edges of the graph with these rules:

If N(y) > N(x):

Delete the edge if N(x) = N(y) — =

Direct the edge x — y if N(y) — N(x) < g.

Direct the edge y — x if N(y) — N(x) > g.

We can examine the distribution of in-degrees and out-degrees separately.

With this construction the sum of the in-degree and out-degree for each vertex x is less
than or equal to the degree of x in the original graph.

n

L | n
The distribution of in-degrees of x is ( |'2J ) for even n or ( [ZJ ] for odd n. Let us
p p

work with the worst case.
Binomial(n, p) = X; + X, + ... + X,,, where X; = Bernoulli(p) for all i € {1, 2, ..., n}. By

Binomial(| = |-1,p)—(|= |-1
the central limit theorem (CLT), a = nonial[ ] 1o 1) - N(O, 1).

p(-p)(|5)-1)

It is well known that (;lc ——l)i <P(X>x) <1

e 2

The speed of convergence of the CLT is at least on the order of L.

Vi

forall x > 0if X = N(O, 1).

(s
p-p)([5]-1)

Let 8 =

Then [P(m degree > - ) [P(Bmomlal(L J -1, p) > i:) =

P(Binomial(| 3| - 1, p) = ([5|-1) P> { = ([5] - 1) p) =

=1-P(> B
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Ifp> —;,then B > 0 for large n, so ([P(Binomial(l_é’J -1, p) > f))n =

(1P > B) >(1—ﬁ\/;] S

(This is because lim,_,o (1 + a,)" = eliMmenan )

So the probability that all in-degrees are greater than f tends to 1. We can prove the same

for the out-degrees, so all of the degrees will be greater than i; in the original graph. Then

the probability of satisfying the conditions of Dirac’s theorem tends to 1 and the same
holds for the other three theorems.

When p < —; , direct the edges of the graph using the following rules if N(y) > N(x).
Double the edge and direct them in opposite ways, x — y and y — x, if N(x) = N(y) — =

Direct the edge x — y if N(y) - N(x) < 5.

Direct the edge y — x if N(y) — N(x) > g

With this construction the sum of the in-degree and out-degree for each vertex x is greater
than or equal to the degree of x in the original graph.

The distribution of the in-degree of x is Binomiall('%l , p) if n is odd or Binomial(g , p) if
n is even. Let us work with the worst case.

n n n
Bmomlal ——

Letd = ——20 P andy = S .
A Pa=»3 p(-p);

Then P(in-degree < % — 1) = P(Binomial(3, p) < % - 1) =
P(Binomial(3, p) -4 p< -1-5p)=P@E<y)=1-P@E>7y)

If p< —;,then y > 0 for large n, so (P(Binomial(n — 1, p) < :': -1))' =

(1—|P((5>y))”>(1——1 ¢ 1.
e

So the probability that all the in-degrees are less than g —1 tends to 1. We can prove the

same for the out-degrees, so all degrees will be less than 121 — 2 in the original graph.

Then the probability of satisfying the conditions of Chvétal’s theorem tends to 0, and the
same holds for the other three theorems. B

Some illustrations of the proof follow.
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Here we can see that the distribution of the degrees is near to Binomial(n — 1, p), where n
is the number of the vertices and p denotes the probability of the existence of an edge.

L = Degrees [RandomGraph[100, 0.6]];
Show [
{Histogram[L, {40, 80, 1},
AxesLabel -» {"degrees", "number of\n vertices"}],
ListLinePlot[
Table[{k, 100 x PDF [BinomialDistribution[100-1, 0.6], k]},
{k, 42, 77}], PlotStyle » Red] }]

number of
vertices

N

50 60 70
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L = Degrees [RandomGraph[1000, 0.6]];
Show[Histogram[L, {520, 670, 1},
AxesLabel -» {"degrees", "number of\n vertices"}],
ListLinePlot[
Table[
{k, 1000 * PDF [BinomialDistribution[1000-1, 0.6], k]},
{k, 520, 670}], PlotStyle —» Red]]

number of
vertices

; , I /mﬂﬁrﬂ — ’-m]HﬁMm\ﬂ | T degrees

540 560 580 600 620 640 660

Let € > 0; if we fix p = —; —€(or p= —; + €) and the number of vertices tends to infinity,

then [P(all of the degrees are greater (or less) than é’ ) - 1.
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Manipulate [

1 i 1 n-1-i
Show[{Plot [Binomial[n— 1, i] [— + e) [— —e] ,
2
{i, 0.4n, 0.6 n}, PlotRange » All, ImageSize -» {400, 300},

ImagePadding -» {{15, Automatic},

{Automatic, Automatic}} ] ’

Graphics[{Thick, Red, Line[{{lzl, o}, {i;, \/%}}]}]}],

{n, 100, 10000, Appearance - "Labeled"},
{{e, 0.05}, -0.1, 0.1, Appearance - "Labeled"}]

n c{j 100

0.05

(.

0.10

55 60

Our results are related to some earlier results.
R. M. Karp (see [4]): G(n,p) is Hamiltonian with probability 1—-o(1) if
p = 1596log(-").

L. Pésa [9]: Almost all graphs with n vertices and ¢ n log(n) edges are Hamiltonian.
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With these theorems it is easy to see that if p > —; and n — oo, then the probability that

G(n, p) is Hamiltonian tends to 1. Moreover these theorems imply that if p is independent

of n and n — oo, then the probability that G(n, p) is Hamiltonian tends to 1.

The experiments show that the theorems are not only useful, but also raise interesting
questions.
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