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Fitting Data with Different
Error Models

Béla Palancz

A maximum likelihood estimator has been applied to find
regression parameters of a straight line in case of different error
models. Assuming Gaussian-type noise for the measurement
errors, explicit results for the parameters can be given
employing Mathematica. In the case of the ordinary least
squares (OLS,), total least squares (TLS), and least geometric
mean deviation (LGMD) approaches, as well as the error model
of combining ordinary least squares (OLS, and OLS,) in the
Pareto sense, simple formulas are given to compute the
parameters via a reduced Grobner basis. Numerical examples
illustrate the methods, and the results are checked via direct
global minimization of the residuals.

Introduction

Generally, to carry out a regression procedure one needs to have a model M(x,y, ) =0,
an error definition epq(X,y:#), and the probability density function of the error
PDF(ep(x,y: 6)). Considering the set {(x{,y1), (X2, ¥2), ..., (X4, ¥,)} as measurement
points, the maximum likelihood approach aims at finding the parameter vector 6 that maxi-
mizes the likelihood of the joint error distribution. Assuming that the measurement errors
are independent, we should maximize (see eg. [1])
PDF(ep((x1, y1):0), em((x2,¥2):0), ..., ep((Xn, yu) 1 0)) =
- _ (1)
[ [PDFep(Cxir y): 0)).
i=1

Instead of maximizing this objective, we minimize

def

£®) = —1n| [ [PDFem(Cri, y): )| = = D In(PDF(ep((xi, y7) : 6))). )
i=1 i=1
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2 Béla Paldncz

Consider the Gaussian-type error distribution as N (0, 0); then our estimator is

p((3i.71):0)%

-E(O)Z—iln L znln(\/;o-)+iM (3)
i=1 2m

2
g i=1 20

In our case the model is a line,

" (epm ((xi, yi) : (m, b)))>
def Z

L(m,b) = “4)

i=1 207
It can be seen that (in the case of Gaussian-type measurement noise) only the type of the
error model determines the parameter values, since we should always minimize the least
squares of the errors. There are different error models, which can be applied to fitting a
line in a least-squares sense. The error model frequently employed, assuming an error-free
independent variable x, is the ordinary least squares model (OLS,)

epm ((x,y):(m, b)) =y—mx—b. (5)
Similarly, one may also consider an error-free dependent variable y. Then the error model

(OLS,) is

-b+y
ep ((x, y): (m, b)) = x — : (6)
m

These approaches are called the algebraic approach.

Another error model considers the geometrical distance between the data point and the
line to be fitted. This type of fitting is also known as orthogonal regression, since the
distances of the sample points from the line are evaluated by computing the orthogonal
projection of the measurements on the line itself. The error in this case [2] is

-mx->b
epm((x,y):(m, b)) = ——. @)
1 +m?

This geometrical approach or total least squares (TLS) approach can also be considered
as an optimization problem with constraints; namely, one should minimize the errors in
both variables [3]:

ZAxiZ +Ay? - min (8)

i=1
under the conditions

—b-mx;+Ax))+(y; +Ay;) =0,i=1,2,...,n. 9)
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Fitting Data with Different Error Models 3

In addition, one can also combine OLS, and OLS, to construct an error model. The first
possibility is to consider the geometric mean of these two types of errors,

(10)

-b+y
em ((x,y):(m, b)) = (—b—mx+y)[x— )

m

These error models are illustrated in Figure 1.

Graphics [ {
Arrow[{{-1, O}, {10, O}}],
Arrow[{{O0, -1}, {0, 7}}1,
Line[{{3, 2}, {8, 2}}],
Line[{{3, 2}, {3, 6}}1,
{Thick, Line[{{3, 6} - .2 {5, -4}, {8, 2} +.2 {5, -4}}]1},
Line[{{3, 2}, {3, 2} +{80/41, 100/ 41}}],
Style[Text|"OLS"sey1e["x", rtalic) s ({3, 2} + {8, 2}) /2, {0, 2}],
16],
Style [TeXt[HOLS"Style["y",Italic]l ({31 2} + {31 6}) /2,
{1.5, 0}], 16],
Style[Text["TLS", (2 {3, 2} + {80/41, 100/41}) /2,
{-1.8, 0}], 16],
Style[
Text[Row[{Style["y", Italic], " = ", Style["m", Italic],
" ", Style["x", Italic], " + ", Style["b", Italic] }],
({3, 6}+{8, 2}) /2, {-1.5, -1}], 16]
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4 Béla Paldncz

OLS, y=mx+b
TLS

OLS, N\

A Figure 1. The different error models in the case of fitting a straight line.

This model is also called the least geometric mean deviation approach or LGMD model
(see [4)]. As a second possibility, one may consider OLS, and OLS, as competing func-

tions of the parameters and find their Pareto-front representing a set of optimal solutions
for the parameters 6. Since this multi-objective problem is convex, the objective can be ex-
pressed as a linear combination of these error functions, namely

—b+y]

m

eM((xi,yi)i(m,b))=/\(—b—m3€+y)+(1—/\)(x— (1)

where A is a parameter, 0 < A < 1, and the set of optimal solutions of the parameters be-
longing to the Pareto-front is @ = #(A). You can choose the value of A depending on your
trade-off preference between OLS, and OLS, [5].

m Application of Symbolic Computation

O SuperLog Function

Symbolic computation can be used to avoid direct minimization and to get an explicit for-
mula for the estimated parameters. We apply the Mathematica function SuperLog devel-
oped in [6], which uses pattern matching that enhances Mathematica’s ability to simplify
expressions involving the natural logarithm of a product of algebraic terms.
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Fitting Data with Different Error Models 5

SuperLog[Q ] := Module[
{erk},
Which[
===0On,
Unprotect[Log];
Clear|[Log];
Log[Product[x_, {k_.a_, b_}]] :=
Log[Product [Times[erk, x], {k, a, b}]] /. erk > 1;
Log[Product [HoldPattern[Times[x__]], {k_, a_, b_}]] :=
Simplify|[
Map[Sum[#, {k, a, b}] &,
Plus @@ Map [Expand [ PowerExpand [Log[#]]] &,
List[x]]] //.
Sum[u_, w_, {kk_, aa_, bb_}] =
uSum[w, {kk, aa, bb}] /; FreeQ[u, kk] == True];
Protect[Log];
Print["SuperLog is now On."],

0 === 0ff,
Unprotect[Log]; Clear[Log]; Protect[Log];
Print["SuperLog is now Off."],

True,
Print["Please use SuperLog[On] or SuperLog[Off]!"]
11

Let us activate this function.

SuperLog[On]

SuperLog is now On.

Then this is the ML estimator for Gaussian-type noise.

n
L= r]PDF[NormalDistribution[O, cl, em;]

i=1
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6 Béla Paldncz

O Ordinary Least Squares (OLS,)
Now let us consider the OLS, problem.

LogL[OLSy| =Log[L /. ep; = ys -mx; -b] // Simplify

»n 1 1

- - —nlog[2] - —nLog[r] —nLog[oO] +

20% 2 2

"obmxy Iy omPaxd Iaby; Imxiyp y?
27 l+27 l+Z l+Z 1 :L+ _ i
i=1 o? o 20 4o o o o 207

Here are the necessary conditions for the optimum.
eql[OLS,]| = D[LogL[OLSy], m]| =0
b Xi m ij»_

n n n Xy
I R

i-1 O i-1 O i-1

eq2[OLSy| = D[LogL[OLSy|, b] =0

bn nomxy

L Yi
77*2’ - +Z_2

ot {;; © e

Let us introduce the following constants:

n

a=>x. (12)
=1

b=, (13)
i=1

n

c= i (14)
d= )5 (15)
e= ) X (16)
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In those terms, here are the necessary conditions for the optimum.
qu[OLSy] =-ab-bm+e=0

e-ab-bm=20

EqZ[OLSy] =-bn-am+c=0
c-am-bn=20
Then this is the optimal solution of the parameters.

solmbG = Solve|[{Eql[OLS,]|, Eq2[0OLS,|}, {m, b}] // Flatten

, b—> -

-ac+en bc-ae
{me—— 7}
a?-bn a?-bn

O Total Least Squares (TLS)

Although the equation system for the parameters of OLS, is linear, for other error models

we get a multivariable algebraic system. Now consider the TLS problem. Here is the maxi-
mum likelihood function.

Yi-mxy -b
LogL[TLS] = Log[L /e epmy => —] // Simplify
1+ m?
b% n 1 1 " bmx;

- - —nLog[2] - —nLog[r] —nLog[o] + - +
2 (1+m2>02 i <1+m2>02
) m® X% +2 by +2 mX Y g vi
i 2 (1 +m2> o (l +m2) o? (1+m2> o 4 2 (1+m2> o?
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8 Béla Paldncz

Therefore here is the equation system to be solved.

eql[TLS] = D[LogL[TLS], m] == 0 // Simplify

v mn " 2bm? xi bxi
+Z - +
(1+m2)202 is1 <l+m2)202 (1+m2>02
i m3xi ) m x5 +27 2bmy; .
i-1 (1+m2> o? (1+”72>02 i-1 <1+m2> o?
my? d 2m? xi yi Xi Yi
+ - + ==
i1 <1+m2)202 io1 (1+m2> o2 (1+m2> o?

eq2[TLS] = D[LogL[TLS], b] =0 // Simplify

n

Z_

i=1

mxi n Yi bn

2+Z

(1+m?) 0* {H (1+m?) o (1+m?) 0P

Since 1 + m?* # 0, the conditions are as follows.

Eql[TLS] =
P mn+a2bm?-a (1+m2) b+ bm>-bm (1+m2) -2cbhbm+

dm-2em?®+e (1+m2) =0

dm-2cbm-2em*+2abm? +bm +
e <1+m2) -ab <1+m2) -bm (1+m2) + b mn =

Eq2[TLS] =-bn-am+c¢C ==
c-am-bn=20

A Grobner basis solves this system, eliminating b.

gbm[TLS] = GroebnerBasis[{Eql[TLS], Eq2[TLS]}, {m, b}, {b}] //
Simplify

{azm—czm+ac (—1+m2> + (e—bm+dm—em2) n}
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Fitting Data with Different Error Models 9

solm[TLS] = Solve[gbm[TLS] == 0, m] // Flatten

1
{me — | -a’+c?’+bn-dn-
2 (ac-en)

\/<a2c2bn+dn>24 (ac-en) (—ac+en) ],

1

m - ~a’+c?+bn-dn+

2 (ac-en)

J

Since the second equation is linear, it is reasonable to compute m first, then b.

\/(az—cz—bn+dn)2—4 (ac-en) (—ac+en)

solb[TLS] = Solve[Eq2[TLS], »] // Flatten

- <227}

d

O Least Geometric Mean Deviation (LGMD)

The LGMD error model also leads to a second-order polynomial equation system. Now
here is the ML estimator.

-b+y;
Log L[LGMD] =Log[L /. emy = (-b-mx;i+y;) [Xi- ] ] //

m
Simplify
b n 1 1
- —nLog[2] - —nLog[r] —nLog[o] +
2mo® 2 2
" b X "omx? L by XY e P
Z - +Z i - - + 2 l+Z >
i1 00 (320" {4 mo® {5 o [H2mo?
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10 Béla Paldncz

Consequently, here is the system to be solved for the parameters.

eql [LGMD] = D[LogL[LGMD], m] == 0 // Simplify

nox2 " by; " y? b’ n
Z 12+Z 2;2+Z_ - 2

2 2
in 20 iam inq 2m*o 2m* o

eq2 [LGMD] = D[LogL[LGMD], b] = 0

Assume m # 0.
Eql[LGMD] = -b> n+m?’b+2bc-d =0

~d+2ch+bm? -b*n=0

Eq2[LGMD] =bn+ma-c =
-c+am+bn=20

Again a Grobner basis gives a second-order system.

gbm [LGMD] =
GroebnerBasis [ {Eql [LGMD], Eq2[LGMD]}, {m, b}, {b}] //
Simplify

{cz—azmz—dn+bm2n}

solmT = Solve[gbm[LGMD] == 0, m] // Flatten

\Jc?-dn
N
\Ja?-bn

When m is known, the other parameter can be computed.

\Je?-dn
{me—i,m }
\Ja?-bn

solbT = Solve[Eq2 [LGMD], »b] // Flatten

o =227}

n
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Fitting Data with Different Error Models 11

O Pareto Approach

In the case of the Pareto approach, the system is already fourth order.

Log.L[Pareto] =

Log[L /. {gMi—) A(=b-mxi+y;)2+ (1-2) [Xi_—bm;yi)z }] /1

Simplify

b n nx  bnx 1 1

i-1 Mo~ 4 MmO i=1 o i=1
m* Axi N bys L bA Y bAyYi O oxiYi
R I T
2 2 2 2 2 2 2
i=1 2 i=1 Mo i, O i=1 M O° 4, MmO
2 2
D AX Y mAXiYi Uk N S WV
Ang fminn § A 54
2 2 2 2 2 2 2
i1 mo i o i1 2m*o° 7 20° 12m°o

Here is the system.

eql [Pareto] = D[LogL[Pareto], m] ==0 // Simplify

b n "obXxyg bxxi  bAxg

n
R T
3 52 2 2 02 2 2

m= O i-1 M O i-1 i-1 MO

nomAxi o 2bys N 2bAys UL xiys

- + + + - +
i=1 02 i=1 m3 02 i=1 m3 02 i=1 m2 02
XL Yi I A X 2 nooy? b% n A
iYi iYi Yi Yi n
+ + + - ==
2 2 2 3 2 3 <2 3 52
iq O iq mto iamot 7 mo m> o

eq2 [Pareto] = D[Log./L[Pareto], ==0// Simpli
q2[ 1 [LogL[ 1, 4] implify

bnA n X4 1 )k)(i U l’ﬁ)k)(i
e
2 <2 2 2 2
m= O i-1 MO i-1 MmO i-1 O
2
Y A Yy n Ay; bﬂ<l+m A)
> + + -
2 -2 2 2 2 2 2
i-1 M O i-1 O i-1 MO m= O
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12 Béla Paldncz

Here is the system in compact form.

Eql[Pareto] =
Vn-bv*nix+mba-m*bra-mbra-m*Ab-2bc+2bAc-
me+m>le+rmAie+d-dA=0

d-2chb-em+abm+b>n-dA+2chr+
emi-abmi+em A—abm* A-bm* A-b*nr =0

Eq2[Pareto] =
-bn-m*bni+bni-ma+mia-m> La+rc+m?*Ac-Ac=0

c-am-bn-cA+ami+cm A-am A+bnx-bm?nx =0
Here is the Grobner basis for the first parameter.
gbm[Pareto] =
GroebnerBasis[{Eql [Pareto], Eq2[Pareto]}, {m, b}, {b}] //
Simplify
{(1+(-1+m*) 1) (dn-emn+c® (-1+2) +a®m* A-

dni+emni+em ni-bm*ni-acm (—l+)\+m2)k)>}

Assume that 1 + (— 1+ mz) A+0.

Gbm=dn-emn+c? (-1+2A) +alm*a-dnr+emnr+emn-
bm*nx-acm (-1+21+m? 1) // Expand

-c’+acm+dn-emn+cii-acma-

acma+aimii-dnr+emni+emni-bmin

After solving this polynomial for m, the other parameter can be solved from the second
equation, which is linear in b.

solbP = Solve[Eq2[Pareto], »] // Flatten

c-am
o =)
n
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Fitting Data with Different Error Models 13

m Numerical Example

O Data Samples

Consider some data on rainfall x (in mm) and the resulting groundwater level changes y
(in cm) from a landslide along the Ohio River Valley near Cincinnati, Ohio [7].

xydata = {{1.94, 2.5}, {3.33, 1.89}, {3.22, 1.67},
{5.67, 1.31}, {4.72, 1.02}, {3.89, 0.96}, {2.78, 1.1},
{10.56, 0.15}, {9.44, 3.92}, {12.78, 5.23},
{14.72, 4.22}, {13.61, 3.63}, {20.39, 4.32},
{38.89, 5.89}};

There are 14 measurements.

Length[xydata]

14

This displays the measured data.

ListPlot[xydata, AxesLabel -» {"x[mm]", "y[cm]"},
PlotStyle » PointSize[0.015], PlotRange -» {{0, 40}, {0, 7}}]

v [em]

~ (%) = N

w0
[ ]

)
(1]
[ J

,_.
[ ]
[ )
[ ]

e | |
10 20 30

(=]

I I e e e e B R A aa ]

4‘0 x [mm]

A Figure 2. The measured data: rainfall versus water level change in dimensional form.
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O Computation of the Constants for the Equation Systems

The constants a, b, ¢, d, and e in equations (12) to (16) are needed.

This separates the data.
{xdata, ydata} = Transpose[xydata];
This transforms the data into dimensionless form.

xS
yS

(xdata - Min[xdata]) / (Max[xdata] - Min[xdata]);
(ydata - Min[ydata]) / (Max[ydata] -Min[ydata]);

P2 = ListPlot [Transpose[{xS, yS}], AxesLabel -» {x, y},
PlotStyle -» PointSize[0.015],
PlotRange -» {{-0.1, 1.1}, {-0.1, 1.1}}]

~

10+ [ ]
i °
0.8 +
i ° L
i °
0.6 - [
048
L o
| o
02+ )
(@ g0
i L g I I I I P
L 02 04 0.6 0.8 1.0

A Figure 3. The measured data: rainfall versus water level change in dimensionless form.
Now the constants can be computed.

abcden =
Join|[
Thread[{a, b, ¢, d, e} >
Total /@ {xS, xS*2, yS, yS"2, xSyS}], {n- Length[xydata]}
1

{a—>3.21461, b—->1.67216,
c—>6.22125, d > 4.05349, e > 2.25602, n—> 14}
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O Computation of the Parameters of the Fitted Line

= OLS, Model

Here are the estimated parameters employing the explicit solutions.

solmbG /. abcden

{m—->0.885963, b 0.240945}

This checks the result.

Fit[Transpose[{xS, yS}], {1, t}, t]

0.240945 +0.885963 t

Figure 4 shows the estimated line with the sample points.

p3 =Plot[%, {t, -0.1, 1.1}, PlotStyle » Red];

Show[{p2, p3}]

~

0.8
0.6

04

/9{70

T T

. | | | | X

04 0.6 0.8 1.0

A Figure 4. The sample points with the line estimated with OLS,.
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= TLS Model

Here are the first and second parameters.

solm[TLS] /. abcden

{m-1.23716, m— -0.808306}

soly[TLS] /. solm[TLS] /. abcden

{b->0.160305}

Béla Paldncz

Here is a check of this result on the basis of the TLS definition. Equation (8) gives the ob-

jective function.

obj [TLS] = Total [Table [Axi2 +Ay;?, {i, Length[xydata] }] ]

AX% + AX% + Axg + Axﬁ + Axg + Axé + AX% + Axg + Axg +
AR+ D3+ DX, DXy AR+ MY AR+ A+ A+

2 2 2 2 2 2 2 2 2 2
Ays + AYg + AYy7 + AYg + DAYy + AyTg + Ayt + Ay, + AYiz + AY7,
The constraints are y; + Ay; —m (x; + Ax;))—-b=0,i=1, ..., n.

(cons = Table[yS[[i]] +Ay; -m (xS[[i]] +Ax;) -b =0,

{i, Length[xydata]}]) // Column

.409408 -b-m
.303136 -b-m

.202091 -b-m
.151568 - b -m
.141115 -b-m
.165505 -b-m (0

.656794 b -m (0
.885017 b -m (0

.606272 -b-m (0
.726481 -b-m (0O

P O O O O O O O O O o o o o

)

)
.315832 + Ax13) + Ay, = 0
.499323 + Ax13)
e —b-m (L. +D0x14) +DYyy =0

(0. +Ax1) +Ay; =0
(0.0376184 + Axy) + Ay, ==

.264808 -b-m (0.
(0
(0
(

0346414 + Ax3) + Ays = 0

2100947 + Axy) + Ay, =0
.0752368 + Axs) + Ays == 0
0.

052774 + Axg) + Ay = 0

.0227334 + Axq7) + Ay, =
«—b-m (0.233288 + Axg) + Ayg == 0

«202977 + Axg) +Ayy = 0
.293369 + Axgg
.709059 -b-m (0.

+A0Yq9 =0

345873 + Axy1) +Ayy, = 0

+AY3 =0

The Mathematica Journal 16 © 2014 Wolfram Media, Inc.



Fitting Data with Different Error Models 17

The unknown variables are not only the parameters, but the adjustments (Ax;, Ay;) as well.

vars = Join[Table[ {Ax;, Ay;}, {i, Length[xydatal}], {m, b}] //
Flatten

{A/\/ll Aﬂ]_r A/\/21 Ayzl AX:‘]I Ay3r A’\/41 Aﬂc}l A/\/51 Aysl
Axgy AYg, DXy AYq, Axgy AYgy AXe, AYg, AX10r AYigs
Ax11y DYp1r DX120 DYrgs DX13s DY13e DX1ay DYyg, my b}
This uses a built-in global optimization method. (This takes a long time to compute.)
Timing[
sol = NMinimize[{obj[TLS], cons}, vars,

Method -» {"RandomSearch", "SearchPoints" - 200}];]

{257.582130, Null}

Drop[sol[[2]], {1, 2 Length[xydata]}]
(m—1.23716, b 0.160305)
The TLS estimation gives a result quite different from the OLS, model; see Figure 5.

p4 =Plot[mt+b/.%, {t, -0.1, 1.1}, PlotStyle -» Green];

Show[{p2, p3, p4}]

-~

0.8

0.6

04

7

<

| @ 1 1 1 1 X

02 04 0.6 0.8 1.0

A Figure 5. The lines estimated with the OLS, (red) and TLS (green) models.

Since the constraints are linear, the optimization can be written in unconstrained form, re-
ducing the original number of variables 2n+ 2 to n + 2.
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= LGMD Model

Now here is the first parameter.
solmT /. abcden // Chop
{m—->-1.17471, m—> 1.17471}

This uses the result.
sol)T /. solmT[[2]] /. abcden // Chop
{(h—>0.174644}

Here is a numerical check of the objective.

obj [LGMD] =
Total[

m

, o . yS[[il]-b)?
Table[ (-b-mxS[[1]] +¥yS[[1i]]) xS[[1]] - ————— ’

{i, Length[xydata] }] ] ;
solT = NMinimize[obj [LGMD], {m, b}]
{0.5394, {m—>1.17471, b > 0.174644}}

Figure 6 shows this result together with the OLS, and TLS models.

p5 =Plot[mt+b /. solT[[2]], {t, -0.1, 1.1},
PlotStyle -» Blue];
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Show[{p2, p3, p4, p5}]

~

0.8
0.6

0.4¢

/fo. °

T T T T 1 T T T 1 T T T T T 1

19

| | X

0.8 1.0

A Figure 6. The lines estimated with the OLS, (red), TLS (green), and LGMD (blue) models.

= Pareto Approach

The first parameter is a fourth-order polynomial.

Gbm /. abcden

18.0448 -11.5853 m-18.0448 A +

11.5853mA+11.5853m°> A -13.0765 m* A

The best trade-off between OLS, and OLS, is to let A = 0.5.

solP = NSolve[Gbm /. abcden /. A > 1/ 2, m]

{({m—->-1.0602}, {m—0.404042 - 0.990161},
{m-0.404042 +0.99016 i}, {m—> 1.13808})

This is the real positive solution.
SolP[[4]]

{m->1.13808}
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Using this value gives the second parameter.

solbP /. solP[[4]] /. abcden // Flatten

(b 0.183054}

We compute the solution using direct global minimization. Here is the objective.

obj [Pareto] =
Total[

Table[
(A (-b-mxS[[i]] +yS[[i]])%+

yS[[il] -»

2
] ], {i, Length[xydata] }”;
m

(1-2) (XS[[i]] -

This gives the result.

solP = NMinimize[{obj [Pareto] /. A > 1/ 2}, {m, b},
Method -» {"RandomSearch", "SearchPoints" - 200}]

{0.545029, {m—->1.13808, »—> 0.183054}}

Figure 7 shows this solution with the results of the other models.

p6 =Plot[mt+b /. solP[[2]], {t, -0.1, 1.1},
PlotStyle » Magenta];

The Mathematica Journal 16 © 2014 Wolfram Media, Inc.



Fitting Data with Different Error Models 21

Show[{p2, p3, P4, pP5, p6}]
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A Figure 7. The lines estimated with the OLS, (red), TLS (green), and LGMD (blue) models, and the
Pareto approach with 2 = 1/2 (magenta).

m Conclusion

The numerical computations show that the formulas developed by an ML estimator via
symbolic computation to determine the parameters of a straight line to be fitted provide
correct results and require considerably less computation time than the direct methods
based on global minimization of the residuals. Our examples also illustrate that the TLS,
LGMD, and Pareto approaches give more realistic solutions than the traditional OLS,,

since Figure 7 shows there are at least two outliers in the sample set.
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