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Mathematica has many built-in functions for doing research in
graph theory. Formerly it was necessary to load the Combinatorica
package to access these functions; most are now available within
Mathematica itself. This article studies a problem concerning the
vertex coloring of graphs using Mathematica by introducing some
user-defined functions.

Unfriendly Colorings of Graphs

We only consider vertex colorings, so a "colored graph" always means a vertex-colored
graph. An n-coloring of a graph is a partition of the vertices into n disjoint subsets. We start
with 2-colorings; call the colors red and blue. Two vertices are neighbors if they are con-
nected by an edge. We say that two vertices of the same color are friends and two vertices
of opposite colors are strangers. If more than half the neighbors of a colored vertex v are
friends of v, we say that v lives in a friendly neighborhood; otherwise, v is said to live in an
unfriendly neighborhood. If all the vertices of the graph have the same color, every vertex
lives in a friendly neighborhood. Is there a 2-coloring such that every vertex lives in an un-
friendly neighborhood? The surprising answer to this question is yes, as we shall show.

A 2-coloring of a graph is unfriendly if each vertex lives in an unfriendly neighborhood,
that is, at least half its neighbors are colored differently from itself. It is a theorem that
every finite graph has an unfriendly coloring. (The situation is much more complicated for
infinite graphs [1, 2]). The proof is clever, but not very long and we give it next. Define
the mixing number of a colored graph to be the number of its edges whose vertices have
different colors. Proceed by successively "flipping," that is, changing the color of those
vertices that live in friendly neighborhoods. When a vertex is flipped, it may change the
neighborhood status of other vertices; however, each flip increases the mixing number of
the graph. Since the mixing number is bounded by the number of edges in the graph, this
flipping process must eventually end with no more flippable vertices, that is, no more
vertices living in friendly neighborhoods.
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B Finding the Mixing Number of a Colored Graph
We start with an easy example. We first consider the complete graph with 7 vertices.
g7 = CompleteGraph[7, VertexLabels -» Automatic]

7

3 4

We will color the vertices either red or blue. Assume that we start with four blue and three
red vertices.

blue7 = {1, 2, 3, 4};
red7 = {5, 6, 7};

Here is how we show the colors.
graph[r_, b_][G_] :=

Graph[G, VertexLabels -» Automatic,
VertexStyle » Flatten@{# » Blue & /@b, # > Red & /@r}]

graph[red7, blue7][g7]
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To calculate the mixing number, we first generate the set of edges.

E7 = EdgeList@CompleteGraph@7

{lee2, 1 =3, 124, 125, 1626, 127, 23,
2e<4, 225,226, 27,34, 35,36,
3e27, 45,446, 4e—T7,5—=6,5—7, 67}

Next we introduce MixedEdgeQ, which determines if the vertices of an edge have the
different colors.

MixedEdgeQ[r_, b_] [UndirectedEdge[x_, y_]] :=Or]|
MemberQ[r, x] && MemberQ[b, y],

MemberQ[b, x] && MemberQ[r, y]
1

Then MixedEdges selects those edges whose vertices have different colors.
MixedEdges[r_, b_][e_] := Select[e, MixedEdgeQ[r, b]]
Finally, we apply MixedEdges to E7.
MixedEdges [red7, blue7] [E7]

{lee5, 1e26, 127, 2+<5, 26,
2027, 3¢5, 326, 327,45, 46,4—7}

This is the mixing number of E7.
Length[%]

12

It is easy to see by considering the other 2-colorings of g7 that this coloring has the maxi-
mum mixing number for the graph and hence this coloring must be unfriendly. Four of
one color and three of the other gives a mixing number of 4 x 3, whereas five of one color
and two of the other gives a mixing number of 5 x 2, and so on. Of course, a direct inspec-
tion also shows the coloring is unfriendly.
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B A Larger Example

We used the RandomGraph function to construct a graph g20 with 20 vertices and 100
edges. Here is the list of edges that was generated.

E20={1—2, 13, 14,17, 19, 1—~10, 112,
113, 1+-14, 1 =15, 1++16, 117, 119, 1 — 20,
28,210, 2—11, 213, 215, 2 — 16, 2 — 17,
2e+19, 3<4, 35,36, 37,38, 3—09,
318, 3220, 45, 4+<15, 417, 420, 517,
5.8, 5e-11, 5.-16, 519, 5.-20, 6 =7, 6 — 8,
69,611, 6-13, 6~15, 6+~ 16, 6 — 18, 6 — 19,
6—20,7—8,7—9,7—12,7—15, 717, 7—19,
720, 89,812, 8.~-14, 8.~15, 8.~17, 819,
9.~11, 912, 9-13, 9~ 15, 9.~ 16, 917, 9 — 18,
919, 10— 11, 10— 12, 10 — 15, 10 — 16, 10 — 17,
10—19, 1112, 11 14, 11 — 15, 11 — 16, 11 — 18,
1119, 12 =13, 12 14, 12 — 16, 12 — 17, 12 — 18,
13 — 14, 13— 15, 13 16, 13 19, 14 — 15, 14 — 19,
15 «— 16, 15+ 20, 16 ~— 18, 16 «— 19, 16 — 20, 17 «— 19};

Arbitrarily color the first 10 vertices red and the remaining 10 blue.

red20 = Range[10];
blue20 = Range[1l1l, 20];

Here is the image of the graph, colored as before.

graph[red20, blue20] [E20]
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The function £1ip changes the color of a vertex.
flip[r_, b_][v_] :=If]
MemberQ[r, v],
{DeleteCases|[r, v], Append[b, v]},

{Append[r, v], DeleteCases[b, v]}
1

For example, this flips vertex 1.
flip[red20, blue20][1]

{{21 3/ 4! 5! 6[ 7[ 8[ 9/ 10}[
{11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 1}}

We need to get the set of neighbors of a vertex v in a graph G, that is, those vertices that
share an edge with v. Since the built-in Mathematica function Neighborhood:-
Graph [G, v] includes the vertex v itself, we remove it.

neighbors|[G_, v_] :=
DeleteCases[VertexList@NeighborhoodGraph[G, v], V]

For example, here are the neighbors of vertex 3 in g20.
neighbors [Graph[E20], 3]

(1, 4,7, 9, 20, 8, 5, 6, 18}

Next we obtain the edges whose vertices are colored differently.

MixedEdges [red20, blue20] [E20]

{le12, 1+-~13, 1+-14, 1+-15, 116, 1—17,

1—19, 1++20, 2+-11, 2+-13, 2+-15, 2—16, 217,
2++19, 3—~18, 3420, 415, 4+—17, 4+ 20, 5—11,
5¢+16, 5—~19, 5++20, 6+~ 11, 6+~ 13, 6+~ 15, 6 — 16,
618, 6++19, 6 =20, 712, 7++15, 717, 719,
720, 84-12, 8¢-14, 8+ 15, 8+-17, 819, 9.-11,
912, 9++13, 915, 9 =16, 917, 9—18, 919,
10— 11, 10+—-12, 10++15, 10 =16, 10+—= 17, 10 +- 19}

The length of that list is the mixing number of the graph with edges E20 and the color par-
tition {red20, blue20}.

Length[%]

54
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Call a vertex v a secure vertex in a graph G if v lives in a friendly neighborhood, that is, v
has the same color as most of its neighbors in G.

The function SecureVertexQ determines whether v is a secure vertex in G with the
color partition {r, b}.

SecureVertexQ[r_, b_][G_, v_] :=
Oor [
MemberQ[r, v] && Length[neighbors[G, v] [ r] >
Length[neighbors[G, v] [ b],
MemberQ[b, v] && Length[neighbors[G, v] (\b] >
Length[neighbors[G, v] ) r]
1

For example, these are the secure vertices of g20.

sv = Select [Range@20, SecureVertexQ[red20, blue20] [E20, H] &]
{3, 7, 8, 11, 12, 13, 14, 16}

We define the corresponding function, SecureVertices.

SecureVertices[r_, b_][G_] :=
Select[VertexList[G], SecureVertexQ[r, b] [G, H] &]

B One Step of Unfriendly Coloring a Graph
We select the first element v in the list of secure vertices sv and set the colors.

v = Firste@sv

3
r = red20;
b = blue20;

We flip the color of v since it lives in a friendly neighborhood, or equivalently, it is a
secure vertex.

flip[r, b][3]

{{l, 2, 4,5,6,7,38,9, 103},
{11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 3}}

We could now repeat this step using the generated color partition and stop when there are

no more secure vertices. In the next section we write the function UnfriendlyColor
to carry out the process to the end, with output the final color partition.
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B Unfriendly Coloring a Graph
The following short program produces an unfriendly coloring of any 2-colored graph start-
ing with the color partition {red, blue}.

UnfriendlyColor[red_, blue_][G_] := Module][

{r, b, sv, v},
{r, b} = {red, blue};
sv = SecureVertices[r, b] [G];
While[
sv# {},
v = Firste@sv;
{r, b} = flip[r, b] [Vv];
sv = SecureVertices[r, b] [G];

1;
{r, b}

1
Here is the unfriendly color partition.

uc20 = UnfriendlyColor[red20, blue20] [E20]

{{1, 2, 4, 5, 6, 9, 10, 12, 14, 7},
(11, 13, 15, 16, 17, 18, 19, 20, 3, 8}}

Here is the unfriendly coloring of the graph g20.

Apply[graph, uc20] [E20]
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We can even start with all vertices having the same color, say red.

graph[Range@20, {}][E20]

We run our program and use the new color partition.

Apply[graph, UnfriendlyColor[Range@20, {}][E20]] [E20]
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B Relation to the Max-Cut Problem

The max-cut problem is to partition the vertices V of a graph G into two sets S and V\S so
as to maximize the number of edges whose endpoints are in both sets. However, this is
equivalent to a two-coloring of the vertices of G such that the size of the max cut (i.e. the
number of edges joining the two cut sets) is the same as the mixing number of the color-
ing. The max-cut problem is known to be NP-hard [3, 4], which implies that methods of
finding this maximum will not run in polynomial time unless P = NP, something most
mathematicians consider unlikely.

In the context of the max-cut problem, our procedure, UnfriendlyColor, is known as
local search and can easily be shown to always produce a cut with at least half the number
of edges in the graph [3].

B Conclusion

We have shown how to find unfriendly 2-colorings of finite graphs, which can easily be
extended to more colors. We feel that treating a vertex coloring as a partition of the list of
vertices and regarding this as an integral and dynamic part of the graph should be of use in
investigating other coloring problems.

Finally, I wish to dedicate this work to Bill Emerson, who worked on this problem with
me over 30 years ago (see reference 3 in [1] to our unpublished paper). Bill was a very tal-
ented mathematician and a good friend. He is missed by all who knew him.
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