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0. SMP PRIMER / Preliminaries 0.

T

00.. PPrreelliimmiinnaarriieess

his and the following sections provide a pedagogical introduction to the basic features of SMP. Knowledge of
-

e
these features suffices for many applications of SMP. Reference is made when appropriate to the "SMP Refer
nce Manual", which gives a complete and systematic description of the facilities in SMP.

s
g
This primer assumes no prior experience with computer systems. A glossary of some technical terms used i
iven as an appendix.

As with all computer systems, SMP is most effectively learned through use. The reader is therefore strongly

M

encouraged to experiment on an actual SMP system as he reads this primer.

any superficial features of SMP differ from one installation to another. The details pertinent to a particular

F

installation should be given in the "Implementation Notes".

irst find a suitable terminal, connect it to the computer, and log in (see the Implementation Notes). A video
r

w
terminal will probably be much more convenient than a printing one; SMP always keeps a record of you

ork. On video terminals there is usually a "cursor", often a square or an underscore, which indicates the
-

m
position at which the next character will appear. Under normal circumstances, any character typed on the ter

inal should appear at this position*. (If this fails to happen, check that the terminal is connected to the com-

m
puter, and that it is not on "local". Terminals sometimes become "locked": switching power off momentarily

ay "unlock" them. If each character is printed twice, switch the terminal or telephone modem from "half
.

"
duplex" to "full duplex".) Next identify the characters on the terminal referred to in the Implementation Notes
Control" characters are typed in direct analogy with upper-case "shifted" characters: hold down the key

O

marked "CTRL" and press the required character.

n most systems, no typed input is processed until a ⊂ newline⊃ is entered. Except for very complicated
t

f
operations, the computer should respond to any input within a few seconds; if an expected response is no
orthcoming, the computer is probably waiting for ⊂ newline⊃ . (An extra ⊂ newline⊃ is never detrimental.)

l
Before the ⊂ newline⊃ is entered, text on a line may be deleted and retyped. ⊂ character delete⊃ causes the
ast character typed to be discarded; typing two ⊂ character delete⊃ ´s discards the last two characters, and so

,
t
on. When a character is discarded, the cursor usually backspaces over its position (however, on some systems
he discarded character is reprinted). A replacement character may then be typed. ⊂ line delete⊃ discards all

C

characters typed so far on the present line.

haracters in examples given below may be different for particular systems. Any such differences are given in

N

the Implementation Notes.

otice that upper and lower case letters are distinguished in SMP. (If your terminal does not allow lower case

N

letters, the Implementation Notes will give the necessary instructions.)

ow, using the instructions in the Implementation Notes, start an SMP job.

*
hhhhhhhhhhhhhhhhhh

Except when a "password" is being entered.



1. SMP PRIMER / Fundamentals 1.

W

11.. FFuunnddaammeennttaallss

hen SMP is called, it begins by printing*

#

SSMMPP 11

# II [[ 11 ]] :: ::

placing the terminal cursor at the position marked ` . With this prompt, the SMP job is ready to receive its
-

s
first input. ## II [[ 11 ]] is the name to be assigned to this first input line. As a first example of an input expres
ion, type 22++ 55 followed by ⊂ newline⊃ .

#

## II [[ 11 ]] :: :: 22 ++ 55

#OO[[ 11 ]] :: 77

S

## II [[ 22 ]] :: ::

MP read the input expression 22++ 55 , simplified it, and printed the result 77 as the first output expression

S

##OO[[ 11 ]] . It is now ready to receive a second line of input.

MP simplifies any input line to which it can assign a unique meaning. If an input line is ambiguous or
-

e
meaningless, SMP enters "edit mode" [1.7], allowing the line to be modified. (Throughout this primer, refer
nces to sections of the Reference Manual and Summary are given in square brackets; references to sections of

l
l
the Primer are given as "sect. n".) Typing two ⊂ newline⊃ ´s in succession exits the editor, discards the origina
ine and causes the input prompt to be reissued. (If additional editor commands have unwittingly been

entered, it may be necessary to type \\ qq to exit the editor.)

## II [[ 11 ]] :: :: 22 ++++ 55
++ uunn ee xx pp ee cc tt ee dd

22 ++++ 55
<<ee dd ii tt >>

22 ++++ 55
<<ee dd ii tt >>
## II [[ 11 ]] :: ::

In this example, the first ` marks the position of the cursor on entry to edit mode, and the second ` its posi-

S

tion after exit from edit mode achieved by input of two ⊂ newline⊃ ´s.

MP does assign a unique meaning to many unintended input lines; in some cases the input may be output

i
again with little or no modification, in others, surprising results may be obtained. In most such cases, the
ntended input may simply be entered as the next input line.

#

## II [[ 11 ]] :: :: 11 .. .. 55 ++ 33 .. 22

#OO[[ 11 ]] :: [[ 11 ,, 22 ,, 33 ,, 44 ,, 55 ,, 66 ,, 77 ,, 88 ]]

#

## II [[ 22 ]] :: :: 11 .. 55 ++ 33 .. 22

#OO[[ 22 ]] :: 44 .. 77

At all stages in an SMP job, a ⊂ quit interrupt⊃ terminates the computation or output, and issues a new input

h

prompt.

hhhhhhhhhhhhhhhhh
* On some systems, there may be a wait of several seconds between the request for SMP and this
response.
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y
b
SMP is usually very taciturn: it prints essentially no messages. Information on a particular object or topic ma
e obtained by typing ??name.

The appendix to this primer lists a variety of common difficulties, and should be consulted if unexpected

A

behaviour occurs.

n SMP job is usually terminated by typing ⊂ input termination character⊃ after an input prompt*. All input

M

and output in an SMP job is saved in an external file for possible later use, as discussed in sect. 4.

ost mathematical operations and functions are represented in SMP in close analogy with their written forms.
The standard arithmetic operations are typed as:

x++y x plus y

y

x

x -- y x minus

**y or x ⊂ space⊃ y x multiplied by y

x

x // y x divided by y

ˆ̂ y x raised to the power y.

n
e
Here x and y stand for numbers or other SMP expressions. Additional ⊂ space⊃ ´s may always be typed o
ither side of arithmetic operators. (Note that x** **y represents the "outer product" of x and y, not x raised to

A

the power y.)

rithmetic operations are performed in the conventional order: parenthesized expressions are evaluated first,

n
followed by ˆ̂ , // ,** , -- ,++. ⊂ space⊃ ´s or parentheses usually suffice to indicate multiplication: no explicit **
eed be typed.

Divisions group to the left (so that 44 // 33 // 22 means (( 44 // 33 )) // 22) but powers group to the right (44 ˆ̂ 33 ˆ̂ 22
means 44 ˆ̂ (( 33 ˆ̂ 22 )) ) [2.10].

## II [[ 11 ]] :: :: 11 ++ 22 ++ 77

#

##OO[[ 11 ]] :: 11 00

# II [[ 22 ]] :: :: 11 ++ 77 -- 11 55

#

##OO[[ 22 ]] :: -- 77

# II [[ 33 ]] :: :: 22 ** 33 ** 44

#

##OO[[ 33 ]] :: 22 44

# II [[ 44 ]] :: :: 22 33 44

#

##OO[[ 44 ]] :: 22 44

# II [[ 55 ]] :: :: -- 22 33 44

#

##OO[[ 55 ]] :: -- 99 22

# II [[ 66 ]] :: :: 11 // 22 ++ 77 // 33

#

##OO[[ 66 ]] :: 11 77 // 66

# II [[ 77 ]] :: :: 22 44 22 // 11 22

h

##OO[[ 77 ]] :: 11 22 11 // 66

hhhhhhhhhhhhhhhhh
* A computation may usually be terminated at an intermediate stage by typing ⊂ quit interrupt⊃ (without

p
an input prompt); the job may be terminated by ⊂ break interrupt⊃ followed by EExx ii tt [[ ]] (after the

rompt %%II [[ 11 ]] :: :: ).
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#

## II [[ 88 ]] :: :: 44 ˆ̂ 66

#OO[[ 88 ]] :: 44 00 99 66

22

#

## II [[ 99 ]] :: :: (( 22 ++ 33 )) ˆ̂

#OO[[ 99 ]] :: 22 55

22

#

## II [[ 11 00 ]] :: :: 22 ++ 33 ˆ̂

#OO[[ 11 00 ]] :: 11 11

44

#

## II [[ 11 11 ]] :: :: 22 ++ 33 **

#OO[[ 11 11 ]] :: 11 44

22

#

## II [[ 11 22 ]] :: :: 33 ** 44 ++

#OO[[ 11 22 ]] :: 11 44

22

#

## II [[ 11 33 ]] :: :: 33 44 ++

#OO[[ 11 33 ]] :: 11 44

))

#

## II [[ 11 44 ]] :: :: 33 ** (( 44 ++ 22

#OO[[ 11 44 ]] :: 11 88

))

#

## II [[ 11 55 ]] :: :: 33 (( 44 ++ 22

#OO[[ 11 55 ]] :: 11 88

## II [[ 11 66 ]] :: :: (( 11 ++ 22 )) (( 33 ++ 44 )) (( 55 -- 66 ++ 77 ))

#

##OO[[ 11 66 ]] :: 11 22 66

# II [[ 11 77 ]] :: :: 22 // 33 44

#

##OO[[ 11 77 ]] :: 88 // 33

# II [[ 11 88 ]] :: :: 22 // (( 33 44 ))

#

##OO[[ 11 88 ]] :: 11 // 66

# II [[ 11 99 ]] :: :: 44 ˆ̂ 33 ˆ̂ 22

44

#

##OO[[ 11 99 ]] :: 22 66 22 11 44

# II [[ 22 00 ]] :: :: (( 44 ˆ̂ 33 )) ˆ̂ 22

#

##OO[[ 22 00 ]] :: 44 00 99 66

# II [[ 22 11 ]] :: :: 22 77 ˆ̂ (( 11 // 33 ))

#

##OO[[ 22 11 ]] :: 33

# II [[ 22 22 ]] :: :: 22 77 ˆ̂ (( 11 // 22 ))

I

##OO[[ 22 22 ]] :: 22 77
11 // 22

n lines 6 and 7 above, answers were given as rational numbers. On line 22, the answer could not be given as

o
a simple rational number, and so was left in a symbolic form. In such cases, a decimal number result may be
btained using the SMP "projection" NN. For any expression expr, NN [[ expr ]] yields a real or complex numeri-

p
cal result if this is possible. Note the use of square brackets around expr, to be distinguished from the
arentheses used to indicate grouping in expressions.
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#

## II [[ 11 ]] :: :: 11 // 22 ++ 77 // 33

#OO[[ 11 ]] :: 11 77 // 66

]]

#

## II [[ 22 ]] :: :: NN [[ 11 // 22 ++ 77 // 33

#OO[[ 22 ]] :: 22 .. 88 33 33 33 33

))## II [[ 33 ]] :: :: 22 77 ˆ̂ (( 11 // 22

11 // 22

#

##OO[[ 33 ]] :: 22 77

# II [[ 44 ]] :: :: NN [[ 22 77 ˆ̂ (( 11 // 22 )) ]]

#

##OO[[ 44 ]] :: 55 .. 11 99 66 11 55

# II [[ 55 ]] :: :: NN [[ 22 77 ˆ̂ 00 .. 55 ]]

S

##OO[[ 55 ]] :: 55 .. 11 99 66 11 55

MP treats a large number of mathematical functions, including all common special functions of mathematical

b
physics*. A list of the functions is given in [8]. Any of the functions listed may be evaluated numerically†
y use of NN. Note that all "system-defined" or "built-in" functions in SMP have names which begin with a

capital letter. Their "arguments" are enclosed in square brackets (just as for NN), and separated by commas.

## II [[ 11 ]] :: :: EExx pp [[ 22 ]]

]]

#

##OO[[ 11 ]] :: EExx pp [[ 22

# II [[ 22 ]] :: :: NN [[ EExx pp [[ 22 ]] ]]

#

##OO[[ 22 ]] :: 77 .. 33 88 99 00 66

# II [[ 33 ]] :: :: NN [[ BBee ssKK[[ 22 ,, 44 .. 55 66 ]] ]]

#

##OO[[ 33 ]] :: -- 00 .. 88 11 66 55 22 44

# II [[ 44 ]] :: :: NN [[ BBee ss JJ [[ 00 .. 22 ,, 11 .. 55 ]] SS ii nn [[ 00 .. 22 ˆ̂ 33 ]] ]]

##OO[[ 44 ]] :: 00 .. 00 00 44 88 33 44 99 22

n .

A

In line 3, for example, BBee ssKK[[ n ,, z ]] represents the modified Bessel function K (z )

t all stages in an SMP job, the symbol %% stands for the latest output line generated.

#

## II [[ 11 ]] :: :: 11 // 22 ++ 77 // 33

#OO[[ 11 ]] :: 11 77 // 66

#

## II [[ 22 ]] :: :: %%

#OO[[ 22 ]] :: 11 77 // 66

#

## II [[ 33 ]] :: :: %%ˆ̂ 22

#OO[[ 33 ]] :: 22 88 99 // 33 66

*
hhhhhhhhhhhhhhhhhh

Sect. 8 describes the procedure for defining values and characteristics of further functions.
.† When branch cuts are present, all functions are evaluated on their principal Riemann sheets
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#

## II [[ 44 ]] :: :: NN [[%%]]

#OO[[ 44 ]] :: 88 .. 00 22 77 77 88

## II [[ 55 ]] :: :: %%++%%ˆ̂ 33

33

S

##OO[[ 55 ]] :: 22 88 99 // 33 66 ++ 22 88 99 // 33 66

MP manipulates not only numbers, but also expressions containing symbolic parameters or "symbols". Sym-

p
bols may be used to represent quantities whose numerical value is undetermined. Mathematical simplifications
erformed on expressions hold for any possible values of the symbols which appear in them.

s
t
Any sequence of letters and numbers (not starting with a number) may be used to denote a symbol. A
hroughout SMP, upper and lower case letters are distinguished. System-defined symbols such as NN, PP ii (see

r
s
below), and EExx pp always begin with a capital letter. To avoid confusion, symbols introduced by the use
hould therefore begin with a lower case letter.

#

## II [[ 11 ]] :: :: xx

#OO[[ 11 ]] :: xx

xx

#

## II [[ 22 ]] :: :: xx ++

#OO[[ 22 ]] :: 22 xx

xx

#

## II [[ 33 ]] :: :: %%-- 33

#OO[[ 33 ]] :: -- xx

44

#

## II [[ 44 ]] :: :: xx 11 ++ xx 22 -- 33 xx 11 //

#OO[[ 44 ]] :: xx 11 // 44 ++ xx 22

## II [[ 55 ]] :: :: %%ˆ̂ 22 -- 44%%

22

#

##OO[[ 55 ]] :: -- xx 11 -- 44 xx 22 ++ (( xx 11 // 44 ++ xx 22 ))

# II [[ 66 ]] :: :: (( xx ++ aa )) (( xx ++bb )) -- (( xx ++ yy )) ˆ̂ (( aa ++bb )) // (( 22 aa ++bb ))

#
-- (( xx ++ yy ))

aa ++ bb

#OO[[ 66 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ (( aa ++ xx )) (( bb ++ xx ))

#

22 aa ++ bb

# II [[ 77 ]] :: :: (( EExx pp [[ xx ˆ̂ 22 ]] -- 11 )) SS ii nn [[ xx pphh ii // 44 ]]

22 pphh ii xx
]]##OO[[ 77 ]] :: (( -- 11 ++ EExx pp [[ xx ]] )) SS ii nn [[ -- -- -- -- --

44

Notice that in, for example, line 3, 33 xx denotes 33 ** xx . However, xx 22 in line 4 is a single symbol.

.One use of symbols is to represent mathematical constants, for which numerical values are defined [8.4]

## II [[ 11 ]] :: :: PP ii ˆ̂ 22 -- 99

22

#

##OO[[ 11 ]] :: -- 99 ++ PP ii

# II [[ 22 ]] :: :: NN [[%%]]

44##OO[[ 22 ]] :: 00 .. 88 66 99 66 00
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#

## II [[ 33 ]] :: :: SS ii nn [[ PP ii // 22 ]]

#OO[[ 33 ]] :: 11

## II [[ 44 ]] :: :: SS ii nn [[ 44 55DDee gg ]]

]]

#

##OO[[ 44 ]] :: SS ii nn [[ 44 55DDee gg

# II [[ 55 ]] :: :: NN [[%%]]

77

#

##OO[[ 55 ]] :: 00 .. 77 00 77 11 00

# II [[ 66 ]] :: :: EExx pp [[ EEuu ll ee rr ]] -- 11

]]

#

##OO[[ 66 ]] :: -- 11 ++ EExx pp [[ EEuu ll ee rr

# II [[ 77 ]] :: :: NN [[%%]]

22

T

##OO[[ 77 ]] :: 00 .. 77 88 11 00 77

he argument of the trigonometric function SS ii nn in line 4 is in radians; DDee gg is a constant with value

S

PP ii // 11 88 00 . EEuu ll ee rr is the Euler-Mascheroni constant γ=0.5772... .

ome mathematical operations which may be performed on symbolic expressions are described in [9]. Exam-

EE

ples are

xx [[ expr ]] "Expand" expr by using distributive rules for various functions.

DD

FFaa cc [[ expr ]] Factor expr.

[[ expr ,, var ]] Form the partial derivative of expr with respect to var.

II nn tt [[ expr ,, var ]] Form the integral of expr with respect to var.

## II [[ 11 ]] :: :: (( xx ++ 11 )) (( xx ++ aa )) (( xx ++bb ))

))

#

##OO[[ 11 ]] :: (( 11 ++ xx )) (( aa ++ xx )) (( bb ++ xx

# II [[ 22 ]] :: :: EExx [[%%]]

22 22 22 33

#

##OO[[ 22 ]] :: aa bb ++ aa xx ++ aa xx ++ bb xx ++ bb xx ++ aa bb xx ++ xx ++ xx

# II [[ 33 ]] :: :: FFaa cc [[%%]]

##OO[[ 33 ]] :: (( 11 ++ xx )) (( aa ++ xx )) (( bb ++ xx ))

## II [[ 44 ]] :: :: SS ii nn [[ xx ]] // (( 11 ++ xx ++ xx ˆ̂ 22 ))

SS ii nn [[ xx ]]
--##OO[[ 44 ]] :: -- -- -- -- -- -- -- -- --
22

11 ++ xx ++ xx

]]## II [[ 55 ]] :: :: DD [[%%,, xx

(( 11 ++ 22 xx )) SS ii nn [[ xx ]]
--CCoo ss [[ xx ]] -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22
11 ++ xx ++ xx

--##OO[[ 55 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
22

11 ++ xx ++ xx
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## II [[ 66 ]] :: :: EExx [[%%]]

CCoo ss [[ xx ]] 22 xx SS ii nn [[ xx ]]
--##OO[[ 66 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22 22 33 44
11 ++ xx ++ xx 11 ++ 22 xx ++ 33 xx ++ 22 xx ++ xx

SS ii nn [[ xx ]]
---- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22 33 44
11 ++ 22 xx ++ 33 xx ++ 22 xx ++ xx

))## II [[ 77 ]] :: :: xx // (( 11 -- 44 xx ++ xx ˆ̂ 22

xx
--##OO[[ 77 ]] :: -- -- -- -- -- -- -- -- -- --
22

11 -- 44 xx ++ xx

]]## II [[ 88 ]] :: :: II nn tt [[%%,, xx

11 // 22 11 // 22

22
-- 44 ++ 22 xx -- 11 22 -- 44 ++ 22 ##11 -- 11 22

LLoo gg [[ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ]] 22LLoo gg [[ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ]]
22

--
11 // 22 11 // 22

44 ++ 22 xx ++ 11 22 -- 44 ++ 22 ##11 ++ 11 22 LLoo gg [[ 11 -- 44 xx ++ xx ]]
--##OO[[ 88 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

11 // 22 11 // 22 22
11 22 11 22

22
]]

--
LLoo gg [[ 11 -- 44 ##11 ++ ##11
-- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22

.

A

In line 8, the symbol ##11 was introduced as a constant of integration

symbol may be assigned an expression as a value. symb :: expr assigns the expression expr to be the value

f
of the symbol symb [3.2]. After this assignment, the symbol symb becomes essentially just a short notation
or its value expr. Whenever symb appears, it is replaced by expr.

#

## II [[ 11 ]] :: :: xx

#OO[[ 11 ]] :: xx

bb

#

## II [[ 22 ]] :: :: xx :: aa ++

#OO[[ 22 ]] :: aa ++ bb

#

## II [[ 33 ]] :: :: xx

#OO[[ 33 ]] :: aa ++ bb

xx## II [[ 44 ]] :: :: xx ˆ̂ 22 ++

22

#

##OO[[ 44 ]] :: aa ++ bb ++ (( aa ++ bb ))

# II [[ 55 ]] :: :: yy :: xx ++ 11

bb

#

##OO[[ 55 ]] :: 11 ++ aa ++

# II [[ 66 ]] :: :: xx -- yy

##OO[[ 66 ]] :: -- 11
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#

## II [[ 77 ]] :: :: yy

#OO[[ 77 ]] :: 11 ++ aa ++ bb

#

## II [[ 88 ]] :: :: xx

#OO[[ 88 ]] :: aa ++ bb

Note that symb :: expr performs the specified assignment, and then yields the result expr. Thus the output from
the assignment on line 2 was the assigned value aa++bb.

aa :: bb :: cc assigns the value cc to both aa and bb.

If an assignment is made for a symbol which already carries a value, the newly assigned value replaces the old
one.

## II [[ 11 ]] :: :: xx :: 22

#

##OO[[ 11 ]] :: 22

# II [[ 22 ]] :: :: xx ˆ̂ 22

#

##OO[[ 22 ]] :: 44

# II [[ 33 ]] :: :: xx :: 33

#

##OO[[ 33 ]] :: 33

# II [[ 44 ]] :: :: xx ˆ̂ 22

O

##OO[[ 44 ]] :: 99

nce an assignment for a symbol, say xx , has been made, it continues to be used throughout the SMP job. A
r

i
common source of unexpected results is the use of symbols for which a value has been assigned much earlie
n the job. symb :: removes any value assigned to symb.

#

## II [[ 11 ]] :: :: xx :: 22

#OO[[ 11 ]] :: 22

xx

#

## II [[ 22 ]] :: :: xx ˆ̂ 22 ++

#OO[[ 22 ]] :: 66

::

#

## II [[ 33 ]] :: :: xx

# II [[ 44 ]] :: :: xx ˆ̂ 22 ++ xx

22

A

##OO[[ 44 ]] :: xx ++ xx

ssignment of a value for a symbol causes the symbol to be replaced by that value whenever it appears. Sub-

v
stitutions for a symbol in a particular expression may also be made. SS [[ expr ,, symb -- >>subst ]] substitutes the
alue subst for the symbol symb in the expression expr. The "arrow" is typed as -- followed by >>.

## II [[ 11 ]] :: :: xx ˆ̂ 22 ++ xx

22
##OO[[ 11 ]] :: xx ++ xx
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## II [[ 22 ]] :: :: SS [[%%,, xx -- >>aa ++bb ]]

22

#

##OO[[ 22 ]] :: aa ++ bb ++ (( aa ++ bb ))

# II [[ 33 ]] :: :: xx

xx

#

##OO[[ 33 ]] ::

# II [[ 44 ]] :: :: xx :: 33 ++ cc

cc

#

##OO[[ 44 ]] :: 33 ++

# II [[ 55 ]] :: :: xx ˆ̂ 22 ++ xx

22

#

##OO[[ 55 ]] :: 33 ++ cc ++ (( 33 ++ cc ))

# II [[ 66 ]] :: :: SS [[%%,, cc -- >>44 ]]

A

##OO[[ 66 ]] :: 55 66

t the beginning of this section we described the procedure for discarding ambiguous or erroneous SMP input

s
lines. Often simple changes in such lines give them a definite meaning. When the editor is entered, the cur-
or is placed under the position in the line where modification is required. Any characters typed at this stage

-
t
are used to replace the characters appearing above them in the original input line. Spaces may be used to posi
ion the cursor. ## deletes the character appearing above it. ˆ̂ ⊂ text⊃⊂ space⊃ inserts the sequence of charac-

a
ters ⊂ text⊃ in the line immediately before the character above the ˆ̂ . The text to be inserted is terminated by

space: insert ** to denote multiplication. The editing commands are performed when a ⊂ newline⊃ is

i
entered, and the edited line is then printed. If no editing commands are given before a ⊂ newline⊃ the editing
s assumed complete, and the edited line is used as input for SMP.

++
## II [[ 11 ]] :: :: 22 ++++ 55

uunn ee xx pp ee cc tt ee dd
5522 ++++

#<<ee dd ii tt >> #
22 ++ 55

<<ee dd ii tt >>

##OO[[ 11 ]] :: 77

]]## II [[ 22 ]] :: :: tt :: ff ]] xx
]] uunn ee xx pp ee cc tt ee dd

tt :: ff ]] xx ]]
<<ee dd ii tt >> [[

tt :: ff [[ xx ]]
<<ee dd ii tt >>

##OO[[ 22 ]] :: ff [[ xx ]]

cc
++
## II [[ 33 ]] :: :: (( cc ++dd )) (( aa ++++bb++

uunn ee xx pp ee cc tt ee dd
(( cc ++dd )) (( aa ++++bb++ cc

))<<ee dd ii tt >> ˆ̂ xx ++ 11
(( cc ++dd )) (( aa ++ xx ++bb++ cc ++ 11 ))

<<ee dd ii tt >>

##OO[[ 33 ]] :: (( cc ++ dd )) (( 11 ++ aa ++ bb ++ cc ++ xx ))

.Notice that <<ee dd ii tt >> is the prompt for input of editor commands
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EE

FFuurrtthheerr eexxaammpplleess

xxaammpplleeiiiiiiiiiiiiiiii 11ii
FFiinndd tthhee ffaaccttoorrss ooff 11−x ..1122

]]## II [[ 11 ]] :: :: FFaa cc [[ 11 -- xx ˆ̂ 11 22

22 22 22
))##OO[[ 11 ]] :: -- (( -- 11 ++ xx )) (( 11 ++ xx )) (( 11 ++ xx )) (( 11 -- xx ++ xx )) (( 11 ++ xx ++ xx

22 44
))

## II [[ 22 ]] :: :: EExx [[%%]]

** (( 11 -- xx ++ xx

11 22

EE

##OO[[ 22 ]] :: 11 -- xx

xxaammpplleeiiiiiiiiiiiiiiii 22ii
FFiinndd tthhee nnuummeerriiccaall vvaalluuee ooff Γ((55..22))..

#

## II [[ 11 ]] :: :: NN [[GGaammmmaa [[ 55 .. 22 ]] ]]

#OO[[ 11 ]] :: 33 22 .. 55 77 88 11

iiiiiiiiiiiiiiii 33iiee
VV
EExxaammppll

eerriiffyy tthhaatt x =11 iiss aa rroooott ooff tthhee ppoollyynnoommiiaall x +99x +1111x −2211..

## II [[ 11 ]] :: :: xx ˆ̂ 33 ++ 99 xx ˆ̂ 22 ++ 11 11 xx -- 22 11

33 22

22 33

#

##OO[[ 11 ]] :: -- 22 11 ++ 11 11 xx ++ 99 xx ++ xx

# II [[ 22 ]] :: :: SS [[%%,, xx -- >>11 ]]

EE

##OO[[ 22 ]] :: 00

xxaammpplleeiiiiiiiiiiiiiiii 44ii
FFiinndd tthhee vvaalluuee ooff tthhee ffiirrsstt ddeerriivvaattiivvee ooff e aatt tthhee ppooiinntt x →11..x /((11+x ))a

## II [[ 11 ]] :: :: EExx pp [[ xx ˆ̂ aa // (( 11 ++ xx )) ]]

aa
xx

]]##OO[[ 11 ]] :: EExx pp [[ -- -- -- -- --
11 ++ xx

## II [[ 22 ]] :: :: DD [[%%,, xx ]]

aa aa
xx -- xx -- 11 ++ aa

))EExx pp [[ -- -- -- -- -- ]] (( -- -- -- -- -- ++ aa xx
11 ++ xx 11 ++ xx

--##OO[[ 22 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
11 ++ xx



11.. SSMMPP PPRRIIMMEERR // FFuunnddaammeennttaallss 11..

## II [[ 33 ]] :: :: SS [[%%,, xx -- >>11 ]]

EExx pp [[ 11 // 22 ]] (( -- 11 // 22 ++ aa ))
--##OO[[ 33 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22

#

## II [[ 44 ]] :: :: NN [[%%]]

#OO[[ 44 ]] :: 00 .. 88 22 44 33 66 11 (( -- 00 .. 55 ++ aa ))

]]

#

## II [[ 55 ]] :: :: NN [[ DD [[ EExx pp [[ xx ˆ̂ aa // (( 11 ++ xx )) ]] ,, {{ xx ,, 11 ,, 11 }} ]]

#OO[[ 55 ]] :: 00 .. 88 22 44 33 66 11 (( -- 00 .. 55 ++ aa ))

iiiiiiiiiiiiiiii 55iiee
VV
EExxaammppll

eerriiffyy tthhaatt tthhee rroooottss ooff aa qquuaaddrraattiicc eeqquuaattiioonn aarree ggiivveenn bbyy tthhee uussuuaall ffoorrmmuullaaee..

## II [[ 11 ]] :: :: rr 11 :: (( -- bb++SSqq rr tt [[ bb ˆ̂ 22 -- 44 aa cc ]] )) // (( 22 aa ))

22 11 // 22

#
-- bb ++ (( -- 44 aa cc ++ bb ))

#OO[[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
22 aa

))## II [[ 22 ]] :: :: rr 22 :: (( -- bb -- SSqq rr tt [[ bb ˆ̂ 22 -- 44 aa cc ]] )) // (( 22 aa

22 11 // 22

#
-- bb -- (( -- 44 aa cc ++ bb ))

#OO[[ 22 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
22 aa

))## II [[ 33 ]] :: :: aa (( xx -- rr 11 )) (( xx -- rr 22

22 11 // 22 22 11 // 22

#
-- bb -- (( -- 44 aa cc ++ bb )) -- bb ++ (( -- 44 aa cc ++ bb ))

#OO[[ 33 ]] :: aa (( xx -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- )) (( xx -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ))

## II [[ 44 ]] :: :: EExx [[%%]]

22 aa 22 aa

22
xx##OO[[ 44 ]] :: cc ++ aa xx ++ bb



22.. SSMMPP PPRRIIMMEERR // LLiissttss,, pprroojjeeccttiioonnss aanndd ppaarrttss 22..

S

22.. LLiissttss,, pprroojjeeccttiioonnss aanndd ppaarrttss

MP manipulates symbolic expressions. Symbols and numbers form the fundamental units. They are com-

s
bined into more complex expressions through projections and lists. Symbols were discussed in the previous
ection. In this section, we introduce lists and projections. A thorough understanding of these constructs is cru-

A

cial for all but the most superficial use of SMP.

list is an ordered (and indexed) collection of expressions. In its simplest form, a list consists of a set of

l
expressions separated by commas and enclosed in brace brackets. An example is {{ aa++bb ,, cc ++dd ,, 33 ,, 11 }}. Such
ists are called "contiguous".

It is often necessary to perform the same operation on several expressions. This may be achieved conveniently
a

l
by collecting the expressions into a list, and then performing the operation on the complete list. This yields
ist containing the results of performing the operation on each element of the original list.

#

## II [[ 11 ]] :: :: tt :: {{ aa ++bb ,, cc ++dd ,, 33 ,, 11 }}

#OO[[ 11 ]] :: {{ aa ++ bb ,, cc ++ dd ,, 33 ,, 11 }}

#

## II [[ 22 ]] :: :: 55 tt

#OO[[ 22 ]] :: {{ 55 (( aa ++ bb )) ,, 55 (( cc ++ dd )) ,, 11 55 ,, 55 }}

#

## II [[ 33 ]] :: :: EExx pp [[ tt ]]

#OO[[ 33 ]] :: {{EExx pp [[ aa ++ bb ]] ,, EExx pp [[ cc ++ dd ]] ,, EExx pp [[ 33 ]] ,, EE}}

## II [[ 44 ]] :: :: xx ++ tt ˆ̂ 22

22 22
}

#

##OO[[ 44 ]] :: {{ xx ++ (( aa ++ bb )) ,, xx ++ (( cc ++ dd )) ,, 99 ++ xx ,, 11 ++ xx }

# II [[ 55 ]] :: :: tt ++%%

22 22
}

N

##OO[[ 55 ]] :: {{ aa ++ bb ++ xx ++ (( aa ++ bb )) ,, cc ++ dd ++ xx ++ (( cc ++ dd )) ,, 11 22 ++ xx ,, 22 ++ xx }

otice that in line 5 two lists of the same length were added; the result was a list of the sums of their

S

corresponding elements.

ets of expressions in several lists may be combined by concatenating the lists using CCaa tt .

#

## II [[ 11 ]] :: :: tt :: {{ aa ++bb ,, xx ++ 11 ,, cc }}

#OO[[ 11 ]] :: {{ aa ++ bb ,, 11 ++ xx ,, cc }}

#

## II [[ 22 ]] :: :: CCaa tt [[ tt ,, tt ,, {{ 22 ,, 33 }} ]]

#OO[[ 22 ]] :: {{ aa ++ bb ,, 11 ++ xx ,, cc ,, aa ++ bb ,, 11 ++ xx ,, cc ,, 22 ,, 33 }}

#

## II [[ 33 ]] :: :: RRee vv [[%%]]

#OO[[ 33 ]] :: {{ 33 ,, 22 ,, cc ,, 11 ++ xx ,, aa ++ bb ,, cc ,, 11 ++ xx ,, aa ++ bb }}

RRee vv [[ list ]] reverses the order of elements in list.

A second important use of contiguous lists is to represent vectors. The dot product of two vectors list1 and
list2 is given by list1 .. list2 [8.2].

## II [[ 11 ]] :: :: {{ aa ,, bb ,, cc }} .. {{ xx ,, yy ,, zz }}

zz##OO[[ 11 ]] :: aa xx ++ bb yy ++ cc
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h
e
The entries in a list may themselves be lists. A list of equal length lists may be considered as a matrix, wit
ach list corresponding to a row of the matrix. Higher-rank tensors are represented as lists of matrices, lists of

a
lists of matrices, and so on. Multiplication of two matrices or of a matrix by a vector is then obtained simply
s a dot product of the corresponding lists [8.2].

#

## II [[ 11 ]] :: :: mm:: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

#OO[[ 11 ]] :: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

#

## II [[ 22 ]] :: :: vv :: {{ pp ,, qq }}

#OO[[ 22 ]] :: {{ pp ,, qq }}

#

## II [[ 33 ]] :: :: mm.. vv

#OO[[ 33 ]] :: {{ aa pp ++ bb qq ,, cc pp ++ dd qq }}

#

## II [[ 44 ]] :: :: vv .. mm

#OO[[ 44 ]] :: {{ aa pp ++ cc qq ,, bb pp ++ dd qq }}

#

## II [[ 55 ]] :: :: vv .. mm.. vv

#OO[[ 55 ]] :: pp (( aa pp ++ cc qq )) ++ qq (( bb pp ++ dd qq ))

#

## II [[ 66 ]] :: :: nn :: {{ {{ww ,, xx }} ,, {{ yy ,, zz }} }}

#OO[[ 66 ]] :: {{ {{ww ,, xx }} ,, {{ yy ,, zz }} }}

#

## II [[ 77 ]] :: :: 33 nn

#OO[[ 77 ]] :: {{ {{ 33ww ,, 33 xx }} ,, {{ 33 yy ,, 33 zz }} }}

## II [[ 88 ]] :: :: nn ˆ̂ 22 ++ 22mm

22 22 22 22
}

#

##OO[[ 88 ]] :: {{ {{ 22 aa ++ ww ,, 22 bb ++ xx }} ,, {{ 22 cc ++ yy ,, 22 dd ++ zz }} }

# II [[ 99 ]] :: :: mm.. nn

##OO[[ 99 ]] :: {{ {{ aa ww ++ bb yy ,, aa xx ++ bb zz }} ,, {{ cc ww ++ dd yy ,, cc xx ++ dd zz }} }}

#

## II [[ 11 00 ]] :: :: mm.. nn .. mm

#OO[[ 11 00 ]] :: {{ {{ aa (( aa ww ++ bb yy )) ++ cc (( aa xx ++ bb zz )) ,, bb (( aa ww ++ bb yy )) ++ dd (( aa xx ++ bb zz )) }} ,,

{{ aa (( cc ww ++ dd yy )) ++ cc (( cc xx ++ dd zz )) ,,

bb (( cc ww ++ dd yy )) ++ dd (( cc xx ++ dd zz )) }} }}

.

S

Note that in line 8, nn ˆ̂ 22 gave the square of each element of the matrix nn, not nn .. nn

ome mathematical matrix operations [9.6] are: DDee tt (determinant), MMii nn vv (matrix inverse) and ** ** (outer
product).

## II [[ 11 ]] :: :: mm:: {{ {{ 22 ,, 33 }} ,, {{ -- 55 ,, 66 }} }}

#

##OO[[ 11 ]] :: {{ {{ 22 ,, 33 }} ,, {{ -- 55 ,, 66 }} }}

# II [[ 22 ]] :: :: DDee tt [[mm]]

#

##OO[[ 22 ]] :: 22 77

# II [[ 33 ]] :: :: MMii nn vv [[mm]]

##OO[[ 33 ]] :: {{ {{ 22 // 99 ,, -- 11 // 99 }} ,, {{ 55 // 22 77 ,, 22 // 22 77 }} }}
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#

## II [[ 44 ]] :: :: nn :: {{ {{ww ,, xx }} ,, {{ yy ,, zz }} }}

#OO[[ 44 ]] :: {{ {{ww ,, xx }} ,, {{ yy ,, zz }} }}

#

## II [[ 55 ]] :: :: mm** ** nn

#OO[[ 55 ]] :: {{ {{ {{ {{ 22ww ,, 22 xx }} ,, {{ 22 yy ,, 22 zz }} }} ,, {{ {{ 33ww ,, 33 xx }} ,, {{ 33 yy ,, 33 zz }} }} }} ,,

}

E

{{ {{ {{ -- 55ww ,, -- 55 xx }} ,, {{ -- 55 yy ,, -- 55 zz }} }} ,, {{ {{ 66ww ,, 66 xx }} ,, {{ 66 yy ,, 66 zz }} }} }} }

ntries in a contiguous list are indexed by their positions. With vv :: {{ aa ,, bb ,, cc ,, dd }}, the "projection" vv [[ 33 ]]
extracts the third component of vv , and thus yields cc .

## II [[ 11 ]] :: :: vv :: {{ aa ,, xx ˆ̂ 22 ,, 33 aa // (( bb++ cc )) ,, 11 }}

22 33 aa
}##OO[[ 11 ]] :: {{ aa ,, xx ,, -- -- -- -- -- ,, 11 }

bb ++ cc

## II [[ 22 ]] :: :: vv [[ 22 ]]

22

#

##OO[[ 22 ]] :: xx

# II [[ 33 ]] :: :: vv [[ 22 ]] ++ vv [[ 44 -- 11 ]]

33 aa 22
xx##OO[[ 33 ]] :: -- -- -- -- -- ++

bb ++ cc

A sequence of projections may be used to extract entries in lists of lists.

#

## II [[ 11 ]] :: :: ww :: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

#OO[[ 11 ]] :: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

#

## II [[ 22 ]] :: :: ww [[ 22 ]]

#OO[[ 22 ]] :: {{ cc ,, dd }}

]]

#

## II [[ 33 ]] :: :: ww [[ 22 ]] [[ 22

#OO[[ 33 ]] :: dd

]]

#

## II [[ 44 ]] :: :: ww [[ 11 ,, 11

#OO[[ 44 ]] :: aa

Notice that ww [[ 11 ]] [[ 11 ]] is equivalent to ww [[ 11 ,, 11 ]] (see, however, sect. 8).

.Projections which specify an entry not present in a list are left unevaluated

## II [[ 11 ]] :: :: vv :: {{ aa ,, bb ,, cc }}

#

##OO[[ 11 ]] :: {{ aa ,, bb ,, cc }}

# II [[ 22 ]] :: :: vv [[ 77 ]]

]]

#

##OO[[ 22 ]] :: vv [[ 77

# II [[ 33 ]] :: :: vv [[ 33 ]] ++ vv [[ -- 22 ]]

E

##OO[[ 33 ]] :: cc ++ vv [[ -- 22 ]]

ntries in a list may be specified by assignments. Existing entries may be changed by such assignments, or
additional entries may be introduced.
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#

## II [[ 11 ]] :: :: vv :: {{ aa ,, bb ,, cc }}

#OO[[ 11 ]] :: {{ aa ,, bb ,, cc }}

qq

#

## II [[ 22 ]] :: :: vv [[ 22 ]] :: pp++

#OO[[ 22 ]] :: pp ++ qq

#

## II [[ 33 ]] :: :: vv

#OO[[ 33 ]] :: {{ aa ,, pp ++ qq ,, cc }}

#

## II [[ 44 ]] :: :: vv [[ 44 ]] :: dd

#OO[[ 44 ]] :: dd

vv

#

## II [[ 55 ]] :: ::

#OO[[ 55 ]] :: {{ aa ,, pp ++ qq ,, cc ,, dd }}

## II [[ 66 ]] :: :: vv [[ 66 ]] :: pp ˆ̂ 22 ++qq ˆ̂ 22

22 22

#

##OO[[ 66 ]] :: pp ++ qq

# II [[ 77 ]] :: :: vv

22 22
##OO[[ 77 ]] :: {{ [[ 66 ]] :: pp ++ qq ,, [[ 11 ]] :: aa ,, [[ 22 ]] :: pp ++ qq ,, [[ 33 ]] :: cc ,, [[ 44 ]] :: dd }}

g
l
On line 6, a value is defined for vv [[ 66 ]] , even though no value has been assigned to vv [[ 55 ]] . The resultin
ist is no longer contiguous: the indices of its entries are not given by their positions in the list. Instead, the

o
index associated with each entry is displayed explicitly in square brackets. The resulting form for vv is given
n line 7.

The components of a vector may be defined in any order. When values have been specified for a suitable set
of components, the list representing the vector becomes contiguous.

## II [[ 11 ]] :: :: uu [[ 11 ]] :: aa

#

##OO[[ 11 ]] :: aa

# II [[ 22 ]] :: :: uu

}

#

##OO[[ 22 ]] :: {{ aa }

# II [[ 33 ]] :: :: uu [[ 33 ]] :: cc

#

##OO[[ 33 ]] :: cc

# II [[ 44 ]] :: :: uu

##OO[[ 44 ]] :: {{ [[ 33 ]] :: cc ,, [[ 11 ]] :: aa }}

#

## II [[ 55 ]] :: :: uu [[ 22 ]] :: bb

#OO[[ 55 ]] :: bb

uu

#

## II [[ 66 ]] :: ::

#OO[[ 66 ]] :: {{ aa ,, bb ,, cc }}

The index of an entry in a list need not be a number: it may be any expression.
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## II [[ 11 ]] :: :: ff [[ xx ]] :: aa

#

##OO[[ 11 ]] :: aa

# II [[ 22 ]] :: :: ff

}

#

##OO[[ 22 ]] :: {{ [[ xx ]] :: aa }

# II [[ 33 ]] :: :: ff [[ 11 ++ yy ]] :: bb

#

##OO[[ 33 ]] :: bb

# II [[ 44 ]] :: :: ff

##OO[[ 44 ]] :: {{ [[ 11 ++ yy ]] :: bb ,, [[ xx ]] :: aa }}

## II [[ 55 ]] :: :: ff [[ xx ]] ˆ̂ 22 ++ ff [[ zz ]]

22

#

##OO[[ 55 ]] :: ff [[ zz ]] ++ aa

# II [[ 66 ]] :: :: ff [[ zz ]] :: 33

#

##OO[[ 66 ]] :: 33

# II [[ 77 ]] :: :: ff

##OO[[ 77 ]] :: {{ [[ zz ]] :: 33 ,, [[ 11 ++ yy ]] :: bb ,, [[ xx ]] :: aa }}

## II [[ 88 ]] :: :: ff [[ xx ]] ˆ̂ 22 ++ ff [[ zz ]]

22

I

##OO[[ 88 ]] :: 33 ++ aa

n line 1, the value aa is assigned to the projection ff [[ xx ]] of ff with "filter" xx . The value of the symbol ff
ngiven on line 2 is then a list with one entry. The index of this entry is xx and its value is aa . The projectio

ff [[ xx ]] specifies that "part" of ff indexed by the filter xx , and hence extracts the value aa . The assignment

g
for ff [[ 11++ yy ]] on line 3 adds an entry with index 11++ yy to the list giving the value of ff . The list for ff

iven on line 4 thus specifies the values of "parts" of ff indexed with filters xx or 11++ yy . Parts of ff indexed
c

u
by other filters have not been specified. Thus on line 5, the projection ff [[ zz ]] is left in a symboli
nevaluated form, since no value for ff [[ zz ]] has been assigned. On line 6, an assignment for ff [[ zz ]] is made,

L

so that on line 8, the projection ff [[ zz ]] may be evaluated.

ists have analogues in other computer languages. Contiguous lists may be used as "arrays". Lists of contigu-
-

t
ous lists are analogous to multi-dimensional arrays. Lists such as line 7 above resemble "records" or "struc
ures".

Just as for symbols, assignment of a new value to a projection replaces any previous value.

#

## II [[ 11 ]] :: :: ff [[ xx ]] :: aa

#OO[[ 11 ]] :: aa

bb

#

## II [[ 22 ]] :: :: ff [[ yy ]] ::

#OO[[ 22 ]] :: bb

ff

#

## II [[ 33 ]] :: ::

#OO[[ 33 ]] :: {{ [[ yy ]] :: bb ,, [[ xx ]] :: aa }}
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## II [[ 44 ]] :: :: ff [[ xx ]] :: cc ˆ̂ 22

22

#

##OO[[ 44 ]] :: cc

# II [[ 55 ]] :: :: ff

22
}

#

##OO[[ 55 ]] :: {{ [[ yy ]] :: bb ,, [[ xx ]] :: cc }

# II [[ 66 ]] :: :: ff [[ xx ]] ++ ff [[ yy ]]

V

##OO[[ 66 ]] :: bb ++ cc
22

alues assigned to projections such as ff [[ xx ]] may be removed by ff [[ xx ]] :: .
ff :: removes all values assigned to projections of ff .

## II [[ 11 ]] :: :: ff [[ xx ]] :: aa

#

##OO[[ 11 ]] :: aa

# II [[ 22 ]] :: :: ff [[ yy ]] :: bb

#

##OO[[ 22 ]] :: bb

# II [[ 33 ]] :: :: ff

##OO[[ 33 ]] :: {{ [[ yy ]] :: bb ,, [[ xx ]] :: aa }}

#

## II [[ 44 ]] :: :: ff [[ yy ]] ::

# II [[ 55 ]] :: :: ff

}

#

##OO[[ 55 ]] :: {{ [[ xx ]] :: aa }

# II [[ 66 ]] :: :: ff [[ yy ]] ++ ff [[ xx ]]

#

##OO[[ 66 ]] :: aa ++ ff [[ yy ]]

# II [[ 77 ]] :: :: ff ::

#

## II [[ 88 ]] :: :: ff

#OO[[ 88 ]] :: ff

]]

#

## II [[ 99 ]] :: :: ff [[ yy ]] ++ ff [[ xx

#OO[[ 99 ]] :: ff [[ xx ]] ++ ff [[ yy ]]

Projections may be used to represent "functions". ff [[ 22 ]] may be considered as the "function" ff with "argu-

"

ment" 22 . Assignments for projections then define values for "functions" at particular "points".

System-defined" functions, such as LLoo gg [[ 22 ]] , are also projections. When no system-defined value exists for
a projection, a value may be assigned to it.

## II [[ 11 ]] :: :: LLoo gg [[ xx ]]

]]

#

##OO[[ 11 ]] :: LLoo gg [[ xx

# II [[ 22 ]] :: :: LLoo gg [[ xx ]] :: aa

##OO[[ 22 ]] :: aa
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#

## II [[ 33 ]] :: :: LLoo gg

#OO[[ 33 ]] :: {{ [[ [[ xx ]] ]] :: aa }}

]]

#

## II [[ 44 ]] :: :: LLoo gg [[ xx ]] ++LLoo gg [[ yy ]] ++LLoo gg [[ 00

#OO[[ 44 ]] :: aa ++ LLoo gg [[ 00 ]] ++ LLoo gg [[ yy ]]

#

## II [[ 55 ]] :: :: LLoo gg [[ 00 ]] :: II nn ff

#OO[[ 55 ]] :: II nn ff

## II [[ 66 ]] :: :: LLoo gg [[ 00 ]] ˆ̂ 22 ++LLoo gg [[ xx ˆ̂ 22 ]] ++LLoo gg [[ xx ]] ˆ̂ 22

22 22 22
ff

#

##OO[[ 66 ]] :: LLoo gg [[ xx ]] ++ aa ++ II nn

# II [[ 77 ]] :: :: LLoo gg [[ 11 ]]

I

##OO[[ 77 ]] :: 00

n line 4, LLoo gg [[ 00 ]] was entered. This has no system-defined value; a value was assigned to it on line 5.

c
e
Notice that entry of LLoo gg [[ 00 ]] did not result in the printing of any warning message. Like other symboli
xpressions for which no value has been defined, LLoo gg [[ 00 ]] was simply left unevaluated.

-
t
In line 7, LLoo gg [[ 11 ]] was automatically simplified to 00 . Such automatic evaluations of mathematical func
ions are performed only when the results are very simple. Automatic simplifications are performed before

S

explicitly assigned values are used: LLoo gg [[ 11 ]] may thus not be assigned another value.

ome system-defined projections may be input in special forms. A complete table of such forms is given in
o[2.10]. For example, the factorial function FF cc tt ll [[ x ]] may be input as x !! . In all cases, x !! is equivalent t

FF cc tt ll [[ x ]] .

## II [[ 11 ]] :: :: 55 !!

00

#

##OO[[ 11 ]] :: 11 22

# II [[ 22 ]] :: :: FF cc tt ll [[ 55 ]]

#

##OO[[ 22 ]] :: 11 22 00

# II [[ 33 ]] :: :: xx !! :: aa

#

##OO[[ 33 ]] :: aa

# II [[ 44 ]] :: :: FF cc tt ll

}

#

##OO[[ 44 ]] :: {{ [[ [[ xx ]] ]] :: aa }

# II [[ 55 ]] :: :: xx !! ˆ̂ 22

#

##OO[[ 55 ]] :: aa
22

# II [[ 66 ]] :: :: (( 11 // 22 )) !! :: SSqq rr tt [[ PP ii ]]

#

##OO[[ 66 ]] :: PP ii
11 // 22

# II [[ 77 ]] :: :: FF cc tt ll

11 // 22
}

W

##OO[[ 77 ]] :: {{ [[ [[ 11 // 22 ]] ]] :: PP ii ,, [[ [[ xx ]] ]] :: aa }

e discussed above the extraction of an element in a matrix by two successive projections. Elements in a
matrix may be introduced by assignments for projections with two filters.
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#

## II [[ 11 ]] :: :: mm[[ 22 ,, 22 ]] :: dd

#OO[[ 11 ]] :: dd

mm

#

## II [[ 22 ]] :: ::

#OO[[ 22 ]] :: {{ [[ 22 ]] :: {{ [[ 22 ]] :: dd }} }}

#

## II [[ 33 ]] :: :: mm[[ 11 ,, 11 ]] :: aa

#OO[[ 33 ]] :: aa

mm

#

## II [[ 44 ]] :: ::

#OO[[ 44 ]] :: {{ {{ aa }} ,, {{ [[ 22 ]] :: dd }} }}

#

## II [[ 55 ]] :: :: mm[[ 22 ]] [[ 11 ]] :: cc

#OO[[ 55 ]] :: cc

mm

#

## II [[ 66 ]] :: ::

#OO[[ 66 ]] :: {{ {{ aa }} ,, {{ cc ,, dd }} }}

#

## II [[ 77 ]] :: :: mm[[ 11 ,, 22 ]] :: bb

#OO[[ 77 ]] :: bb

mm

#

## II [[ 88 ]] :: ::

#OO[[ 88 ]] :: {{ {{ aa ,, bb }} ,, {{ cc ,, dd }} }}

Projections with several symbolic filters may also be assigned values.

#

## II [[ 11 ]] :: :: aa ˆ̂ 22 :: 33

#OO[[ 11 ]] :: 33

ww

#

## II [[ 22 ]] :: :: PPoo

#OO[[ 22 ]] :: {{ [[ [[ aa ,, 22 ]] ]] :: 33 }}

## II [[ 33 ]] :: :: aa ˆ̂ 22 ++ aa ˆ̂ 33

33

#

##OO[[ 33 ]] :: 33 ++ aa

# II [[ 44 ]] :: :: 00 ˆ̂ 00

#

##OO[[ 44 ]] :: 00
00

# II [[ 55 ]] :: :: 00 ˆ̂ 00 :: 11

#

##OO[[ 55 ]] :: 11

# II [[ 66 ]] :: :: PPooww

##OO[[ 66 ]] :: {{ [[ [[ 00 ,, 00 ]] ]] :: 11 ,, [[ [[ aa ,, 22 ]] ]] :: 33 }}

#

## II [[ 77 ]] :: :: (( 11 -- 11 )) ˆ̂ 00

#OO[[ 77 ]] :: 11

In the assignment and evaluation of, for example, PP ll uu ss projections, the commutative and associative proper-
ties of the PP ll uu ss operation are used. (The specification of such properties will be discussed in sect. 8.)
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## II [[ 11 ]] :: :: aa ++bb :: ee ˆ̂ 22

22

#

##OO[[ 11 ]] :: ee

# II [[ 22 ]] :: :: PP ll uu ss

22
}

#

##OO[[ 22 ]] :: {{ [[ [[ aa ,, bb ]] ]] :: ee }

# II [[ 33 ]] :: :: aa ++bb++ cc ++dd

22

#

##OO[[ 33 ]] :: cc ++ dd ++ ee

# II [[ 44 ]] :: :: aa ++ cc :: ff ˆ̂ 22

#

##OO[[ 44 ]] :: ff
22

# II [[ 55 ]] :: :: PP ll uu ss

22 22
}

#

##OO[[ 55 ]] :: {{ [[ [[ aa ,, cc ]] ]] :: ff ,, [[ [[ aa ,, bb ]] ]] :: ee }

# II [[ 66 ]] :: :: aa ++bb++ cc ++dd

22

N

##OO[[ 66 ]] :: bb ++ dd ++ ff

ot only mathematical functions but all SMP operations are specified by projections. Thus, for example, aa :: bb

J

is equivalent to the explicit projection SS ee tt [[ aa ,, bb ]] .

ust as parts of a list may be obtained by projections, so also parts of an arbitrary expression may be specified

a
by suitable projections. In a function such as ff [[ aa ,, bb ,, cc ]] the filter aa is specified by index 11 , bb by 22
nd cc by 33 . The "projector" ff is specified by index 00 .

#

## II [[ 11 ]] :: :: tt :: ff [[ aa ,, bb ,, cc ]]

#OO[[ 11 ]] :: ff [[ aa ,, bb ,, cc ]]

#

## II [[ 22 ]] :: :: tt [[ 11 ]]

#OO[[ 22 ]] :: aa

]]

#

## II [[ 33 ]] :: :: tt [[ 33

#OO[[ 33 ]] :: cc

]]

#

## II [[ 44 ]] :: :: tt [[ 00

#OO[[ 44 ]] :: ´́ ff

]]

#

## II [[ 55 ]] :: :: tt [[ 55

#OO[[ 55 ]] :: tt [[ 55 ]]

dd

#

## II [[ 66 ]] :: :: tt [[ 33 ]] ::

#OO[[ 66 ]] :: dd

tt

#

## II [[ 77 ]] :: ::

#OO[[ 77 ]] :: ff [[ aa ,, bb ,, dd ]]

In line 6, the part tt [[ 33 ]] was re-assigned to have value dd. The resulting complete projection ff [[ aa ,, bb ,, dd ]]
was given on line 7.
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P

The quote ( ´́ ) on line 4 will be discussed in sect. 9.

arts in functions input in special form are indexed according to their positions in the corresponding explicit
projections.

## II [[ 11 ]] :: :: tt :: aa ˆ̂ bb

#

##OO[[ 11 ]] :: aa
bb

# II [[ 22 ]] :: :: tt [[ 11 ]]

#

##OO[[ 22 ]] :: aa

# II [[ 33 ]] :: :: tt [[ 00 ]]

ww

#

##OO[[ 33 ]] :: ´́ PPoo

# II [[ 44 ]] :: :: uu :: aa ++bb++ cc ++dd

dd

#

##OO[[ 44 ]] :: aa ++ bb ++ cc ++

# II [[ 55 ]] :: :: uu [[ 33 ]]

S

##OO[[ 55 ]] :: cc

ome system-defined projections are output in forms for which the labelling of parts is not manifest. Such

i
cases are indicated by a ** at the beginning of the output. LLpp rr [[ expr ]] prints expr in a simple linear form
n which the labelling of parts is manifest.

#

## II [[ 11 ]] :: :: aa ++bb II ++ cc

#OO[[ 11 ]] :: ** (( aa ++ cc )) ++ bb II

CC

## II [[ 22 ]] :: :: LLpp rr [[%%]]

xx [[ aa ++ cc ,, bb ]]

Note that II is the complex unit (square root of -1).

Elements in lists of lists may be extracted by several successive projections (or equivalently a single projection
h

s
with several filters). Similarly, parts in compound expressions may be extracted by suitable projections wit
everal filters.

## II [[ 11 ]] :: :: tt :: (( aa ++bb )) ˆ̂ 22

#

##OO[[ 11 ]] :: (( aa ++ bb ))
22

# II [[ 22 ]] :: :: tt [[ 11 ]]

bb

#

##OO[[ 22 ]] :: aa ++

# II [[ 33 ]] :: :: tt [[ 11 ]] [[ 22 ]]

#

##OO[[ 33 ]] :: bb

# II [[ 44 ]] :: :: tt [[ 11 ,, 11 ]]

#

##OO[[ 44 ]] :: aa

# II [[ 55 ]] :: :: tt [[ 22 ]]

##OO[[ 55 ]] :: 22
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#

## II [[ 66 ]] :: :: tt [[ 22 ,, 11 ]]

#OO[[ 66 ]] :: tt [[ 22 ,, 11 ]]

Notice that since no part tt [[ 22 ,, 11 ]] is present, the projection on line 6 is left unchanged.

l
c
Symbols and projections may carry numerical coefficients without explicit MMuu ll tt projections. Numerica
oefficients are thus irrelevant in defining positions of parts, even when they are rational numbers.

## II [[ 11 ]] :: :: tt :: 22 // 33 (( aa ++ 22 bb ))

22 (( aa ++ 22 bb ))
--##OO[[ 11 ]] :: -- -- -- -- -- -- -- --

33

#

## II [[ 22 ]] :: :: tt [[ 11 ]]

#OO[[ 22 ]] :: aa

]]

#

## II [[ 33 ]] :: :: tt [[ 22

#OO[[ 33 ]] :: 22 bb

]]

#

## II [[ 44 ]] :: :: tt [[ -- 11

#OO[[ 44 ]] :: 22 // 33

In line 4, projection with -- 11 was used to extract the numerical coefficient.

m
a
The system-defined projection PPoo ss [[ form ,, expr ]] gives a list of "positions" at which the subexpression for
ppears in the expression expr. Each position is specified by a list of the filters necessary to extract it by a

projection.

## II [[ 11 ]] :: :: tt :: (( aa ++bb )) ˆ̂ aa ++ cc ˆ̂ bb

aa
#

bb
#OO[[ 11 ]] :: cc ++ (( aa ++ bb ))

#

## II [[ 22 ]] :: :: PPoo ss [[ aa ,, tt ]]

#OO[[ 22 ]] :: {{ {{ 22 ,, 11 ,, 11 }} ,, {{ 22 ,, 22 }} }}

#

## II [[ 33 ]] :: :: tt [[ 22 ,, 11 ,, 11 ]]

#OO[[ 33 ]] :: aa

## II [[ 44 ]] :: :: PP rr oo jj [[ tt ,, {{ 22 ,, 22 }} ]]

#

##OO[[ 44 ]] :: aa

# II [[ 55 ]] :: :: PPoo ss [[ cc ˆ̂ bb ,, tt ]]

N

##OO[[ 55 ]] :: {{ {{ 11 }} }}

otice that in line 1 parts were rearranged using the commutativity of PP ll uu ss . The positions of parts are

T

always determined by their location in the simplified form of an expression.

he projection PP rr oo jj [[ expr ,, {{x1 ,, x2 ,, . . .}} ]] used on line 4 is equivalent to expr [[ x1 ,, x2 ,, . . . ]] .

-
j
The specification of parts is important in performing operations on expressions. In many system-defined pro
ections, a "domain" may be used to define a set of parts in an expression on which an operation is to be per-

I

formed. Domains are described in [2.5].

n rearranging or simplifying expressions, it is often convenient to modify a particular part, while leaving other
parts unchanged.
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## II [[ 11 ]] :: :: tt :: xx ˆ̂ 22 ++ 33 ++ (( xx ˆ̂ 22 -- 11 )) ˆ̂ 22

22 22 22

#

##OO[[ 11 ]] :: 33 ++ xx ++ (( -- 11 ++ xx ))

# II [[ 22 ]] :: :: tt [[ 33 ]] :: SS [[ tt [[ 33 ]] ,, xx -- >>aa ]]

22 22
))

#

##OO[[ 22 ]] :: (( -- 11 ++ aa

# II [[ 33 ]] :: :: tt

22 22 22
##OO[[ 33 ]] :: 33 ++ xx ++ (( -- 11 ++ aa ))
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EE

FFuurrtthheerr eexxaammpplleess

xxaammpplleeiiiiiiiiiiiiiiii 11ii
FFiinndd tthhee aannggllee bbeettwweeeenn tthhee vveeccttoorrss {{11,,--22,,aa}} aanndd {{22aa,,--33,,55}} ffoorr tthhee ccaasseess aa==00 aanndd aa==11//22..

#

## II [[ 11 ]] :: :: vv 11 :: {{ 11 ,, -- 22 ,, aa }}

#OO[[ 11 ]] :: {{ 11 ,, -- 22 ,, aa }}

}

#

## II [[ 22 ]] :: :: vv 22 :: {{ 22 aa ,, -- 33 ,, 55 }

#OO[[ 22 ]] :: {{ 22 aa ,, -- 33 ,, 55 }}

## II [[ 33 ]] :: :: aa nn gg :: AAcc oo ss [[ vv 11 .. vv 22 // SSqq rr tt [[ vv 11 .. vv 11 vv 22 .. vv 22 ]] ]]

66 ++ 77 aa
]]##OO[[ 33 ]] :: AAcc oo ss [[ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22 11 // 22 22 11 // 22
(( 55 ++ aa )) (( 33 44 ++ 44 aa ))

]]## II [[ 44 ]] :: :: SS [[ aa nn gg ,, aa -- >>00

66
]]##OO[[ 44 ]] :: AAcc oo ss [[ -- -- -- -- -- -- -- -- -- --

11 // 22 11 // 22

#

## II [[ 55 ]] :: :: NN [[%%]]

55 33 44

#OO[[ 55 ]] :: 11 .. 00 99 22 66

]]## II [[ 66 ]] :: :: SS [[ aa nn gg ,, aa -- >>11 // 22

11 99
]]##OO[[ 66 ]] :: AAcc oo ss [[ -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

11 // 22 11 // 22

#

## II [[ 77 ]] :: :: NN [[%%]]

22 22 11 // 44 33 55

#OO[[ 77 ]] :: 00 .. 77 99 44 22 44 22

iiiiiiiiiiiiiiii 22iiee
FF
EExxaammppll

iinndd tthhee cchhaarraacctteerriissttiicc ppoollyynnoommiiaall ffoorr tthhee mmaattrriixx

I
J
J
L44
44

11

22

33

22

11

−11

−11 M
J
J
O

#

## II [[ 11 ]] :: :: {{ {{ 11 ,, 22 ,, -- 11 }} ,, {{ 44 ,, 33 ,, -- 11 }} ,, {{ 44 ,, 22 ,, 11 }} }}

#OO[[ 11 ]] :: {{ {{ 11 ,, 22 ,, -- 11 }} ,, {{ 44 ,, 33 ,, -- 11 }} ,, {{ 44 ,, 22 ,, 11 }} }}

}

#

## II [[ 22 ]] :: :: %%-- ll aamm{{ {{ 11 ,, 00 ,, 00 }} ,, {{ 00 ,, 11 ,, 00 }} ,, {{ 00 ,, 00 ,, 11 }} }

#OO[[ 22 ]] :: {{ {{ 11 -- ll aamm,, 22 ,, -- 11 }} ,, {{ 44 ,, 33 -- ll aamm,, -- 11 }} ,, {{ 44 ,, 22 ,, 11 -- ll aamm}} }}

#

## II [[ 33 ]] :: :: DDee tt [[%%]]

#OO[[ 33 ]] :: -- 11 22 ++ 44 ll aamm ++ (( 11 -- ll aamm)) (( 22 ++ (( 11 -- ll aamm)) (( 33 -- ll aamm)) ))



..22.. SSMMPP PPRRIIMMEERR // LLiissttss,, pprroojjeeccttiioonnss aanndd ppaarrttss 22

## II [[ 44 ]] :: :: EExx [[%%]]

22 33

EE

##OO[[ 44 ]] :: -- 77 -- 55 ll aamm ++ 55 ll aamm -- ll aamm

xxaammpplleeiiiiiiiiiiiiiiii 33ii

FFiinndd tthhee rreeaall ppaarrtt ooff e ..
hhπi
22
55

]]

#

## II [[ 11 ]] :: :: EExx pp [[ 22 II PP ii // 55

#OO[[ 11 ]] :: ** EExx pp [[ 22PP ii // 55 II ]]

#

## II [[ 22 ]] :: :: NN [[%%]]

#OO[[ 22 ]] :: ** 00 .. 33 00 99 00 11 77 ++ 00 .. 99 55 11 00 55 77 II

#

## II [[ 33 ]] :: :: RRee [[%%]]

#OO[[ 33 ]] :: 00 .. 33 00 99 00 11 77

iiiiiiiiiiiiiiii 44iiee
FF
EExxaammppll

oorrmm tthhee 33×33 mmaattrriixx MM ssuucchh tthhaatt MM iiss i j ..

#

## II [[ 11 ]] :: :: vv :: {{ 11 ,, 22 ,, 33 }}

i j

#OO[[ 11 ]] :: {{ 11 ,, 22 ,, 33 }}

#

## II [[ 22 ]] :: :: vv ** ** vv

#OO[[ 22 ]] :: {{ {{ 11 ,, 22 ,, 33 }} ,, {{ 22 ,, 44 ,, 66 }} ,, {{ 33 ,, 66 ,, 99 }} }}

iiiiiiiiiiiiiiii 55iiee
CC
EExxaammppll

hhaannggee tthhee llaasstt ssiinn((x )) iinn tthhee eexxpprreessssiioonn tt ttoo √ddddddddd11−ccooss ((x ))..22

))## II [[ 11 ]] :: :: tt :: 44 SS ii nn [[ xx ]] ++ 33 zz ˆ̂ 33 (( 11 ++ zz ++SS ii nn [[ xx ]] )) SS ii nn [[ xx ]] ˆ̂ 22 // (( 44 (( 11 ++SS ii nn [[ xx ]] ))

33 22

#
33 zz (( 11 ++ zz ++ SS ii nn [[ xx ]] )) SS ii nn [[ xx ]]

#OO[[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ 44 SS ii nn [[ xx ]]
44 (( 11 ++ SS ii nn [[ xx ]] ))

]]

#

## II [[ 22 ]] :: :: PPoo ss [[ SS ii nn ,, tt

#OO[[ 22 ]] :: {{ {{ 11 ,, 11 ,, 22 ,, 33 ,, 00 }} ,, {{ 11 ,, 11 ,, 33 ,, 11 ,, 00 }} ,, {{ 11 ,, 22 ,, 22 ,, 00 }} ,, {{ 22 ,, 00 }} }}

## II [[ 33 ]] :: :: tt [[ 11 ,, 22 ,, 22 ]] :: SSqq rr tt [[ 11 -- CCoo ss [[ xx ]] ˆ̂ 22 ]]

22 11 // 22

#

##OO[[ 33 ]] :: (( 11 -- CCoo ss [[ xx ]] ))

# II [[ 44 ]] :: :: tt

33 22

#
33 zz (( 11 ++ zz ++ SS ii nn [[ xx ]] )) SS ii nn [[ xx ]]

#OO[[ 44 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ 44 SS ii nn [[ xx ]]
22 11 // 22

))44 (( 11 ++ (( 11 -- CCoo ss [[ xx ]] ))
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T

33.. PPaatttteerrnnss

he assignment ff [[ xx ]] :: xx ˆ̂ 22 defines a projection of ff with the specific filter xx to be xx ˆ̂ 22 . This assign-
f

a
ment does not define any value for ff [[ yy ]] . To define a mathematical function gg which forms the square o
ny expression which appears as its "argument", one performs the assignment gg [[ $$ xx ]] :: $$ xx ˆ̂ 22 . Here the

-
b
"generic symbol" $$ xx stands for any expression. Any symbol which begins with $$ is taken as a generic sym

ol, and may stand for any expression.

## II [[ 11 ]] :: :: ff [[ xx ]] :: xx ˆ̂ 22

22

#

##OO[[ 11 ]] :: xx

# II [[ 22 ]] :: :: ff [[ yy ]] ++ ff [[ xx ]]

#

##OO[[ 22 ]] :: ff [[ yy ]] ++ xx
22

# II [[ 33 ]] :: :: gg [[ $$ xx ]] :: $$ xx ˆ̂ 22

#

##OO[[ 33 ]] :: $$ xx
22

# II [[ 44 ]] :: :: gg

22
}

#

##OO[[ 44 ]] :: {{ [[ $$ xx ]] :: $$ xx }

# II [[ 55 ]] :: :: gg [[ 22 ]] ++ gg [[ xx ]] ++ gg [[ aa ˆ̂ 22 ]]

44 22
xx

#

##OO[[ 55 ]] :: 44 ++ aa ++

# II [[ 66 ]] :: :: gg [[ 00 ]] :: cc

#

##OO[[ 66 ]] :: cc

# II [[ 77 ]] :: :: gg

22
}

#

##OO[[ 77 ]] :: {{ [[ 00 ]] :: cc ,, [[ $$ xx ]] :: $$ xx }

# II [[ 88 ]] :: :: gg [[ 00 ]] ++ gg [[ 22 ]]

T

##OO[[ 88 ]] :: 44 ++ cc

he assignment for gg [[ 00 ]] in line 6 defined a special value for the function gg . This is used in preference to

W

the more general assignment for gg [[ $$ xx ]] given in line 3.

hen values for projections are assigned, those for more specific cases are placed before those for more gen-
-

t
eral cases. The most restricted applicable assignment is therefore used in the evaluation of a particular projec
ion.

## II [[ 11 ]] :: :: ff [[ 00 ]] :: aa

#

##OO[[ 11 ]] :: aa

# II [[ 22 ]] :: :: ff

}##OO[[ 22 ]] :: {{ [[ 00 ]] :: aa }
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## II [[ 33 ]] :: :: ff [[ $$ xx ]] :: 11 // $$ xx

11
--##OO[[ 33 ]] :: --

$$ xx

## II [[ 44 ]] :: :: ff

11
}##OO[[ 44 ]] :: {{ [[ 00 ]] :: aa ,, [[ $$ xx ]] :: -- -- }

$$ xx

#

## II [[ 55 ]] :: :: ff [[ 11 ]] :: bb

#OO[[ 55 ]] :: bb

ff## II [[ 66 ]] :: ::

11
}##OO[[ 66 ]] :: {{ [[ 11 ]] :: bb ,, [[ 00 ]] :: aa ,, [[ $$ xx ]] :: -- -- }

$$ xx

## II [[ 77 ]] :: :: ff [[ zz ]] ++ ff [[ 00 ]] ˆ̂ 22

11 22
##OO[[ 77 ]] :: -- ++ aa

zz

## II [[ 88 ]] :: :: gg [[ $$ nn ]] :: $$ nn gg [[ $$ nn -- 11 ]]

#

##OO[[ 88 ]] :: $$ nn gg [[ -- 11 ++ $$ nn ]]

# II [[ 99 ]] :: :: gg

##OO[[ 99 ]] :: {{ [[ $$ nn ]] :: $$ nn gg [[ -- 11 ++ $$ nn ]] }}

#

## II [[ 11 00 ]] :: :: gg [[ 55 ]]

#OO[[ 11 00 ]] :: 00

11

#

## II [[ 11 11 ]] :: :: gg [[ 11 ]] ::

#OO[[ 11 11 ]] :: 11

gg

#

## II [[ 11 22 ]] :: ::

#OO[[ 11 22 ]] :: {{ [[ 11 ]] :: 11 ,, [[ $$ nn ]] :: $$ nn gg [[ -- 11 ++ $$ nn ]] }}

#

## II [[ 11 33 ]] :: :: gg [[ 55 ]]

#OO[[ 11 33 ]] :: 11 22 00

In line 8, a "recursive" definition for the factorial function gg was given. With no end condition specified, the

r
result for gg [[ 55 ]] in line 10 is 00 . With the specification on line 11, evaluation of gg [[ 55 ]] uses the recursion
elation on line 8 until the end point of line 11 is reached.

"
s
Assignments may be made not only for projections such as ff [[ $$ xx ]] but also for more complicated "patterns
uch as ff [[ $$ xx ˆ̂ 22 ,, $$ yy ]] .

xx

#

## II [[ 11 ]] :: :: EExx pp [[ 11 ++LLoo gg [[ $$ xx ]] ]] :: EE $$

#OO[[ 11 ]] :: EE $$ xx

#

## II [[ 22 ]] :: :: EExx pp

#OO[[ 22 ]] :: {{ [[ [[ 11 ++ LLoo gg [[ $$ xx ]] ]] ]] :: EE $$ xx }}
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#

## II [[ 33 ]] :: :: EExx pp [[ 11 ++LLoo gg [[ aa ++bb ]] ]]

#OO[[ 33 ]] :: EE (( aa ++ bb ))

]]

#

## II [[ 44 ]] :: :: EExx pp [[ 22 ++LLoo gg [[ aa ++bb ]]

#OO[[ 44 ]] :: EExx pp [[ 22 ++ LLoo gg [[ aa ++ bb ]] ]]

#

## II [[ 55 ]] :: :: EExx pp [[ 11 ++ $$ xx ]] :: hh [[ $$ xx ]]

#OO[[ 55 ]] :: hh [[ $$ xx ]]

#

## II [[ 66 ]] :: :: EExx pp

#OO[[ 66 ]] :: {{ [[ [[ 11 ++ LLoo gg [[ $$ xx ]] ]] ]] :: EE $$ xx ,, [[ [[ 11 ++ $$ xx ]] ]] :: hh [[ $$ xx ]] }}

## II [[ 77 ]] :: :: EExx pp [[ 11 ++ aa ˆ̂ 22 ]] ++EExx pp [[ 11 ++LLoo gg [[ bb ]] ]]

22
EE

A

##OO[[ 77 ]] :: hh [[ aa ]] ++ bb

ll occurrences of a particular generic symbol in a pattern must stand for the same expression.

#

## II [[ 11 ]] :: :: $$ xx ˆ̂ $$ xx :: qq [[ $$ xx ]]

#OO[[ 11 ]] :: qq [[ $$ xx ]]

#

## II [[ 22 ]] :: :: PPooww

#OO[[ 22 ]] :: {{ [[ [[ $$ xx ,, $$ xx ]] ]] :: qq [[ $$ xx ]] }}

## II [[ 33 ]] :: :: xx ˆ̂ 22 ++ yy ˆ̂ yy

22

#

##OO[[ 33 ]] :: qq [[ yy ]] ++ xx

# II [[ 44 ]] :: :: $$ xx ˆ̂ (( $$ xx ++ $$ yy )) :: pp [[ $$ xx ,, $$ yy ]]

#

##OO[[ 44 ]] :: pp [[ $$ xx ,, $$ yy ]]

# II [[ 55 ]] :: :: xx ˆ̂ (( xx ++ aa ))

#

##OO[[ 55 ]] :: pp [[ xx ,, aa ]]

# II [[ 66 ]] :: :: LLoo gg [[ aa ++bb ]] ˆ̂ (( LLoo gg [[ aa ++bb ]] ++ cc ˆ̂ 22 ))

22
]]

P

##OO[[ 66 ]] :: pp [[ LLoo gg [[ aa ++ bb ]] ,, cc

atterns match expressions whenever replacements for generic symbols may be deduced without solving expli-
r

c
cit equations. For example, while xx ˆ̂ $$ nn matches xx ˆ̂ 22 , xx ˆ̂ $$ nn does not match xx alone, since in the latte
ase, determination of the necessary replacement for $$ nn would require solution of the equation xx ˆ̂ $$ nn== xx .

d
Nevertheless, ff [[ $$ nn ,, xx ˆ̂ $$ nn ]] does match ff [[ 11 ,, xx ]] since the replacement for $$ nn may be deduced from a
irect comparison between the first filters, without solving an equation. Similarly, ff [[ 11 -- $$ xx ,, $$ xx ]] matches

ff [[ -- 22 ,, 33 ]] , while ff [[ 11 -- $$ xx ,, 11++ $$ xx ]] matches ff [[ 11 -- 22 aa ,, 11++ 22 aa ]] , but does not match ff [[ -- 22 ,, 44 ]] .

## II [[ 11 ]] :: :: ff [[ 22 // $$ xx ,, $$ xx ]] :: hh [[ $$ xx ]]

#

##OO[[ 11 ]] :: hh [[ $$ xx ]]

# II [[ 22 ]] :: :: ff [[ 11 ,, 22 ]]

##OO[[ 22 ]] :: hh [[ 22 ]]
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#

## II [[ 33 ]] :: :: ff [[ 22 ,, 11 ]]

#OO[[ 33 ]] :: hh [[ 11 ]]

]]## II [[ 44 ]] :: :: ff [[ 22 aa ,, 11 // aa

11
]]##OO[[ 44 ]] :: hh [[ --

aa

## II [[ 55 ]] :: :: gg [[ 22 // $$ xx ,, 11 // $$ xx ]] :: ii [[ $$ xx ]]

#

##OO[[ 55 ]] :: ii [[ $$ xx ]]

# II [[ 66 ]] :: :: gg [[ 22 // xx ,, 11 // xx ]]

#

##OO[[ 66 ]] :: ii [[ xx ]]

# II [[ 77 ]] :: :: gg [[ 22 ,, 11 ]]

]]

#

##OO[[ 77 ]] :: gg [[ 22 ,, 11

# II [[ 88 ]] :: :: gg pp [[ 22 $$ xx ii ,, $$ xx ii ]] :: ii [[ 11 // $$ xx ii ]]

11
]]##OO[[ 88 ]] :: ii [[ -- -- --

$$ xx ii

]]

#

## II [[ 99 ]] :: :: gg pp [[ 22 ,, 11

#OO[[ 99 ]] :: ii [[ 11 ]]

]]

#

## II [[ 11 00 ]] :: :: jj [[ 22 $$ xx ]] :: jj pp [[ $$ xx

#OO[[ 11 00 ]] :: jj pp [[ $$ xx ]]

#

## II [[ 11 11 ]] :: :: jj [[ xx ]]

#OO[[ 11 11 ]] :: jj pp [[ xx // 22 ]]

#

## II [[ 11 22 ]] :: :: jj [[ 11 ]]

#OO[[ 11 22 ]] :: jj pp [[ 11 // 22 ]]

Notice that in line 10, 22 $$ xx is treated as a single generic symbol matching any expression, regardless of its

P

numerical coefficient.

attern matching takes account of commutativity and associativity properties of functions.

#

## II [[ 11 ]] :: :: bb++ $$ xx :: uu [[ $$ xx ]]

#OO[[ 11 ]] :: uu [[ $$ xx ]]

#

## II [[ 22 ]] :: :: aa ++bb

#OO[[ 22 ]] :: uu [[ aa ]]

cc

#

## II [[ 33 ]] :: :: aa ++bb++

#OO[[ 33 ]] :: cc ++ uu [[ aa ]]

]]

#

## II [[ 44 ]] :: :: aa $$ xx ˆ̂ 22 :: vv [[ $$ xx

#OO[[ 44 ]] :: vv [[ $$ xx ]]
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## II [[ 55 ]] :: :: aa bb cc ˆ̂ 22 dd ˆ̂ 22

22
]]

#

##OO[[ 55 ]] :: bb dd vv [[ cc

# II [[ 66 ]] :: :: ff [[ $$ xx ++ $$ yy ]] :: gg [[ $$ xx ]] gg [[ $$ yy ]]

#

##OO[[ 66 ]] :: gg [[ $$ xx ]] gg [[ $$ yy ]]

# II [[ 77 ]] :: :: ff [[ xx ++ yy ]] ++ ff [[ xx ++ yy ++ zz ]]

]]

I

##OO[[ 77 ]] :: ff [[ xx ++ yy ++ zz ]] ++ gg [[ xx ]] gg [[ yy

n line 7, $$ xx++ $$ yy matches xx++ yy but not xx++ yy++ zz . Multi-generic symbols such as $$ $$ xx are used to

a
represent a sequence of arguments to a function. $$ $$ xx++ $$ yy would match xx++ yy++ zz with $$ yy replaced by xx
nd $$ $$ xx replaced by yy++ zz .

]]

#

## II [[ 11 ]] :: :: ff [[ $$ $$ xx ++ $$ yy ]] :: gg [[ $$ $$ xx ]] gg [[ $$ yy

#OO[[ 11 ]] :: gg [[ $$ yy ]] gg [[ $$ $$ xx ]]

#

## II [[ 22 ]] :: :: ff [[ xx ++ yy ++ zz ]]

#OO[[ 22 ]] :: gg [[ xx ]] gg [[ yy ++ zz ]]

]]

#

## II [[ 33 ]] :: :: ff [[ xx ]] ++ ff [[ xx ++ yy ]] ++ ff [[ xx ++ yy ++ zz ++ww

#OO[[ 33 ]] :: ff [[ xx ]] ++ gg [[ ww ]] gg [[ xx ++ yy ++ zz ]] ++ gg [[ xx ]] gg [[ yy ]]

#

## II [[ 44 ]] :: :: mmuu .. $$ $$ xx .. mmuu :: hh [[ $$ $$ xx ]]

#OO[[ 44 ]] :: hh [[ $$ $$ xx ]]

pp

#

## II [[ 55 ]] :: :: pp .. mmuu .. qq .. rr .. mmuu ..

#OO[[ 55 ]] :: pp .. hh [[ qq .. rr ]] .. pp

## II [[ 66 ]] :: :: aa .. mmuu .. aa 11 .. bb 11 .. mmuu .. cc 11 .. mmuu .. dd 11 .. ee 11 .. mmuu .. bb .. cc

#

##OO[[ 66 ]] :: aa .. hh [[ aa 11 .. bb 11 ]] .. cc 11 .. hh [[ dd 11 .. ee 11 ]] .. bb .. cc

# II [[ 77 ]] :: :: aa .. mmuu .. aa 11 .. bb 11 .. mmuu .. cc 11 .. mmuu .. bb

#

##OO[[ 77 ]] :: aa .. hh [[ aa 11 .. bb 11 ]] .. cc 11 .. mmuu .. bb

# II [[ 88 ]] :: :: LLoo gg [[ aa bb cc dd ]]

]]

#

##OO[[ 88 ]] :: LLoo gg [[ aa bb cc dd

# II [[ 99 ]] :: :: LLoo gg [[ $$ xx $$ $$ xx ]] :: LLoo gg [[ $$ xx ]] ++LLoo gg [[ $$ $$ xx ]]

#

##OO[[ 99 ]] :: LLoo gg [[ $$ xx ]] ++ LLoo gg [[ $$ $$ xx ]]

# II [[ 11 00 ]] :: :: LLoo gg [[ aa bb cc dd ]]

##OO[[ 11 00 ]] :: LLoo gg [[ aa ]] ++ LLoo gg [[ bb ]] ++ LLoo gg [[ cc ]] ++ LLoo gg [[ dd ]]

-
e
The class of expressions matched by a particular pattern may be restricted by imposing conditions on the gen
ric symbols in it. Whereas $$ xx stands for any expression, $$ xx ii== $$ xx>>00 stands only for expressions such

that $$ xx>>00 is determined to be true.

## II [[ 11 ]] :: :: gg [[ $$ nnii== $$ nn>>00 ]] :: hh [[ $$ nn ]]

##OO[[ 11 ]] :: hh [[ $$ nn ]]
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#

## II [[ 22 ]] :: :: gg [[ 22 ]] ++ gg [[ -- 33 ]] ++ gg [[ xx ]]

#OO[[ 22 ]] :: gg [[ -- 33 ]] ++ gg [[ xx ]] ++ hh [[ 22 ]]

!!

#

## II [[ 33 ]] :: :: gg aammmmaa [[ $$ xxii==NNaa tt pp [[ $$ xx ]] ]] :: (( $$ xx -- 11 ))

#OO[[ 33 ]] :: (( -- 11 ++ $$ xx )) !!

]]

#

## II [[ 44 ]] :: :: gg aammmmaa [[ 44 ]] ++ gg aammmmaa [[ -- 22

#OO[[ 44 ]] :: 66 ++ gg aammmmaa [[ -- 22 ]]

In line 3, NNaa tt pp [[ x ]] is a projection which yields 11 (representing "true") if x is determined to be a natural
,

NN
number (positive integer), and 00 (representing "false") otherwise. Similarly, II nn tt pp tests for an integer

uummbbpp for a number and LL ii ss tt pp for a list.

x==y yields 11 if x and y are equal, and 00 if they are determined to be unequal. If no definite truth value is
,obtained, the expression x==y is left unchanged. Other relational operators are ˜̃ == (unequal), >> (greater than)

<< (less than), >>== and <<==.

Finally, ˜̃ x means "not x", x&&y means "x and y" and x ee y means "x or y".

#

## II [[ 11 ]] :: :: 33 == 22

#OO[[ 11 ]] :: 00

22

#

## II [[ 22 ]] :: :: xx ==

#OO[[ 22 ]] :: xx == 22

yy

#

## II [[ 33 ]] :: :: 33>>22>>== 11 && xx ˜̃ ==

#OO[[ 33 ]] :: xx ˜̃ == yy

## II [[ 44 ]] :: :: ff [[ $$ xx ,, $$ yyii== $$ xx>>$$ yy && 00<<$$ yy<<11 ]] :: gg [[ $$ xx ,, $$ yy ]]

#

##OO[[ 44 ]] :: gg [[ $$ xx ,, $$ yy ]]

# II [[ 55 ]] :: :: ff [[ 22 ,, 11 // 22 ]]

]]

#

##OO[[ 55 ]] :: gg [[ 22 ,, 11 // 22

# II [[ 66 ]] :: :: ff [[ xx ,, 11 // 22 ]]

]]

W

##OO[[ 66 ]] :: ff [[ xx ,, 11 // 22

ithout giving a definite numerical value for a symbol xx , one may assert that xx is positive by the assign-
ment xx>>00 :: 11 . Similarly, xx may be defined as an integer by II nn tt pp [[ xx ]] :: 11 .
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EE

FFuurrtthheerr eexxaammpplleess

xxaammpplleeiiiiiiiiiiiiiiii 11ii
FFiinndd tthhee sseett ooff aallll ssuubbppaarrttss ooff aann eexxpprreessssiioonn..

#

## II [[ 11 ]] :: :: tt :: 66 (( 11 ++ 44 xx )) (( 22 ++ 33 xx ++ xx zz ))

#OO[[ 11 ]] :: 66 (( 11 ++ 44 xx )) (( 22 ++ 33 xx ++ xx zz ))

#

## II [[ 22 ]] :: :: PPoo ss [[ $$ xx ,, tt ]]

#OO[[ 22 ]] :: {{ {{ 11 ,, 11 }} ,, {{ 11 ,, 22 }} ,, {{ 11 }} ,, {{ 22 ,, 11 }} ,, {{ 22 ,, 22 }} ,, {{ 22 ,, 33 ,, 11 }} ,, {{ 22 ,, 33 ,, 22 }} ,, {{ 22 ,, 33 }} ,, {{ 22 }} ,, {{ 00 }} }}

iiiiiiiiiiiiiiii 22iiee

DD

EExxaammppll

eeffiinnee rruulleess ttoo ssiimmpplliiffyy e wwhheerree n iiss aann iinntteeggeerr..
hhn
22

#

i π

# II [[ 11 ]] :: :: EExx pp [[ II PP ii (( $$ xxii== II nn tt pp [[ 22 $$ xx ]] )) ]] :: II ˆ̂MMoo dd [[ 22 $$ xx ,, 44 ]]

#

##OO[[ 11 ]] :: ** II
MMoo dd [[ 22 $$ xx ,, 44 ]]

# II [[ 22 ]] :: :: EExx pp [[ 33 II PP ii ]]

#

##OO[[ 22 ]] :: -- 11

# II [[ 33 ]] :: :: EExx pp [[ 33 // 22 II PP ii ]]

#

##OO[[ 33 ]] :: ** -- II

# II [[ 44 ]] :: :: EExx pp [[ II PP ii ]]

]]

EE

##OO[[ 44 ]] :: ** EExx pp [[ PP ii II

xxaammpplleeiiiiiiiiiiiiiiii 33ii
FFiinndd tthhee 55 aanndd 1100 tteerrmmss iinn tthhee sseerriieess ddeeffiinneedd bbyyth th

f ((x )) = f ((x −11)) + a f ((x −22))

f ((11)) = f ((22)) = 11

]]

#

## II [[ 11 ]] :: :: ff [[ $$ xx ]] :: ff [[ $$ xx -- 11 ]] ++ aa ff [[ $$ xx -- 22

#OO[[ 11 ]] :: ff [[ -- 11 ++ $$ xx ]] ++ aa ff [[ -- 22 ++ $$ xx ]]

#

## II [[ 22 ]] :: :: ff [[ 11 ]] :: ff [[ 22 ]] :: 11

#OO[[ 22 ]] :: 11

]]

#

## II [[ 33 ]] :: :: ff [[ 55

#OO[[ 33 ]] :: 11 ++ 22 aa ++ aa (( 11 ++ aa ))
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#

## II [[ 44 ]] :: :: ff [[ 11 00 ]]

#OO[[ 44 ]] :: 11 ++ 22 aa ++ aa (( 11 ++ aa )) ++ aa (( 11 ++ 22 aa )) ++ aa (( 11 ++ 22 aa ++ aa (( 11 ++ aa )) ))

++

++ aa (( 11 ++ 22 aa ++ aa (( 11 ++ aa )) ++ aa (( 11 ++ 22 aa )) ))

aa (( 11 ++ 22 aa ++ aa (( 11 ++ aa )) ++ aa (( 11 ++ 22 aa )) ++ aa (( 11 ++ 22 aa ++ aa (( 11 ++ aa )) )) ))

++ aa (( 11 ++ 22 aa ++ aa (( 11 ++ aa )) ++ aa (( 11 ++ 22 aa )) ++ aa (( 11 ++ 22 aa ++ aa (( 11 ++ aa )) ))

++ aa (( 11 ++ 22 aa ++ aa (( 11 ++ aa )) ++ aa (( 11 ++ 22 aa )) )) ))

## II [[ 55 ]] :: :: EExx [[%%]]

22 33 44

EE

##OO[[ 55 ]] :: 11 ++ 88 aa ++ 22 11 aa ++ 22 00 aa ++ 55 aa

xxaammpplleeiiiiiiiiiiiiiiii 44ii
DDeeffiinnee aa ffuunnccttiioonn ooff tthhrreeee vvaarriiaabblleess wwhhiicchh vvaanniisshheess iiff tthhee ddiiffffeerreennccee bbeettwweeeenn aannyy aarrgguummeennttss iiss ggrreeaatteerr tthhaann 11
aanndd iiss eeqquuaall ttoo oonnee ootthheerrwwiissee..

## II [[ 11 ]] :: :: ff [[ $$ 11 ,, $$ 22 ,, $$ 33 ]] :: ˜̃ (( AAbb ss [[ $$ 11 -- $$ 22 ]] >>11 ee AAbb ss [[ $$ 22 -- $$ 33 ]] >>11 ee AAbb ss [[ $$ 33 -- $$ 11 ]] >>11 ))

))

#

##OO[[ 11 ]] :: ˜̃ (( AAbb ss [[ -- $$ 11 ++ $$ 33 ]] >> 11 ee AAbb ss [[ $$ 11 -- $$ 22 ]] >> 11 ee AAbb ss [[ $$ 22 -- $$ 33 ]] >> 11

# II [[ 22 ]] :: :: ff [[ 00 ,, 00 ,, 00 ]]

#

##OO[[ 22 ]] :: 11

# II [[ 33 ]] :: :: ff [[ 22 ,, 00 ,, 00 ]]

#

##OO[[ 33 ]] :: 00

# II [[ 44 ]] :: :: ff [[ 11 ,, 22 ,, 33 ]]

#

##OO[[ 44 ]] :: 00

# II [[ 55 ]] :: :: ff [[ 00 ,, .. 55 ,, .. 77 ]]

##OO[[ 55 ]] :: 11



44.. SSMMPP PPRRIIMMEERR // BBuuiillddiinngg uupp ccaallccuullaattiioonnss 44..

O

44.. BBuuiillddiinngg uupp ccaallccuullaattiioonnss

ne important feature of SMP is the possibility of constructing a system of rules and definitions, and then
e

g
using this system repeatedly for many different cases. SMP remembers and organizes each definition or rul
iven.

Everything typed during an SMP job is kept in a "record file" which may be re-read or printed either during
n

m
the job or after the job has finished. Details of the "record file" are given in the Implementation Notes; i

ost implementations, it is named ssmmpp .. oo uu tt . At most installations, each SMP job run by a particular user

b
generates the same record file: if the record is to be saved permanently, it must be moved to another file
efore the next SMP job is started. The record file may also be printed on paper to provide a permanent

t
S
record. The necessary procedures are given in the Implementation Notes. Note that only input and outpu

MP expressions are included in the record file: operations such as editing are omitted.

t
e
The input and output lines in an SMP job may be manipulated just like other expressions. The ith outpu
xpression is given by @@i. @@{{i,j,. . .}} gives a list of output expressions i, j, . . . . Each output line is

t
l
assigned as the value of a projection of ##OO, as indicated by the ##OO[[ i ]] :: at the beginning of each outpu
ine; @@i is a short notation for ##OO[[ i ]] . ##OO is a list of all output expressions.

## II [[ 11 ]] :: :: aa :: xx ˆ̂ 22 ++ 11

22

#

##OO[[ 11 ]] :: 11 ++ xx

# II [[ 22 ]] :: :: aa ++ aa ˆ̂ 22

22 22 22

#

##OO[[ 22 ]] :: 11 ++ xx ++ (( 11 ++ xx ))

# II [[ 33 ]] :: :: @@11

22

#

##OO[[ 33 ]] :: 11 ++ xx

# II [[ 44 ]] :: :: @@{{ 22 ,, 11 }}

22 22 22 22
}

#

##OO[[ 44 ]] :: {{ 11 ++ xx ++ (( 11 ++ xx )) ,, 11 ++ xx }

# II [[ 55 ]] :: :: ##OO

22 22 22 22 22
,,##OO[[ 55 ]] :: {{ [[ 44 ]] :: {{ 11 ++ xx ++ (( 11 ++ xx )) ,, 11 ++ xx }} ,, [[ 33 ]] :: 11 ++ xx

22 22 22 22
,,

[[

[[ 22 ]] :: 11 ++ xx ++ (( 11 ++ xx )) ,, [[ 11 ]] :: 11 ++ xx

00 ]] :: {{ "" // hh oommee // ccmmcc // mmkk // ssmmpp .. ii nn ii tt "" }} }}

#

## II [[ 66 ]] :: :: {{ 11 ,, 55 .. .. 99 }}

#OO[[ 66 ]] :: {{ 11 ,, 55 ,, 66 ,, 77 ,, 88 ,, 99 }}

## II [[ 77 ]] :: :: @@{{ 22 .. .. 44 ,, 66 }}

22 22 22 22 22 22 22 22
,,##OO[[ 77 ]] :: {{ 11 ++ xx ++ (( 11 ++ xx )) ,, 11 ++ xx ,, {{ 11 ++ xx ++ (( 11 ++ xx )) ,, 11 ++ xx }}

{{ 11 ,, 55 ,, 66 ,, 77 ,, 88 ,, 99 }} }}

In line 5, ##OO[[ 00 ]] is a list of "initialization files" read in when an SMP job is initiated, and containing SMP

I

input which is simplified at the beginning of the job.

n line 6, i .. .. j gives i ,, i++ 11 ,, . . . ,, j.

Input expressions are stored in an unevaluated form in the list ## II . The ## II [[ i ]] :: :: which begins each input
line indicates that the unsimplified input expression is assigned as a "delayed value" for the projection
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e
o
## II [[ i ]] . An important distinction exists between the "immediate assignment" a :: b used, for example, for th
utput lines ##OO, and the "delayed assignment" a :: :: b used for the input lines ## II . In immediate assignment,

i
b is simplified, and the result is assigned as the value of a. In delayed assignment, the unsimplified form of b
s maintained as the value of a, and is simplified afresh each time a is used. Thus subsequent re-definitions

relevant to the simplification of b are used with delayed assignment but not with immediate assignment.

## II [[ 11 ]] :: :: aa :: xx ++ 11

xx

#

##OO[[ 11 ]] :: 11 ++

# II [[ 22 ]] :: :: aa ˆ̂ 22 ++ aa

22

#

##OO[[ 22 ]] :: 11 ++ xx ++ (( 11 ++ xx ))

# II [[ 33 ]] :: :: aa :: xx -- 22

xx

#

##OO[[ 33 ]] :: -- 22 ++

# II [[ 44 ]] :: :: @@22

22

#

##OO[[ 44 ]] :: 11 ++ xx ++ (( 11 ++ xx ))

# II [[ 55 ]] :: :: ## II [[ 22 ]]

22

#

##OO[[ 55 ]] :: -- 22 ++ xx ++ (( -- 22 ++ xx ))

# II [[ 66 ]] :: :: tt :: :: bb++ 22

22

#

##OO[[ 66 ]] :: ´́ bb ++

# II [[ 77 ]] :: :: uu :: bb++ 22

#

##OO[[ 77 ]] :: 22 ++ bb

# II [[ 88 ]] :: :: bb :: 33

#

##OO[[ 88 ]] :: 33

# II [[ 99 ]] :: :: tt

#

##OO[[ 99 ]] :: 55

# II [[ 11 00 ]] :: :: uu

55

#

##OO[[ 11 00 ]] ::

# II [[ 11 11 ]] :: :: bb :: 44

#

##OO[[ 11 11 ]] :: 44

# II [[ 11 22 ]] :: :: tt

#

##OO[[ 11 22 ]] :: 66

# II [[ 11 33 ]] :: :: uu

55

B

##OO[[ 11 33 ]] ::

oth tt and uu as defined in lines 6 and 7 depend on bb. After the value of bb is reassigned in line 11, the

T

value obtained for tt uses the new value of bb while that for uu does not.

he "apostrophe", "acute accent" or "quote mark" ( ´́ ) in line 6 indicates that the expression bb++ 22 is unsimpli-

A

fied.

s illustrated in the example, an input expression or "command" may be "re-executed" in the current environ-
ment or with current definitions simply by asking for its value. This operation may be considered as a simple
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case of a "program" executed many times under different conditions or using different data.

## II [[ 11 ]] :: :: xx ˆ̂ 22 -- 11

22

#

##OO[[ 11 ]] :: -- 11 ++ xx

# II [[ 22 ]] :: :: SS [[%%,, xx -- >>33 ]]

#

##OO[[ 22 ]] :: 88

# II [[ 33 ]] :: :: xx ˆ̂ 33 ++ 44 xx -- 11

33

#

##OO[[ 33 ]] :: -- 11 ++ 44 xx ++ xx

# II [[ 44 ]] :: :: ## II [[ 22 ]]

#

##OO[[ 44 ]] :: 33 88

# II [[ 55 ]] :: :: (( xx ++ yy ++ 44 )) ˆ̂ 22

22

#

##OO[[ 55 ]] :: (( 44 ++ xx ++ yy ))

# II [[ 66 ]] :: :: ## II [[ 22 ]]

22

#

##OO[[ 66 ]] :: (( 77 ++ yy ))

# II [[ 77 ]] :: :: EEddhh [[ ## II [[ 22 ]] ]]

]]
<

SS [[%%,, xx -- >> 33
<ee dd ii tt >> ## ˆ̂@@33 55

]]
<<ee dd ii tt >>

SS [[@@33 ,, xx -- >> 55

##OO[[ 77 ]] :: 11 44 44

## II [[ 88 ]] :: :: ff [[ $$ aa ]] :: :: SS [[ $$ aa ,, xx -- >>33 ]]

#

##OO[[ 88 ]] :: ’’ SS [[ $$ aa ,, xx -- >> 33 ]]

# II [[ 99 ]] :: :: ff [[ xx ˆ̂ 22 -- 11 ]]

#

##OO[[ 99 ]] :: 88

# II [[ 11 00 ]] :: :: ff [[ (( xx ++ 11 )) (( xx -- yy )) ˆ̂ 22 ]]

#

##OO[[ 11 00 ]] :: 44 (( 33 -- yy ))
22

# II [[ 11 11 ]] :: :: ff

##OO[[ 11 11 ]] :: {{ [[ $$ aa ]] :: :: SS [[ $$ aa ,, xx -- >> 33 ]] }}

.

A

On line 7, EEddhh was used to change the unevaluated input line ## II [[ 22 ]] using the editor

fter the definition on line 8, ff acts as a "function" which substitutes 33 for xx in any expression. Notice

h
that if ff had been defined by an immediate ( :: ) rather than a delayed ( :: :: ) assignment, the substitution would
ave been performed on the symbol $$ aa at the time of assignment, rather than on each separate occasion

W

when a projection of ff is used, with the result that ff [[ $$ aa ]] would have been set to $$ aa .

hen a sequence of commands is typed on successive input lines, the results of each command are printed on
d

m
the corresponding output line. A sequence of commands whose intermediate results need not be displaye

ay be entered on a single input line, separated by ;; . A semicolon at the end of an input line causes the
input expression or expressions to be simplified without printing the result.
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#

## II [[ 11 ]] :: :: aa :: 33 ;; aa ˆ̂ 22 -- aa

#OO[[ 11 ]] :: 66

## II [[ 22 ]] :: :: tt :: aa ˆ̂ aa -- aa ˆ̂ 22 ;;

#

## II [[ 33 ]] :: :: tt

#OO[[ 33 ]] :: 11 88

A set of definitions which will be used in several SMP jobs may be saved in an external file, and read into
e

f
each SMP job as required. An external file consists of SMP input lines which are simplified in order when th
ile is read, just as if they were typed as explicit input. An external file with name file is read into an SMP

,
a
job by <<file. Many external files containing functions with specialized applications are provided with SMP
s described in the SMP Library. An example is the file XXLLCCMM (note that file names may differ between

installations, as specified in the Implementation Notes):

// ** ** LLoowwee ss tt cc oommmmoo nn mmuu ll tt ii pp ll ee ** ** //

// ** :: LLCCMM[[ $$ nn 11 ,, $$ nn 22 ,, .. .. .. ]]
yy ii ee ll dd ss tt hh ee ll oowwee ss tt cc oommmmoo nn mmuu ll tt ii pp ll ee oo ff $$ nn 11 ,, $$ nn 22 ,, .. .. .. .. ** //

LL
LLCCMMii :: FF ll aa tt

CCMM[[ $$ nn 11 ,, $$ nn 22 ]] :: :: (( $$ nn 11 $$ nn 22 )) // GGcc dd [[ $$ nn 11 ,, $$ nn 22 ]]

.The text enclosed between // ** and ** // is treated as "commentary" and is not processed

## II [[ 11 ]] :: :: <<XXLLCCMM

]]

#

## II [[ 22 ]] :: :: LLCCMM[[ 11 22 ,, 22 11 ,, 77

#OO[[ 22 ]] :: 88 44

]]

#

## II [[ 33 ]] :: :: LLCCMM[[ 22 ,, 66 ,, 88

#OO[[ 33 ]] :: 22 44

mm

#

## II [[ 44 ]] :: :: <<XX ll cc

#OO[[ 44 ]] :: <<XX ll ccmm

In line 4, an attempt was made to read the non-existent file XX ll ccmm: return of the unevaluated command signi-
,

s
fies failure of the attempt. Files other than the standard SMP ones may be specified by complicated names
uch as // uu 11 // ss wwoo ll ff // ssmmpp // ff uunn; such file names must be enclosed in quotes:

M

<<"" // uu 11 // ss wwoo ll ff // ssmmpp // ff uunn "" .

any external files contain tables of relations and transformations for mathematical functions, given in the

g
form of "replacements" to be applied when required using SS (see sect. 1). For example, the file XXTTrr 44 11

ives replacements for hyperbolic functions:

// ** ** EE ll eemmee nn tt aa rr yy tt rr aa nn ss cc ee nndd ee nn tt aa ll ff uunn cc tt ii oo nn ss -- 44 .. 11 ** ** //

//// ** ** 44 .. 11 HHyy pp ee rr bb oo ll ii cc ff uunn cc tt ii oo nn ss -- RRee ll aa tt ii oo nn ss tt oo oo tt hh ee rr ff uunn cc tt ii oo nn ss ** **

tt

SS

SSTTrr ii :: LLdd ii ss

TTrr [[ 44 ,, 11 ,, 11 ]] :: SS ii nnhh [[ $$ xx ]] -- >> (( EExx pp [[ $$ xx ]] -- EExx pp [[ -- $$ xx ]] )) // 22

SS

SSTTrr [[ 44 ,, 11 ,, 22 ]] :: SS ii nnhh [[ $$ xx ]] -- >> -- II SS ii nn [[ II $$ xx ]]

TTrr [[ 44 ,, 11 ,, 33 ]] :: CCoo ss hh [[ $$ xx ]] -- >> (( EExx pp [[ $$ xx ]] ++EExx pp [[ -- $$ xx ]] )) // 22
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SSTTrr [[ 44 ,, 11 ,, 44 ]] :: CCoo ss hh [[ $$ xx ]] -- >> CCoo ss [[ II $$ xx ]]

))

SS

SSTTrr [[ 44 ,, 11 ,, 55 ]] :: TTaa nnhh [[ $$ xx ]] -- >> (( EExx pp [[ $$ xx ]] -- EExx pp [[ -- $$ xx ]] )) // (( EExx pp [[ $$ xx ]] ++EExx pp [[ -- $$ xx ]]

TTrr [[ 44 ,, 11 ,, 66 ]] :: TTaa nnhh [[ $$ xx ]] -- >> -- II TTaa nn [[ II $$ xx ]]

#

## II [[ 11 ]] :: :: <<XXTTrr 44 11

# II [[ 22 ]] :: :: tt :: SS ii nnhh [[ xx ++ 11 ]] ++SS ii nnhh [[ xx -- 11 ]] ++TTaa nnhh [[ 22 xx ]]

]]

#

##OO[[ 22 ]] :: SS ii nnhh [[ -- 11 ++ xx ]] ++ SS ii nnhh [[ 11 ++ xx ]] ++ TTaa nnhh [[ 22 xx

# II [[ 33 ]] :: :: SS [[ tt ,, SSTTrr [[ 44 ,, 11 ,, 11 ]] ]]

-- EExx pp [[ -- (( -- 11 ++ xx )) ]] EExx pp [[ -- 11 ++ xx ]] EExx pp [[ -- (( 11 ++ xx )) ]] EExx pp [[ 11 ++ xx ]]
--##OO[[ 33 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- --

22 22 22 22

++ TTaa nnhh [[ 22 xx ]]

]]

#

## II [[ 44 ]] :: :: SS [[ tt ,, SSTTrr [[ 44 ,, 11 ,, 33 ]]

#OO[[ 44 ]] :: SS ii nnhh [[ -- 11 ++ xx ]] ++ SS ii nnhh [[ 11 ++ xx ]] ++ TTaa nnhh [[ 22 xx ]]

## II [[ 55 ]] :: :: SS [[ tt ,, SSTTrr [[ 44 ,, 11 ,, {{ 44 .. .. 66 }} ]] ]]

-- EExx pp [[ -- 22 xx ]] ++ EExx pp [[ 22 xx ]]
##OO[[ 55 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ SS ii nnhh [[ -- 11 ++ xx ]] ++ SS ii nnhh [[ 11 ++ xx ]]

#

EExx pp [[ -- 22 xx ]] ++ EExx pp [[ 22 xx ]]

# II [[ 66 ]] :: :: SS [[ tt ,, SSTTrr [[ 44 ,, 11 ,, 11 ]] ,, SSTTrr [[ 44 ,, 11 ,, 66 ]] ]]

-- EExx pp [[ -- (( -- 11 ++ xx )) ]] EExx pp [[ -- 11 ++ xx ]] EExx pp [[ -- (( 11 ++ xx )) ]] EExx pp [[ 11 ++ xx ]]
))##OO[[ 66 ]] :: ** (( -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- --

22 22 22 22

++ -- TTaa nn [[ 22 xx II ]] II

]]## II [[ 77 ]] :: :: SS [[ tt ,, SSTTrr [[ 44 ,, 11 ]]

-- EExx pp [[ -- 22 xx ]] ++ EExx pp [[ 22 xx ]] EExx pp [[ -- (( -- 11 ++ xx )) ]] EExx pp [[ -- 11 ++ xx ]]
--##OO[[ 77 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- --

EExx pp [[ -- 22 xx ]] ++ EExx pp [[ 22 xx ]] 22 22

--
EExx pp [[ -- (( 11 ++ xx )) ]] EExx pp [[ 11 ++ xx ]]
-- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- --

I

22 22

n line 7, SSTTrr [[ 44 ,, 11 ]] is the list of all relations defined in XXTTrr 44 11 . SS applies the relations in the order

T

given: in this case, the first three relations transform tt so that the last replacements have no effect.

he relations in XXTTrr 44 11 were given as replacements and used selectively with SS. AArr ee pp [[ SSTTrr [[ 44 ,, 11 ]] ]]
-

f
would have converted the list of replacements to assignments and thus defined the transformations to be per
ormed automatically whenever applicable.

The SMP Library contains many external files. Some simply define additional relations for mathematical func-
-

l
tions. Others introduce entirely new mathematical objects. Still others define projections to be used in manipu
ating expressions. These external files may be used without understanding their construction. They may also

T

be studied as examples of more advanced uses of SMP.

he external file XXLLddEEqq defines the function LLddEEqq used in manipulating lists of equations:
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// ** ** EEqquu aa tt ii oo nn ll ii ss tt dd ii ss tt rr ii bbuu tt ii oo nn ** ** //

// ** :: LLddEEqq [[ $$ ee xx pp rr ]]
dd ii ss tt rr ii bbuu tt ee ss // ** EEqq ** // oo vv ee rr ll ii ss tt ss ii nn $$ ee xx pp rr ,, tt hhuu ss cc oo nn vv ee rr tt ii nn gg ee qquu aa tt ii oo nn ss

LL

ii nn vv oo ll vv ii nn gg ll ii ss tt ss ii nn tt oo ll ii ss tt ss oo ff ee qquu aa tt ii oo nn ss .. ** //

ddEEqq [[ $$ ee xx pp rr ]] :: :: LLdd ii ss tt [[ $$ ee xx pp rr ,, ’’ EEqq ]]

#

## II [[ 11 ]] :: :: <<XXLLddEEqq

# II [[ 22 ]] :: :: {{ xx ,, yy }}== {{ aa ,, bb }}

}

#

##OO[[ 22 ]] :: {{ xx ,, yy }} == {{ aa ,, bb }

# II [[ 33 ]] :: :: LLddEEqq [[%%]]

}

N

##OO[[ 33 ]] :: {{ xx == aa ,, yy == bb }

ew external files may be prepared outside an SMP job (usually using an editor) according to the procedure
-

s
outlined in the Implementation Notes. Each input line is terminated by a ⊂ newline⊃ . When an input expres
ion extends over several lines, each intermediate line must end with a backslash ( \\ ). Descriptive comments

l
l
(whose value should not be underestimated) are enclosed between // ** and ** // , and may extend over severa
ines.

External files may also be prepared using definition or results in an SMP job. PPuu tt [[ x1 ,, x2 ,, . . . ,, file ]] places
assignments for x1, x2, . . . or their projections in file in a form suitable for subsequent input.

## II [[ 11 ]] :: :: LLoo gg [[ $$ xx // $$ yy ]] :: LLoo gg [[ $$ xx ]] -- LLoo gg [[ $$ yy ]]

#

##OO[[ 11 ]] :: LLoo gg [[ $$ xx ]] -- LLoo gg [[ $$ yy ]]

# II [[ 22 ]] :: :: LLoo gg [[ $$ xx $$ $$ xx ]] :: LLoo gg [[ $$ xx ]] ++LLoo gg [[ $$ $$ xx ]]

#

##OO[[ 22 ]] :: LLoo gg [[ $$ xx ]] ++ LLoo gg [[ $$ $$ xx ]]

# II [[ 33 ]] :: :: LLoo gg [[ $$ xx ˆ̂ $$ yy ]] :: $$ yy LLoo gg [[ $$ xx ]]

#

##OO[[ 33 ]] :: $$ yy LLoo gg [[ $$ xx ]]

# II [[ 44 ]] :: :: LLoo gg

$$ yy
##OO[[ 44 ]] :: {{ [[ [[ $$ xx ]] ]] :: $$ yy LLoo gg [[ $$ xx ]] ,, [[ [[ $$ xx $$ $$ xx ]] ]] :: LLoo gg [[ $$ xx ]] ++ LLoo gg [[ $$ $$ xx ]] ,,

[[
$$ xx

[[ -- -- ]] ]] :: LLoo gg [[ $$ xx ]] -- LLoo gg [[ $$ yy ]] }}
$$ yy

]]

#

## II [[ 55 ]] :: :: tt :: LLoo gg [[ xx ˆ̂ 22 yy ˆ̂ 33 // (( ss ++ 11 )) ˆ̂ 33

#OO[[ 55 ]] :: 22LLoo gg [[ xx ]] ++ 33LLoo gg [[ yy ]] -- 33LLoo gg [[ 11 ++ ss ]]

#

## II [[ 66 ]] :: :: PPuu tt [[ LLoo gg ,, tt ,, "" ll oo gg .. ee xx "" ]]

#OO[[ 66 ]] :: 22LLoo gg [[ xx ]] ++ 33LLoo gg [[ yy ]] -- 33LLoo gg [[ 11 ++ ss ]]

The file ll oo gg .. ee xx is then

LLoo gg [[ $$ xx // $$ yy ]] :: LLoo gg [[ $$ xx ]] ++ -- LLoo gg [[ $$ yy ]]
]]

LL
LLoo gg [[ $$ xx ** $$ $$ xx ]] :: LLoo gg [[ $$ xx ]] ++ LLoo gg [[ $$ $$ xx

oo gg [[ $$ xx ˆ̂ $$ yy ]] :: $$ yy **LLoo gg [[ $$ xx ]]
]]tt :: 22LLoo gg [[ xx ]] ++ 33LLoo gg [[ yy ]] ++ -- 33LLoo gg [[ 11 ++ ss
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This file may be used as input in another SMP job, or may be edited and manipulated outside of SMP.

## II [[ 11 ]] :: :: LLoo gg [[ xx yy ˆ̂ 22 ]]

22
]]

#

##OO[[ 11 ]] :: LLoo gg [[ xx yy

# II [[ 22 ]] :: :: <<"" ll oo gg .. ee xx ""

##OO[[ 22 ]] :: 22LLoo gg [[ xx ]] ++ 33LLoo gg [[ yy ]] -- 33LLoo gg [[ 11 ++ ss ]]

#

## II [[ 33 ]] :: :: @@11

#OO[[ 33 ]] :: LLoo gg [[ xx ]] ++ 22LLoo gg [[ yy ]]

#

## II [[ 44 ]] :: :: tt --%%

#OO[[ 44 ]] :: LLoo gg [[ xx ]] ++ LLoo gg [[ yy ]] -- 33LLoo gg [[ 11 ++ ss ]]

#

## II [[ 55 ]] :: :: PPuu tt [[ ##OO ,, rr ee ssOO]]

#OO[[ 55 ]] :: {{ [[ 44 ]] :: LLoo gg [[ xx ]] ++ LLoo gg [[ yy ]] -- 33LLoo gg [[ 11 ++ ss ]] ,, [[ 33 ]] :: LLoo gg [[ xx ]] ++ 22LLoo gg [[ yy ]] ,,

[[

[[ 22 ]] :: 22LLoo gg [[ xx ]] ++ 33LLoo gg [[ yy ]] -- 33LLoo gg [[ 11 ++ ss ]] ,,

11 ]] :: LLoo gg [[ xx ]] ++ 22LLoo gg [[ yy ]] ,, [[ 00 ]] :: {{ "" // hh oommee // ccmmcc // mmkk // ssmmpp .. ii nn ii tt "" }} }}

#

## II [[ 66 ]] :: :: PPuu tt [[ ## II ,, rr ee ss II ]]

#OO[[ 66 ]] :: {{ [[ 55 ]] :: :: PPuu tt [[ ##OO ,, rr ee ssOO]] ,, [[ 44 ]] :: :: tt -- %%,, [[ 33 ]] :: :: ##OO[[ 11 ]] ,,

22
}

O

[[ 22 ]] :: :: <<"" ll oo gg .. ee xx "" ,, [[ 11 ]] :: :: LLoo gg [[ xx yy ]] ,, [[ 00 ]] :: :: II nn ii tt }

n lines 5 and 6 the complete lists of output and input expressions were saved in the files rr ee ssOO

#
##OO[[ 00 ,, 11 ]] :: "" // hh oommee // ccmmcc // mmkk // ssmmpp .. ii nn ii tt ""
#OO[[ 11 ]] :: LLoo gg [[ xx ]] ++ 22LLoo gg [[ yy ]]

]]
#
##OO[[ 22 ]] :: 22LLoo gg [[ xx ]] ++ 33LLoo gg [[ yy ]] ++ -- 33LLoo gg [[ 11 ++ ss
#OO[[ 33 ]] :: LLoo gg [[ xx ]] ++ 22LLoo gg [[ yy ]]

]]

a

##OO[[ 44 ]] :: LLoo gg [[ xx ]] ++ LLoo gg [[ yy ]] ++ -- 33LLoo gg [[ 11 ++ ss

nd rr ee ss II

## II [[ 00 ]] :: :: II nn ii tt
]]

#
## II [[ 11 ]] :: :: LLoo gg [[ xx ** yy ˆ̂ 22
# II [[ 22 ]] :: :: <<"" ll oo gg .. ee xx ""

#
## II [[ 33 ]] :: :: ##OO[[ 11 ]]
# II [[ 44 ]] :: :: tt ++ --%%

]]

I

## II [[ 55 ]] :: :: PPuu tt [[ ##OO ,, rr ee ssOO

n most implementations, printed hard copies of expressions may be generated from within SMP by
HHaa rr dd [[ expr ]] . When possible, hard copies of graphics output (see sect. 7) may be generated in this way.

During an SMP job, it is sometimes necessary to manipulate external files or perform other operations outside
l

o
SMP. The remainder of an input line whose first character is !! is passed as a command to the monitor (shel
r command line interpreter), and is ignored by SMP. The details of some possible commands are given in

the Implementation Notes.

## II [[ 11 ]] :: :: tt :: 22

##OO[[ 11 ]] :: 22
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LL
## II [[ 22 ]] :: :: !! pp ll oo gg .. ee xx

oo gg [[ $$ xx // $$ yy ]] :: LLoo gg [[ $$ xx ]] ++ -- LLoo gg [[ $$ yy ]]
]]

LL
LLoo gg [[ $$ $$ xx ** $$ xx ]] :: LLoo gg [[ $$ $$ xx ]] ++ LLoo gg [[ $$ xx

oo gg [[ $$ xx ˆ̂ $$ yy ]] :: $$ yy **LLoo gg [[ $$ xx ]]
]]

#

tt :: LLoo gg [[ xx ˆ̂ 22 ** yy ˆ̂ 33 // (( ss ++ 11 )) ˆ̂ 33

# II [[ 22 ]] :: :: tt ˆ̂ 22

T

##OO[[ 22 ]] :: 44

he monitor command pp ll oo gg .. ee xx used to print the file ll oo gg .. ee xx is specific to the implementation used
for the example.
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EE

FFuurrtthheerr eexxaammpplleess

xxaammpplleeiiiiiiiiiiiiiiii 11ii
DDeeffiinnee aa ffuunnccttiioonn ttoo ccoonnvveerrtt ssiinn((x )) aanndd ccooss((x )) iinn aann eexxpprreessssiioonn ttoo ccoommpplleexx eexxppoonneennttiiaall ffoorrmm.. SSaavvee tthhee ffuunncc--
ttiioonn iinn tthhee ffiillee cc ss rr ee pp..

## II [[ 11 ]] :: :: rr 11 :: CCoo ss [[ $$ xx ]] -- >> (( EExx pp [[ II $$ xx ]] ++EExx pp [[ -- II $$ xx ]] )) // 22

#
EExx pp [[ -- $$ xx II ]] ++ EExx pp [[ $$ xx II ]]

#OO[[ 11 ]] :: ** CCoo ss [[ $$ xx ]] -- >> -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
22

22## II [[ 22 ]] :: :: rr 22 :: SS ii nn [[ $$ xx ]] -- >> -- II (( EExx pp [[ II $$ xx ]] -- EExx pp [[ -- II $$ xx ]] )) //

-- (( -- EExx pp [[ -- $$ xx II ]] ++ EExx pp [[ $$ xx II ]] ))
II##OO[[ 22 ]] :: ** SS ii nn [[ $$ xx ]] -- >> -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

22

#

## II [[ 33 ]] :: :: ee ff [[ $$ ee ]] :: :: SS [[ $$ ee ,, rr 11 ,, rr 22 ]]

#OO[[ 33 ]] :: ´́ SS [[ $$ ee ,, rr 11 ,, rr 22 ]]

))## II [[ 44 ]] :: :: SS ii nn [[ 33 .. 22 ]] ++ (( 11 ++CCoo ss [[ PP ii // 44 ]] ˆ̂ 22 )) ˆ̂ (( 11 // 22

22 00 .. 55
]]

#

##OO[[ 44 ]] :: (( 11 ++ CCoo ss [[ 00 .. 22 55PP ii ]] )) ++ SS ii nn [[ 33 .. 22

# II [[ 55 ]] :: :: ee ff [[%%]]

22
22

#
(( EExx pp [[ -- PP ii // 44 II ]] ++ EExx pp [[ PP ii // 44 II ]] )) 11 //

#OO[[ 55 ]] :: ** (( 11 ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ))

EE

44

xx pp [[ -- 11 66 II // 55 ]] EExx pp [[ 11 66 II // 55 ]]
II++ (( -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ))

22 22

#

## II [[ 66 ]] :: :: NN [[%%]]

#OO[[ 66 ]] :: 11 .. 11 66 66 33 77

]]

#

## II [[ 77 ]] :: :: PPuu tt [[ rr 11 ,, rr 22 ,, ee ff ,, cc ss rr ee pp

#OO[[ 77 ]] :: {{ [[ $$ ee ]] :: :: SS [[ $$ ee ,, rr 11 ,, rr 22 ]] }}

iiiiiiiiiiiiiiii 22iiee
DD
EExxaammppll

eeffiinnee aa ffuunnccttiioonn ttoo eevvaalluuaattee tthhee nnoorrmm ooff aa vveeccttoorr..

#

## II [[ 11 ]] :: :: nn oo rrmm[[ $$ ll ]] :: :: NN [[ SSqq rr tt [[ $$ ll .. $$ ll ]] ]]

#OO[[ 11 ]] :: ´́ NN [[ SSqq rr tt [[ $$ ll .. $$ ll ]] ]]

#

## II [[ 22 ]] :: :: vv :: {{ .. 22 33 ,, -- 11 .. 11 ,, 22 .. 77 }}

#OO[[ 22 ]] :: {{ 00 .. 22 33 ,, -- 11 .. 11 ,, 22 .. 77 }}

#

## II [[ 33 ]] :: :: nn oo rrmm[[ vv ]]

#OO[[ 33 ]] :: 22 .. 99 22 44 55 33

iiiiiiiiiiiiiiii 33iiee

SS

EExxaammppll

iimmpplliiffyy Γ((
44
1133hhh )) Γ((

44
1155hhh )) uussiinngg tthhee ttrraannssffoorrmmaattiioonnss ggiivveenn iinn tthhee eexxtteerrnnaall ffiillee XXGGaammmmaa ..
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## II [[ 11 ]] :: :: <<XXGGaammmmaa SS

#

##OO[[ 11 ]] :: <<XXGGaammmmaa

# II [[ 22 ]] :: :: SSGGaammmmaa [[ 88 ]]

]]

#

##OO[[ 22 ]] :: SSGGaammmmaa [[ 88

# II [[ 33 ]] :: :: GGaammmmaa [[ 33 .. 77 55 ]] SS [[GGaammmmaa [[ 33 .. 22 55 ]] ,, SSGGaammmmaa [[ 88 ]] ]]

#

##OO[[ 33 ]] :: GGaammmmaa [[ 33 .. 22 55 ]] GGaammmmaa [[ 33 .. 77 55 ]]

# II [[ 44 ]] :: :: SSGGaammmmaa [[ 66 ]]

]]

#

##OO[[ 44 ]] :: SSGGaammmmaa [[ 66

# II [[ 55 ]] :: :: SS [[@@33 ,, SSGGaammmmaa [[ 66 ]] ]]

]]

#

##OO[[ 55 ]] :: GGaammmmaa [[ 11 33 // 44 ]] GGaammmmaa [[ 11 55 // 44

# II [[ 66 ]] :: :: NN [[%%]]

33

#

##OO[[ 66 ]] :: 11 11 .. 22 77 55

# II [[ 77 ]] :: :: NN [[GGaammmmaa [[ 33 .. 22 55 ]]GGaammmmaa [[ 33 .. 77 55 ]] ]]

##OO[[ 77 ]] :: 11 11 .. 22 77 55 33
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T

55.. MMaanniippuullaattiinngg eexxpprreessssiioonnss

he two expressions bb++ cc ++ aa and aa++ cc ++bb, while superficially different, are mathematically equal. This
-

m
equality is made manifest by casting both expressions into the canonical form aa++bb++ cc in which the argu

ents of the commutative function PP ll uu ss have been ordered. Simple transformations such as this are per-

I

formed automatically by SMP.

n the more complicated case of the expressions xx++ xx ˆ̂ 22 and xx (( 11++ xx )) , a canonical form may be obtained
a

c
by expansion (using EExx). However, no algorithm exists for placing an arbitrarily complicated expression in
anonical form. The beginning of this section concentrates on the variety of functions in SMP for transform-

-
t
ing rational expressions. The external files discussed in sect. 4 contain many transformations for transcenden
al and special functions.

## II [[ 11 ]] :: :: aa :: (( 11 ++ xx ˆ̂ 22 )) // (( (( 11 -- xx )) (( 22 -- xx )) (( 33 -- xx )) ))

11 ++ xx
22

--##OO[[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
(( 11 -- xx )) (( 22 -- xx )) (( 33 -- xx ))

#

## II [[ 22 ]] :: :: II nn tt [[%%,, xx ]]

#OO[[ 22 ]] :: -- 55LLoo gg [[ -- 33 ++ xx ]] ++ 55LLoo gg [[ -- 33 ++ ##11 ]] ++ 55LLoo gg [[ -- 22 ++ xx ]] -- 55LLoo gg [[ -- 22 ++ ##11 ]]

## II [[ 33 ]] :: :: DD [[%%,, xx ]]

-- LLoo gg [[ -- 11 ++ xx ]] ++ LLoo gg [[ -- 11 ++ ##11 ]]

-- 55 55 11
--##OO[[ 33 ]] :: -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- --

-- 33 ++ xx -- 22 ++ xx -- 11 ++ xx

#

## II [[ 44 ]] :: :: bb ::%%;;

# II [[ 55 ]] :: :: NNee qq [[ aa ,, bb ]]

#

##OO[[ 55 ]] :: 11

# II [[ 66 ]] :: :: RRaa tt [[ bb ]]

55 -- 55 xx -- (( -- 33 ++ xx )) (( -- 22 ++ xx ))
--##OO[[ 66 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

(( -- 33 ++ xx )) (( -- 22 ++ xx )) (( -- 11 ++ xx ))

## II [[ 77 ]] :: :: EExx [[ aa ]]

22

#
11 xx

#OO[[ 77 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

66
22 33 22 33

-- 11 11 xx ++ 66 xx -- xx 66 -- 11 11 xx ++ 66 xx -- xx

## II [[ 88 ]] :: :: CCoo ll [[%%]]

22
11 ++ xx

--##OO[[ 88 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
22 33

66 -- 11 11 xx ++ 66 xx -- xx

]]## II [[ 99 ]] :: :: FFaa cc [[%%

22
))

#
-- (( 11 ++ xx

#OO[[ 99 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
))(( -- 33 ++ xx )) (( -- 22 ++ xx )) (( -- 11 ++ xx



5. SMP PRIMER / Manipulating expressions 5.

## II [[ 11 00 ]] :: :: PP ff [[ aa ,, xx ]]

-- 55 55 11
--##OO[[ 11 00 ]] :: -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- --

-- 33 ++ xx -- 22 ++ xx -- 11 ++ xx

Since bb is the result of differentiating the integral of aa , aa and bb must be mathematically equal. They are,

e
however, written in different forms. The projection NNee qq [[ expr1 ,, expr2 ]] used on line 5 tests for the numerical
quality of expr1 and expr2 by substituting sets of random numbers for symbols which appear in them*.

-
i
The projection RRaa tt [[ expr ]] used on line 6 introduces a common denominator for all terms in expr, multiply
ng the numerators by the necessary factors, and in this case casts bb into the same form as aa .

-
t
Lines 7 through 10 give further forms for aa . On line 7, EExx was used to perform all the possible distribu
ions, leaving an expression containing no parentheses. In line 8, terms with the same denominator were col-

i
lected using CCoo ll . The result was then factorized in line 9. Finally, in line 10, the expression aa was placed
n a partial fraction form with respect to xx using PP ff .

66## II [[ 11 ]] :: :: (( 11 -- xx ˆ̂ 22 )) (( xx ++ aa )) (( xx -- 33 )) ++ (( 22 -- aa )) (( xx ˆ̂ 22 ++ 11 )) (( 11 ++ xx )) ˆ̂

22 66 22
))

#

##OO[[ 11 ]] :: (( -- 33 ++ xx )) (( 11 -- xx )) (( aa ++ xx )) ++ (( 11 ++ xx )) (( 11 ++ xx )) (( 22 -- aa

# II [[ 22 ]] :: :: EExx [[%%]]

22 33 44 55
##OO[[ 22 ]] :: 22 -- 44 aa ++ 99 xx -- 55 aa xx -- 11 33 aa xx -- 22 77 aa xx -- 33 00 aa xx -- 22 66 aa xx

66 77 88 22 33 44 55
-- 11 66 aa xx -- 66 aa xx -- aa xx ++ 33 33 xx ++ 55 55 xx ++ 55 99 xx ++ 55 22 xx

66 77 88
++ 33 22 xx ++ 11 22 xx ++ 22 xx

]]## II [[ 33 ]] :: :: FFaa cc [[%%

22 33 44
##OO[[ 33 ]] :: -- (( 11 ++ xx )) (( -- 22 ++ 44 aa -- 77 xx ++ aa xx ++ 11 22 aa xx ++ 11 55 aa xx ++ 11 55 aa xx

55 66 77 22 33 44
++ 11 11 aa xx ++ 55 aa xx ++ aa xx -- 22 66 xx -- 22 99 xx -- 33 00 xx

55 66 77
))

## II [[ 44 ]] :: :: CCbb [[@@22 ,, aa ]]

-- 22 22 xx -- 11 00 xx -- 22 xx

22 33 44 55 66
##OO[[ 44 ]] :: 22 ++ 99 xx ++ aa (( -- 44 -- 55 xx -- 11 33 xx -- 22 77 xx -- 33 00 xx -- 22 66 xx -- 11 66 xx

77 88 22 33 44 55

66

-- 66 xx -- xx )) ++ 33 33 xx ++ 55 55 xx ++ 55 99 xx ++ 55 22 xx

77 88
++ 33 22 xx ++ 11 22 xx ++ 22 xx

]]## II [[ 55 ]] :: :: CCoo ee ff [[ aa ,,@@22

22 33 44 55 66 77 88

h

##OO[[ 55 ]] :: -- 44 -- 55 xx -- 11 33 xx -- 22 77 xx -- 33 00 xx -- 22 66 xx -- 11 66 xx -- 66 xx -- xx

hhhhhhhhhhhhhhhhh
* This test is clearly probabilistic in nature; however, the chance that it will fail is infinitesimal.
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## II [[ 66 ]] :: :: CCbb [[@@22 ,, xx ˆ̂ $$ ii ]]

22 33
))##OO[[ 66 ]] :: 22 -- 44 aa ++ 99 xx -- 55 aa xx ++ xx (( 33 33 -- 11 33 aa )) ++ xx (( 55 55 -- 22 77 aa

44 55 66
))++ xx (( 55 99 -- 33 00 aa )) ++ xx (( 55 22 -- 22 66 aa )) ++ xx (( 33 22 -- 11 66 aa

77 88
))

#

++ xx (( 11 22 -- 66 aa )) ++ xx (( 22 -- aa

# II [[ 77 ]] :: :: CCbb [[@@22 ,, {{ xx ˆ̂ $$ ii ,, xx }} ]]

22 33
))##OO[[ 77 ]] :: 22 -- 44 aa ++ xx (( 99 -- 55 aa )) ++ xx (( 33 33 -- 11 33 aa )) ++ xx (( 55 55 -- 22 77 aa

44 55 66
))++ xx (( 55 99 -- 33 00 aa )) ++ xx (( 55 22 -- 22 66 aa )) ++ xx (( 33 22 -- 11 66 aa

77 88
))

A

++ xx (( 11 22 -- 66 aa )) ++ xx (( 22 -- aa

pplication of EExx on line 2 gave a comparatively large expression: to avoid unintentional generation of huge
f

EE
expressions, EExx should be used with forethought. In line 3, FFaa cc could not entirely reverse the effect o

xx . CCbb [[ expr ,, form ]] combines coefficients of form in expr, or of patterns matching form. Thus in line 6,
CCbb [[@@22 ,, xx ˆ̂ $$ ii ]] combines coefficients of each power of xx . In line 7, the list {{ xx ˆ̂ $$ ii ,, xx }} causes collec-
tion of terms proportional to xx as well as to powers of xx . On line 5, CCoo ee ff was used to extract the total

T

coefficient of aa .

he various projections illustrated in the examples above provide tools for manipulating expressions into

I

"simpler" forms. The optimal procedure in particular cases is usually obtained through trial and error.

t is often convenient to apply the same operation or "simplification" to a set of expressions.
MMaa pp [[ temp ,, expr ]] applies the "template" temp to parts in expr lying on the "first level".

## II [[ 11 ]] :: :: rr :: {{ aa ,, bb ,, cc }}

#

##OO[[ 11 ]] :: {{ aa ,, bb ,, cc }}

# II [[ 22 ]] :: :: MMaa pp [[ ff ,, rr ]]

}

#

##OO[[ 22 ]] :: {{ ff [[ aa ]] ,, ff [[ bb ]] ,, ff [[ cc ]] }

# II [[ 33 ]] :: :: ss :: aa ˆ̂ 22 ++bb++ cc (( cc ++ 11 ))

22

#

##OO[[ 33 ]] :: bb ++ cc (( 11 ++ cc )) ++ aa

# II [[ 44 ]] :: :: MMaa pp [[ ff ,, ss ]]

22
]]

#

##OO[[ 44 ]] :: ff [[ bb ]] ++ ff [[ cc (( 11 ++ cc )) ]] ++ ff [[ aa

# II [[ 55 ]] :: :: ss ˆ̂ 22

22 22

#

##OO[[ 55 ]] :: (( bb ++ cc (( 11 ++ cc )) ++ aa ))

# II [[ 66 ]] :: :: MMaa pp [[ $$ xx ˆ̂ 22 ,, ss ]]

22 22 44 22

#

##OO[[ 66 ]] :: cc (( 11 ++ cc )) ++ aa ++ bb

# II [[ 77 ]] :: :: MMaa pp [[ ff ,, ss ,, II nn ff ]]

ff [[ 22 ]]
]]##OO[[ 77 ]] :: ff [[ bb ]] ++ ff [[ ff [[ cc ]] ff [[ ff [[ 11 ]] ++ ff [[ cc ]] ]] ]] ++ ff [[ ff [[ aa ]]
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y
MM
When the "template" is a single symbol, such as ff in lines 2 and 4, the application of the template to exp b

aa pp consists in forming ff [[ exp ]] . In application of a template containing a generic symbol, as on line 6, the

O

expression exp is inserted in place of the generic symbol.

n line 4, MMaa pp applied the template ff to each subexpression in the "first level" of ss . The nth "level" in an
.

T
expression is in general defined to be the set of all parts which may be extracted by projection with n filters

hus the "first level" in ss consists of the arguments of PP ll uu ss . By default, MMaa pp treats only the first level in
tan expression. In line 7, however, MMaa pp was explicitly specified to treat an infinite number of levels, so tha

ff was applied to all subparts of ss .

In general, it is possible to treat a "domain" containing an arbitrary set of subparts of an expression. The parts
s

d
to be included in a domain are determined by their levels and by a "criterion" which they must satisfy, a
escribed in [2.5].

Domains may also be specified directly for projections such as FFaa cc and CCbb, as described in the Reference

I

Manual.

t is often convenient to apply some operation or simplification automatically to each output expression. Any
n

a
value assigned to the global object PPoo ss tt is applied to every output expression before it is printed. To obtai
ll expressions in expanded form PPoo ss tt :: :: EExx . To obtain a numerical value for each output expression

PPoo ss tt :: :: NN.

## II [[ 11 ]] :: :: (( 11 ++ xx )) (( 11 -- xx ))

))

#

##OO[[ 11 ]] :: (( 11 -- xx )) (( 11 ++ xx

# II [[ 22 ]] :: :: PPoo ss tt :: :: EExx

#

##OO[[ 22 ]] :: ´́ EExx

# II [[ 33 ]] :: :: @@11

22

#

##OO[[ 33 ]] :: 11 -- xx

# II [[ 44 ]] :: :: aa (( aa ++ 11 )) ˆ̂ 33

22 33 44

#

##OO[[ 44 ]] :: aa ++ 33 aa ++ 33 aa ++ aa

# II [[ 55 ]] :: :: PPoo ss tt :: :: NN

#

##OO[[ 55 ]] :: ´́ NN

# II [[ 66 ]] :: :: SS ii nn [[ 11 ]] ++GGaammmmaa [[ 44 .. 55 ]]

#

##OO[[ 66 ]] :: 11 22 .. 44 77 33 22

# II [[ 77 ]] :: :: PPoo ss tt ::

]]

#

## II [[ 88 ]] :: :: SS ii nn [[ 11 ]] ++GGaammmmaa [[ 44 .. 55

#OO[[ 88 ]] :: GGaammmmaa [[ 44 .. 55 ]] ++ SS ii nn [[ 11 ]]
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EE

FFuurrtthheerr eexxaammpplleess

xxaammpplleeiiiiiiiiiiiiiiii 11ii
EExxpprreessss ((22−a )) ((a +ssiinn((bx )))) ((11+a +33ssiinn((bx )))) aass aa ppoollyynnoommiiaall iinn ssiinn((bx ))..

#

22 22

# II [[ 11 ]] :: :: (( 22 -- aa )) (( aa ++SS ii nn [[ bb xx ]] )) ˆ̂ 22 (( 11 ++ aa ˆ̂ 22 ++ 33 SS ii nn [[ bb xx ]] ))

22 22
))

#

##OO[[ 11 ]] :: (( 22 -- aa )) (( aa ++ SS ii nn [[ bb xx ]] )) (( 11 ++ aa ++ 33 SS ii nn [[ bb xx ]]

# II [[ 22 ]] :: :: EExx [[%%]]

22 33 22 22
##OO[[ 22 ]] :: 11 11 aa SS ii nn [[ bb xx ]] -- 33 aa SS ii nn [[ bb xx ]] ++ 44 aa SS ii nn [[ bb xx ]] -- 44 aa SS ii nn [[ bb xx ]]

22 33 22 33
]]++ 44 aa SS ii nn [[ bb xx ]] -- aa SS ii nn [[ bb xx ]] ++ aa SS ii nn [[ bb xx

44 22 33 44 55 22
-- 22 aa SS ii nn [[ bb xx ]] ++ 22 aa -- aa ++ 22 aa -- aa ++ 22 SS ii nn [[ bb xx ]]

33
++ 66 SS ii nn [[ bb xx ]]

]]## II [[ 33 ]] :: :: CCbb [[%%,, SS ii nn [[ bb xx ]] ˆ̂ $$ nn

33
##OO[[ 33 ]] :: 44 aa SS ii nn [[ bb xx ]] ++ (( 66 -- 33 aa )) SS ii nn [[ bb xx ]]

22 33 22 22
]]++ (( 22 ++ 11 11 aa -- 44 aa -- aa )) SS ii nn [[ bb xx ]] ++ 44 aa SS ii nn [[ bb xx

33 44 22 33 44 55
++ aa SS ii nn [[ bb xx ]] -- 22 aa SS ii nn [[ bb xx ]] ++ 22 aa -- aa ++ 22 aa -- aa

]]## II [[ 44 ]] :: :: CCbb [[%%,, SS ii nn [[ bb xx ]]

33 22 33 22
##OO[[ 44 ]] :: (( 66 -- 33 aa )) SS ii nn [[ bb xx ]] ++ (( 22 ++ 11 11 aa -- 44 aa -- aa )) SS ii nn [[ bb xx ]]

22 33 44 22 33 44 55

iiiiiiiiiiiiiiii 22ii

++ (( 44 aa ++ 44 aa ++ aa -- 22 aa )) SS ii nn [[ bb xx ]] ++ 22 aa -- aa ++ 22 aa -- aa

ee

FF

EExxaammppll

iinndd tthhee rreessiidduueess aatt tthhee ppoolleess ooff
x ((x +11))((x −22))

11+ax +33xhhhhhhhhhhhh ..
22

))## II [[ 11 ]] :: :: (( 11 ++ aa xx ++ 33 xx ˆ̂ 22 )) // (( xx (( xx ++ 11 )) (( xx -- 22 ))

22

#
11 ++ aa xx ++ 33 xx

#OO[[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
))xx (( -- 22 ++ xx )) (( 11 ++ xx

]]## II [[ 22 ]] :: :: PP ff [[%%,, xx

-- 11 44 // 33 -- aa // 33 11 33 // 66 ++ aa // 33
--##OO[[ 22 ]] :: -- -- ++ -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- --

22 xx 11 ++ xx -- 22 ++ xx

iiiiiiiiiiiiiiii 33iiee
FF
EExxaammppll

iinndd tthhee ccooeeffffiicciieenntt ooff x iinn tthhee sseeccoonndd ddeerriivvaattiivvee ooff ((11+x )) ((11−ax )) ..22 22 33
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## II [[ 11 ]] :: :: DD [[ (( 11 ++ xx ˆ̂ 22 )) (( 11 -- aa xx )) ˆ̂ 33 ,, xx ,, xx ]]

22 22 22 33

#

##OO[[ 11 ]] :: -- 11 22 aa xx (( 11 -- aa xx )) ++ 66 aa (( 11 -- aa xx )) (( 11 ++ xx )) ++ 22 (( 11 -- aa xx ))

# II [[ 22 ]] :: :: EExx [[%%]]

22 22 33 33 33 22

#

##OO[[ 22 ]] :: 22 -- 11 88 aa xx ++ 33 66 aa xx -- 66 aa xx -- 22 00 aa xx ++ 66 aa

# II [[ 33 ]] :: :: CCoo ee ff [[ xx ˆ̂ 22 ,,%%]]

EE

##OO[[ 33 ]] :: 33 66 aa
22

xxaammpplleeiiiiiiiiiiiiiiii 44ii

FFiinndd tthhee 55 iitteerraanntt ooff tthhee mmaapp x →((11−λx )) aatt x →11 aanndd λ→
22
11hh ..

#

th 22

# II [[ 11 ]] :: :: rr :: $$ ss -- >> (( 11 -- ll aamm $$ ss )) ˆ̂ 22

22

#

##OO[[ 11 ]] :: $$ ss -- >> (( 11 -- ll aamm $$ ss ))

# II [[ 22 ]] :: :: SS [[ xx ,, rr ,, 55 ]]

22 22 22 22 22

#

##OO[[ 22 ]] :: (( 11 -- ll aamm (( 11 -- ll aamm (( 11 -- ll aamm (( 11 -- ll aamm (( 11 -- ll aamm xx )) )) )) )) ))

# II [[ 33 ]] :: :: SS [[%%,, xx -- >>11 ,, ll aamm-- >>11 // 22 ]]

22
2222 66 55 22 77 // 33 22 77 66 88

))##OO[[ 33 ]] :: (( 11 -- -- -- -- -- -- -- -- -- -- -- -- --
22

#

## II [[ 44 ]] :: :: NN [[%%]]

#OO[[ 44 ]] :: 00 .. 44 55 22 00 11 88
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I

66.. MMaatthheemmaattiiccaall ooppeerraattiioonnss

n written mathematics, it is commonplace to use shortened notation and to infer the omitted details from con-

,hhh = y dy
x
2

vention or context of usage. For example, the indefinite integral x dx is usually taken as∫ ∫
x

∫ 1

x
′ 2

2

0

∫while
x
dxhhh is usually taken as log(x ) =

y
dyhhh . Similarly, the notation f (x ) may mean either

.hhhhhhh
e
e
e

. Without further information, SMP could not resolve these ambiguities
)df (y

y
hhhhhh

e
e
e

or
d

)df (y
yd y =x

2

y =x

M
2

athematical operations in SMP must be defined precisely. General definitions may be used to introduce par-
ticular short notations.

## II [[ 11 ]] :: :: II nn tt [[ xx ,, xx ]]

xx
22 22

##11
--##OO[[ 11 ]] :: -- -- -- -- --

22 22

]]

#

## II [[ 22 ]] :: :: II nn tt [[ 11 // xx ,, xx

#OO[[ 22 ]] :: LLoo gg [[ xx ]] -- LLoo gg [[ ##22 ]]

## II [[ 33 ]] :: :: II nn tt [[ xx ,, {{ xx ,, aa ,, bb }} ]]

22 22
-- aa bb

--##OO[[ 33 ]] :: -- -- -- -- ++ --
22 22

]]

#

## II [[ 44 ]] :: :: II nn tt [[ ff [[ xx ]] ,, {{ xx ,, 00 ,, 11 }}

#OO[[ 44 ]] :: II nn tt [[ ff [[ ##33 ]] ,, {{##33 ,, 00 ,, 11 }} ]]

#

## II [[ 55 ]] :: :: II nn tt [[ ff [[ xx ]] ,, xx ]]

#OO[[ 55 ]] :: II nn tt [[ ff [[ ##55 ]] ,, {{##55 ,, ##44 ,, xx }} ]]

In the "indefinite" integrals on lines 1 and 2, SMP introduced the internally-generated symbols ##11 and ##22 to
s

w
represent the lower limit of integration; the upper limit was taken as xx . On line 3, the upper and lower limit

ere specified explicitly as bb and aa .

In line 4, the definite integral of the undefined function ff was requested. The result was simply a canonical

i
form of the integral, with xx replaced by the "dummy" variable ##33 . On line 5, the canonical form for the
ndefinite integral involved both a dummy variable ##55 and a lower limit of integration ##44 .

tThe definite integral of ff required in line 4 may be defined to be cc by the direct assignmen
II nn tt [[ ff [[ $$ xx ]] ,, {{ $$ xx ,, 00 ,, 11 }} ]] :: cc .

cc

#

## II [[ 11 ]] :: :: II nn tt [[ ff [[ $$ xx ]] ,, {{ $$ xx ,, 00 ,, 11 }} ]] ::

#OO[[ 11 ]] :: cc

## II [[ 22 ]] :: :: II nn tt [[ ff [[ xx ]] ++ xx ,, {{ xx ,, 00 ,, 11 }} ]]

#

##OO[[ 22 ]] :: 11 // 22 ++ cc

# II [[ 33 ]] :: :: II nn tt [[ ff [[ $$ xx ]] ,, {{ $$ xx ,, $$ 11 ,, $$ 22 }} ]] :: cc ff [[ $$ 22 -- $$ 11 ]]

##OO[[ 33 ]] :: cc ff [[ -- $$ 11 ++ $$ 22 ]]
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#

## II [[ 44 ]] :: :: II nn tt [[ ff [[ xx ]] ,, xx ]]

#OO[[ 44 ]] :: cc ff [[ xx -- ##22 ]]

On line 3, the indefinite integral of ff was defined. As usual, the patterns are organized so that a definite
e

o
integral of ff [[ xx ]] from 00 to 11 would use the specific assignment on line 1 rather than the more general on
f line 3.

II nn tt yields explicit results for the majority of rational, logarithmic, exponential and trigonometric expressions

e
whose indefinite integrals lie in the same class of expressions*. To avoid generation of potentially huge
xpressions, II nn tt does not automatically expand the integrand. Explicit use of EExx may therefore be required

to cast the integrand into a suitable form for integration.

## II [[ 11 ]] :: :: II nn tt [[ (( 11 ++ xx ˆ̂ 22 )) // (( 11 ++ xx ˆ̂ 33 )) ,, xx ]]

11 // 22 11 // 22

55
-- 11 ++ 22 xx -- (( -- 33 )) -- 11 ++ 22 ##11 -- (( -- 33 ))

LLoo gg [[ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ]] 55LLoo gg [[ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ]]

--
11 // 22 11 // 22

11 ++ 22 xx ++ (( -- 33 )) -- 11 ++ 22 ##11 ++ (( -- 33 )) 22LLoo gg [[ 11 ++ xx ]]
--##OO[[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- --

11 // 22 11 // 22 33
66 (( -- 33 )) 66 (( -- 33 ))

22 22
]]

--
22LLoo gg [[ 11 ++ ##11 ]] LLoo gg [[ 11 -- xx ++ xx ]] LLoo gg [[ 11 -- ##11 ++ ##11
-- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

#

## II [[ 22 ]] :: :: II nn tt [[ xx (( 11 ++ xx )) ,, xx ]]

33 66 66

#OO[[ 22 ]] :: II nn tt [[ ##33 (( 11 ++ ##33 )) ,, {{##33 ,, ##22 ,, xx }} ]]

## II [[ 33 ]] :: :: EExx [[%%]]

22 33 22 33

#
xx xx ##22 ##22

#OO[[ 33 ]] :: -- -- ++ -- -- -- -- -- -- -- -- -- --

#

22 33 22 33

# II [[ 44 ]] :: :: II nn tt [[ 11 // (( 11 ++ xx ˆ̂ 22 ++ xx ˆ̂ 33 )) ˆ̂ 22 ,, {{ xx ,, 00 ,, 11 }} ]]

#
22 00 // 33 11 ++ 22 ##44 // 33 11

#OO[[ 44 ]] :: 77 // 99 33 ++ II nn tt [[ -- -- -- -- -- -- -- -- -- -- -- -- -- -- ,, {{##44 ,, 00 ,, 11 }} ]]
22 33

44

T

11 ++ ##44 ++ ##

he integral in line 1, while explicit, is rather complicated. The integral on line 4 was not completely

D

evaluated by the built-in integrator; the part not done is however given in its simplest canonical form.

efinite integrals for which an explicit result is not found may be evaluated numerically using NN if their value
is a single number.

## II [[ 11 ]] :: :: II nn tt [[GGaammmmaa [[ xx ]] ,, {{ xx ,, 11 ,, 44 }} ]]

]]

#

##OO[[ 11 ]] :: II nn tt [[GGaammmmaa [[ ##11 ]] ,, {{##11 ,, 11 ,, 44 }}

# II [[ 22 ]] :: :: NN [[%%]]

66

h

##OO[[ 22 ]] :: 55 .. 88 55 22 33

hhhhhhhhhhhhhhhhh
* All such integrals could be performed explicitly if it were possible to give an explicit solution for an ar-
bitrary polynomial equation.
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We next discuss the slightly more involved case of differentiation.

## II [[ 11 ]] :: :: DD [[ xx ˆ̂ aa ,, xx ]]

aa

#

##OO[[ 11 ]] :: aa xx
-- 11 ++

# II [[ 22 ]] :: :: DD [[ ff [[ xx ]] ,, xx ]]

]]

#

##OO[[ 22 ]] :: DD [[ ff [[ ##11 ]] ,, {{##11 ,, 11 ,, xx }}

# II [[ 33 ]] :: :: DD [[%%,, xx ]]

]]

#

##OO[[ 33 ]] :: DD [[ ff [[ ##11 ]] ,, {{##11 ,, 22 ,, xx }}

# II [[ 44 ]] :: :: DD [[ ff [[ gg [[ xx ]] ]] ,, xx ]]

##OO[[ 44 ]] :: DD [[ ff [[ ##11 ]] ,, {{##11 ,, 11 ,, gg [[ xx ]] }} ]] DD [[ gg [[ ##11 ]] ,, {{##11 ,, 11 ,, xx }} ]]

#

## II [[ 55 ]] :: :: DD [[ ff [[ xx ,, xx ]] ,, xx ]]

#OO[[ 55 ]] :: DD [[ ff [[ xx ,, ##22 ]] ,, {{##22 ,, 11 ,, xx }} ]] ++ DD [[ ff [[ ##11 ,, xx ]] ,, {{##11 ,, 11 ,, xx }} ]]

1

#1=x
1

The expression on line 2 represents
d#1

d f (#1)hhhhhhhh
e
e
e

. ##11 is a dummy variable of differentiation; the complete

e
s
result is a function only of the point xx at which the derivative is evaluated. The form in line 3 represents th
econd derivative. In line 4, the chain rule is used to cast the derivative into a canonical form. The "func-

ttion" f (z ,z ) depends on two independent "variables" z and z . The derivative of this function with respec1 2 1 2

x

1 2

z =2

1 2

z =x1
1 2

1 2

.hhhhhhhhhhh
e
e
e

)∂ f (z =x ,z

z
hhhhhhhhhhh

e
e
e

+
∂

)∂ f (z ,z =x

z

D

to x along the curve z =z =x is evaluated on line 5, yielding the result
∂

erivatives need not always be taken with respect to symbols: any expression containing only one distinct
symbol may be used.

## II [[ 11 ]] :: :: DD [[ ff [[ xx ]] ,, gg [[ xx ]] ]]

]]
#

DD [[ ff [[ ##11 ]] ,, {{##11 ,, 11 ,, xx }}
#OO[[ 11 ]] :: -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

]]

#

DD [[ gg [[ ##11 ]] ,, {{##11 ,, 11 ,, xx }}

# II [[ 22 ]] :: :: DD [[ ff [[ aa xx ˆ̂ 22 ]] ,, LLoo gg [[ xx ]] ]]

22
#

22
#OO[[ 22 ]] :: 22 aa xx DD [[ ff [[ ##11 ]] ,, {{##11 ,, 11 ,, aa xx }} ]]

## II [[ 33 ]] :: :: SS [[%%,, ff -- >>SS ii nn ]]

22 22
]]

#

##OO[[ 33 ]] :: 22 aa xx CCoo ss [[ aa xx

# II [[ 44 ]] :: :: DD [[ SS ii nn [[ aa xx ˆ̂ 22 ]] ,, LLoo gg [[ xx ]] ]]

22 22
]]

#

##OO[[ 44 ]] :: 22 aa xx CCoo ss [[ aa xx

# II [[ 55 ]] :: :: DD [[%%,, xx ,, xx ,, xx ]]

22 22 33 33 22 44 55 22
))

#

##OO[[ 55 ]] :: 22 (( -- 22 44 aa xx SS ii nn [[ aa xx ]] -- 33 66 aa xx CCoo ss [[ aa xx ]] ++ 88 aa xx SS ii nn [[ aa xx ]]

# II [[ 66 ]] :: :: DD [[@@44 ,, {{ xx ,, 33 }} ]]

22 22 33 33 22 44 55 22
))##OO[[ 66 ]] :: 22 (( -- 22 44 aa xx SS ii nn [[ aa xx ]] -- 33 66 aa xx CCoo ss [[ aa xx ]] ++ 88 aa xx SS ii nn [[ aa xx ]]
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e
a
The arbitrary function ff in the derivative on line 2 was specified to be SS ii nn on line 3: the result is the sam
s that obtained on line 4 where ff was replaced by SS ii nn before the derivative was taken. Lines 5 and 6

D

show two equivalent forms which yield the third derivative of @@44 .

erivatives may be defined by direct assignments, just like integrals.

#

## II [[ 11 ]] :: :: DD [[ ff [[ $$ xx ]] ,, {{ $$ xx ,, 11 ,, $$ yy }} ]] :: gg [[ $$ yy ]]

#OO[[ 11 ]] :: gg [[ $$ yy ]]

]]

#

## II [[ 22 ]] :: :: DD [[ ff [[ xx ]] ,, xx

#OO[[ 22 ]] :: gg [[ xx ]]

]]## II [[ 33 ]] :: :: DD [[ ff [[ xx ˆ̂ 22 ]] xx ,, xx

22 22 22
]]

#

##OO[[ 33 ]] :: ff [[ xx ]] ++ 22 xx gg [[ xx

# II [[ 44 ]] :: :: DD [[%%,, xx ]]

22 33 22
]]

#

##OO[[ 44 ]] :: 66 xx gg [[ xx ]] ++ 44 xx DD [[ gg [[ ##11 ]] ,, {{##11 ,, 11 ,, xx }}

# II [[ 55 ]] :: :: DD [[ hh [[ $$ xx ,, $$ yy ]] ,, {{ $$ xx ,, 11 ,, 11 }} ]] :: cc [[ $$ yy ]]

#

##OO[[ 55 ]] :: cc [[ $$ yy ]]

# II [[ 66 ]] :: :: DD [[ hh [[ xx ˆ̂ 22 ,, yy -- 11 ]] (( xx ++ 33 )) ˆ̂ 22 ,, {{ xx ,, 11 ,, 11 }} ]]

L

##OO[[ 66 ]] :: 33 22 cc [[ -- 11 ++ yy ]] ++ 88 hh [[ 11 ,, -- 11 ++ yy ]]

ine 1 defined the "function" gg to be the derivative of the function ff . In line 4, the second derivative of ff
was required, and was written as a derivative of gg . On line 5,

∂x
∂h (x ,y )hhhhhhhh

e
e
e

was defined to be c (y ).

I
x =1

n the partial derivatives represented by DD, all distinct symbols are assumed independent. DD tt represents a

s
total derivative, in which all symbols are assumed interdependent, unless they are defined to be constants (by
ymbii :: CCoo nn ss tt [4]), or are explicitly defined to have zero total derivatives.

## II [[ 11 ]] :: :: tt :: PP ii xx ˆ̂ aa

aa
ii

#

##OO[[ 11 ]] :: xx PP

# II [[ 22 ]] :: :: DD [[ tt ,, xx ]]

-- 11 ++ aa
ii

#

##OO[[ 22 ]] :: aa xx PP

# II [[ 33 ]] :: :: DD tt [[ tt ,, xx ]]

-- 11 ++ aa aa
))

#

##OO[[ 33 ]] :: PP ii (( aa xx ++ xx DD tt [[ aa ,, xx ]] LLoo gg [[ xx ]]

# II [[ 44 ]] :: :: DD tt [[ tt ]]

-- 11 ++ aa aa
))

O

##OO[[ 44 ]] :: PP ii (( aa xx DD tt [[ xx ]] ++ xx DD tt [[ aa ]] LLoo gg [[ xx ]]

n line 4, the total differential of tt was given.

PP ss [[ expr ,, x ,, x0 ,, n] yields the power (Taylor-Laurent) series of expr with respect to x about the point x=x0 to
n terms.
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## II [[ 11 ]] :: :: tt :: PP ss [[ xx EExx pp [[ xx ]] ,, xx ,, 00 ,, 44 ]]

33 44 55

#
22 xx xx xx

#OO[[ 11 ]] :: ** xx ++ xx ++ -- -- ++ -- -- ++ -- --

## II [[ 22 ]] :: :: tt ˆ̂ 22 ++ 11 // tt

22 66 22 44

22 33

#
-- 11 55 xx 44 99 xx

#OO[[ 22 ]] :: ** xx -- 11 ++ xx // 22 ++ -- -- -- -- ++ -- -- -- -- --

## II [[ 33 ]] :: :: AAxx [[@@22 ]]

66 22 44

22 33
11 55 xx 44 99 xx

--##OO[[ 33 ]] :: -- 11 ++ xx // 22 ++ -- ++ -- -- -- -- ++ -- -- -- --
xx 66 22 44

## II [[ 44 ]] :: :: @@22 ˆ̂ 22

22

#
-- 22 -- 11 88 xx

#OO[[ 44 ]] :: ** xx -- 22 xx ++ 22 ++ 22 xx // 33 ++ -- -- -- --

## II [[ 55 ]] :: :: @@33 ˆ̂ 22

33

22 33
2211 55 xx 44 99 xx

))##OO[[ 55 ]] :: (( -- 11 ++ xx // 22 ++ -- ++ -- -- -- -- ++ -- -- -- -- --
xx 66 22 44

As mentioned in sect. 3 above, the star at the beginning of the output on line 1 indicates that the result is
s

n
represented* and treated in a special manner: in manipulations such as line 2, the power series is truncated a
ecessary. The projection AAxx used on line 3 converts the power series into an ordinary polynomial, whose

T

square in line 5 is left unexpanded and untruncated.

he assignment of power series expansions for functions is described in [9.5]; if no expansion has been

E

assigned, information on derivatives is used if appropriate.

ssential singularities are factored out of power series when they are encountered.

I

The specification of multi-variate power series is described in [9.5].

n addition to ordinary power series, [9.5] describes the projections RRaa and CC ff used to obtain rational (Pade)

LL

and continued fraction approximations.

iimm[[ expr ,, x ,, x0 ]] yields the limit of expr when x tends to x0.

#

## II [[ 11 ]] :: :: LL ii mm[[ SS ii nn [[ xx ]] // xx ,, xx ,, 00 ]]

#OO[[ 11 ]] :: 11

## II [[ 22 ]] :: :: LL ii mm[[ CCoo ss [[ xx ]] // xx ,, xx ,, 00 ]]

-- 11
22

A

##OO[[ 22 ]] :: ** xx -- xx //

s revealed on line 2, LL iimm in general yields a power series.

*
hhhhhhhhhhhhhhhhhh

The parts in the representation are not manifest from the output form: the projection LLpp rr [[ expr ]] prints
expr in an explicit form.
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SSuumm[[ expr ,, {{i ,, imin ,, imax}} ]] yields expr ; PP rr oo dd yields the corresponding product.
i =imin

imax

Σ

]]

#

## II [[ 11 ]] :: :: PP rr oo dd [[ ff [[ ii ]] ,, {{ ii ,, 33 ,, 11 00 }}

#OO[[ 11 ]] :: ff [[ 33 ]] ff [[ 44 ]] ff [[ 55 ]] ff [[ 66 ]] ff [[ 77 ]] ff [[ 88 ]] ff [[ 99 ]] ff [[ 11 00 ]]

#

## II [[ 22 ]] :: :: SSuumm[[ ii ˆ̂ 22 ,, {{ ii ,, 11 ,, 22 00 }} ]]

#OO[[ 22 ]] :: 22 88 77 00

An equation expr1==expr2 is automatically simplified by linear elimination of parameters. If expr1 and expr2
-

t
are determined to be identical, it yields 11; if they are found unequal, it gives 00 . If possible, an explicit solu
ion or solutions for a parameter x appearing in an equation eqn is found by SS oo ll [[ eqn ,, x ]] .

#

## II [[ 11 ]] :: :: 22 xx ++ 33 aa -- 55 == 66 xx -- 44 aa ++ 33

#OO[[ 11 ]] :: 77 aa == 88 ++ 44 xx

## II [[ 22 ]] :: :: SS oo ll [[%%,, xx ]]

-- 88 ++ 77 aa
}##OO[[ 22 ]] :: {{ xx -- >> -- -- -- -- -- -- -- }

44

]]## II [[ 33 ]] :: :: SS oo ll [[ xx ˆ̂ 22 -- 33 xx ++ 77 == 00 ,, xx

11 // 22 11 // 22

#
33 -- (( -- 11 99 )) 33 ++ (( -- 11 99 ))

#OO[[ 33 ]] :: {{ xx -- >> -- -- -- -- -- -- -- -- -- -- -- -- ,, xx -- >> -- -- -- -- -- -- -- -- -- -- -- -- }}

#

## II [[ 44 ]] :: :: NN [[%%]]

22 22

#OO[[ 44 ]] :: ** {{ xx -- >> 11 .. 55 -- 22 .. 11 77 99 44 55 II ,, xx -- >> 11 .. 55 ++ 22 .. 11 77 99 44 55 II }}

#

## II [[ 55 ]] :: :: SS oo ll [[GGaammmmaa [[ xx ]] == xx ,, xx ]]

#OO[[ 55 ]] :: {{GGaammmmaa [[ xx ]] == xx }}

]]

#

## II [[ 66 ]] :: :: SS oo ll [[ {{ xx ++ 22 yy == 33 aa ,, xx -- 55 yy == aa }} ,, {{ xx ,, yy }}

#OO[[ 66 ]] :: {{ {{ xx -- >> 11 77 aa // 77 ,, yy -- >> 22 aa // 77 }} }}

Linear elimination was automatically performed on the equation in line 1: an explicit solution for xx was

t
obtained on line 2, and given as a replacement. Similar replacements were obtained for the two solutions to
he quadratic equation on line 3; complex numerical values of these roots were obtained on line 4. The tran-

r
scendental equation on line 5 could not be solved or simplified, and the result was an equation, rather than a
eplacement representing an explicit solution. Line 6 is an example of solution to a list of simultaneous equa-

I

tions.

t is often convenient to summarize a set of mathematical operations in an "operator". The templates men-

a
tioned in sect. 5 may be used to represent operators. A generic symbol indicates the positions in the template
t which the operand of the operator is to be inserted. Hence DD [[ $$ 11 ,, xx ]] ++ $$ 11 represents the operator ∂ + 1.

AApp [[ temp ,, {{expr}} ]] applies the operator temp to the expression expr.
x
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EE

FFuurrtthheerr eexxaammpplleess

xxaammpplleeiiiiiiiiiiiiiiii 11ii
FFiinndd tthhee vvaalluuee ooff e dx ..∫00

11
x 33

## II [[ 11 ]] :: :: II nn tt [[ EExx pp [[ xx ˆ̂ 33 ]] ,, {{ xx ,, 00 ,, 11 }} ]]

33
]]

#

##OO[[ 11 ]] :: II nn tt [[ EExx pp [[ ##11 ]] ,, {{##11 ,, 00 ,, 11 }}

# II [[ 22 ]] :: :: NN [[%%]]

99

EE

##OO[[ 22 ]] :: 11 .. 33 44 11

xxaammpplleeiiiiiiiiiiiiiiii 22ii
DDeeffiinnee aa ffuunnccttiioonn ttoo oobbttaaiinn LLeeggeennddrree ppoollyynnoommiiaallss uussiinngg RRooddrriigguueess’’ss ffoorrmmuullaa::

hhhh ((x −11))
d

x
hhhh

d

11

!!
P ((x )) =

22 l
l l l

l
22 l

]]## II [[ 11 ]] :: :: pp [[ $$ ll ,, $$ xx ]] :: :: EExx [[ 11 // (( 22 ˆ̂ $$ ll $$ ll !! )) DD [[ (( zz ˆ̂ 22 -- 11 )) ˆ̂ $$ ll ,, {{ zz ,, $$ ll ,, $$ xx }} ]]

11 22 $$ ll
]]##OO[[ 11 ]] :: ´́ EExx [[ -- -- -- -- -- -- -- DD [[ (( zz -- 11 )) ,, {{ zz ,, $$ ll ,, $$ xx }} ]]

$$ ll
22 $$ ll !!

#

## II [[ 22 ]] :: :: pp [[ 00 ,, xx ]]

#OO[[ 22 ]] :: 11

]]## II [[ 33 ]] :: :: pp [[ 22 ,, xx

22
33 xx

--##OO[[ 33 ]] :: -- 11 // 22 ++ -- -- --
22

## II [[ 44 ]] :: :: pp [[ 11 00 ,, xx ]]

22 44 66 88 11 00

#
33 44 66 55 xx 11 55 00 11 55 xx 44 55 00 44 55 xx 11 00 99 33 99 55 xx 44 66 11 88 99 xx

#OO[[ 44 ]] :: -- 66 33 // 22 55 66 ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- --

iiiiiiiiiiiiiiii 33ii

22 55 66 11 22 88 11 22 88 22 55 66 22 55 66

ee
FF
EExxaammppll

iinndd tthhee ggrraaddiieenntt ooff tthhee ffuunnccttiioonn f ((x ))=22x +33x +44xy −55y +77,, aanndd ddeedduuccee tthhee ppoossiittiioonnss ooff aannyy ssaaddddllee ppooiinnttss..22 22

22## II [[ 11 ]] :: :: 22 xx ˆ̂ 22 ++ 33 xx ++ 77 ++ 44 xx yy -- 55 yy ˆ̂

22 22

#

##OO[[ 11 ]] :: 77 ++ 33 xx ++ 44 xx yy ++ 22 xx -- 55 yy

# II [[ 22 ]] :: :: {{DD [[%%,, xx ]] ,, DD [[%%,, yy ]] }}

}

#

##OO[[ 22 ]] :: {{ 33 ++ 44 xx ++ 44 yy ,, 44 xx -- 11 00 yy }

# II [[ 33 ]] :: :: SS oo ll [[%%,, {{ xx ,, yy }} ]]

}##OO[[ 33 ]] :: {{ {{ xx -- >> 33 // 44 ,, yy -- >> -- 33 // 11 00 }} }
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iiiiiiiiiiiiiiii 44iiee
FF
EExxaammppll

iinndd tthhee ppoowweerr sseerriieess eexxppaannssiioonn ooff r e wwhheerree r =11+x +x aabboouutt tthhee ppooiinntt x =00 ttoo ffiifftthh oorrddeerr..r 2222

## II [[ 11 ]] :: :: rr :: 11 ++ xx ++ xx ˆ̂ 22

22

#

##OO[[ 11 ]] :: 11 ++ xx ++ xx

# II [[ 22 ]] :: :: PP ss [[ rr EExx pp [[ rr ˆ̂ 22 ]] ,, xx ,, 00 ,, 55 ]]

33 44 55
EE

#
22 44 99 xx EE 66 11 xx EE 11 55 22 33 xx

#OO[[ 22 ]] :: ** EE ++ 33 xx EE ++ 88 xx EE ++ -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- ++ -- -- -- -- -- -- -- -- --

iiiiiiiiiiiiiiii 55ii

33 22 33 00

ee
CC
EExxaammppll

aallccuullaattee tthhee BBeerrnnoouullllii nnuummbbeerrss uupp ttoo B uussiinngg tthhee ggeenneerraattiinngg ffuunnccttiioonn::1100

t
n =00

∞

n

n

Σ hhht
!!

hhhhh = B
n

t

11e −

]]## II [[ 11 ]] :: :: PP ss [[ tt // (( EExx pp [[ tt ]] -- 11 )) ,, tt ,, 00 ,, 11 11

22 44 66
tt tt tt 88 11 00

##OO[[ 11 ]] :: ** 11 -- tt // 22 ++ -- -- -- -- -- -- ++ -- -- -- -- -- -- 88 .. 22 66 77 22 00 ** ˆ̂ -- 77 tt ++ 22 .. 00 88 77 66 88 ** ˆ̂ -- 88 tt
11 22 77 22 00 33 00 22 44 00

## II [[ 22 ]] :: :: AAxx [[%%]]

22 44 66
tt tt tt 88 11 00

##OO[[ 22 ]] :: 11 -- tt // 22 ++ -- -- -- -- -- -- ++ -- -- -- -- -- -- 88 .. 22 66 77 22 00 ** ˆ̂ -- 77 tt ++ 22 .. 00 88 77 66 88 ** ˆ̂ -- 88 tt
11 22 77 22 00 33 00 22 44 00

## II [[ 33 ]] :: :: SS [[%%,, tt ˆ̂ $$ nn -- >> tt ˆ̂ $$ nn $$ nn !! ]]

22 44 66 88 11 00

#
tt tt tt tt 55 tt

#OO[[ 33 ]] :: 11 -- tt // 22 ++ -- -- -- -- -- ++ -- -- -- -- -- ++ -- -- -- -- --
66 33 00 44 22 33 00 66 66

]]

#

## II [[ 44 ]] :: :: SS [[%%,, PP ll uu ss -- >>LL ii ss tt ,, tt -- >>11 ,, II nn ff

#OO[[ 44 ]] :: {{ 11 ,, -- 11 // 22 ,, 11 // 66 ,, -- 11 // 33 00 ,, 11 // 44 22 ,, -- 11 // 33 00 ,, 55 // 66 66 }}

iiiiiiiiiiiiiiii 66iiee
CC
EExxaammppll

aallccuullaattee tthhee eexxppoonneennttiiaall ccoonnssttaanntt e ffrroomm ffoouurrtthh oorrddeerr ppoowweerr sseerriieess aanndd ccoonnttiinnuueedd ffrraaccttiioonn aapppprrooxxiimmaattiioonnss ttoo
e ..x

## II [[ 11 ]] :: :: PP ss [[ EExx pp [[ xx ]] ,, xx ,, 00 ,, 44 ]]

44
xx

22 33
xx xx

--##OO[[ 11 ]] :: ** 11 ++ xx ++ -- -- ++ -- -- ++ --
22 66 22 44

#

## II [[ 22 ]] :: :: SS [[ AAxx [[%%]] ,, xx -- >>11 ]]

#OO[[ 22 ]] :: 66 55 // 22 44
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#

## II [[ 33 ]] :: :: NN [[%%]]

#OO[[ 33 ]] :: 22 .. 77 00 88 33 33

]]## II [[ 44 ]] :: :: CC ff [[ EExx pp [[ xx ]] ,, xx ,, 00 ,, 44

11 -- 11 xx 11 // 22 xx -- 11 // 66 xx 11 // 66 xx
--##OO[[ 44 ]] :: ** -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --

11 ++ 11 ++ 11 ++ 11 ++ 11 ++

#

## II [[ 55 ]] :: :: ## II [[ 22 ]]

#OO[[ 55 ]] :: 11 99 // 77

]]

#

## II [[ 66 ]] :: :: NN [[%%

#OO[[ 66 ]] :: 22 .. 77 11 44 22 99

#

## II [[ 77 ]] :: :: NN [[ EE ]]

#OO[[ 77 ]] :: 22 .. 77 11 88 22 88

iiiiiiiiiiiiiiii 77iiee
DD
EExxaammppll

eeffiinnee tthhee ddeerriivvaattiivveess ooff tthhee Γ ffuunnccttiioonn uussiinngg tthhee rreellaattiioonnss::

))hhhΓ((x )) = ψ ((x ))Γ((x
d
xd

((00))

))

d
((n )) ((n +11

x
hdhhψ ((x )) = ψ ((x ))

]]

#

## II [[ 11 ]] :: :: DD [[GGaammmmaa [[ $$ xx ]] ,, {{ $$ xx ,, 11 ,, $$ yy }} ]] :: PP ss ii [[ 11 ,, $$ yy ]] GGaammmmaa [[ $$ yy

#OO[[ 11 ]] :: GGaammmmaa [[ $$ yy ]] PP ss ii [[ 11 ,, $$ yy ]]

]]## II [[ 22 ]] :: :: DD [[GGaammmmaa [[ EExx pp [[ xx ˆ̂ 22 ]] ]] ,, xx

22 22 22
]]

#

##OO[[ 22 ]] :: 22 xx EExx pp [[ xx ]] GGaammmmaa [[ EExx pp [[ xx ]] ]] PP ss ii [[ 11 ,, EExx pp [[ xx ]]

# II [[ 33 ]] :: :: DD [[ PP ss ii [[ $$ nn ,, $$ xx ]] ,, {{ $$ xx ,, 11 ,, $$ yy }} ]] :: PP ss ii [[ $$ nn++ 11 ,, $$ yy ]]

#

##OO[[ 33 ]] :: PP ss ii [[ 11 ++ $$ nn ,, $$ yy ]]

# II [[ 44 ]] :: :: DD [[GGaammmmaa [[ xx ]] ,, xx ,, xx ,, xx ]]

33
]]##OO[[ 44 ]] :: GGaammmmaa [[ xx ]] PP ss ii [[ 11 ,, xx ]] ++ GGaammmmaa [[ xx ]] PP ss ii [[ 33 ,, xx

++ 33GGaammmmaa [[ xx ]] PP ss ii [[ 11 ,, xx ]] PP ss ii [[ 22 ,, xx ]]
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77.. PPrreesseennttaattiioonn ooff rreessuullttss

Many results are best presented in the form of tables or graphs. SMP allows tables and graphs not only to be

L

generated, but also to be manipulated as symbolic expressions in their own right.

ists may be considered as tables. For example, values of a function at a set of points may be tabulated in a

AA

list whose indices correspond to the points. The external file XXPP rr tt aa bb ll ee formats tables for printing.

rr [[ n ,, temp ]] yields a contiguous list whose entries have indices 11 , . . ., n and values obtained by application
of the "template" temp (see sect. 5) to these indices.

## II [[ 11 ]] :: :: AArr [[ 55 ,, ff ]]

##OO[[ 11 ]] :: {{ ff [[ 11 ]] ,, ff [[ 22 ]] ,, ff [[ 33 ]] ,, ff [[ 44 ]] ,, ff [[ 55 ]] }}

#

## II [[ 22 ]] :: :: AArr [[ 55 ,, LLoo gg ]]

#OO[[ 22 ]] :: {{ 00 ,, LLoo gg [[ 22 ]] ,, LLoo gg [[ 33 ]] ,, LLoo gg [[ 44 ]] ,, LLoo gg [[ 55 ]] }}

#

## II [[ 33 ]] :: :: NN [[%%]]

#OO[[ 33 ]] :: {{ 00 ,, 00 .. 66 99 33 11 44 77 ,, 11 .. 00 99 88 66 11 ,, 11 .. 33 88 66 22 99 ,, 11 .. 66 00 99 44 44 }}

#

## II [[ 44 ]] :: :: AArr [[ 55 ,, $$ xx ˆ̂ 22 ]]

#OO[[ 44 ]] :: {{ 11 ,, 44 ,, 99 ,, 11 66 ,, 22 55 }}

]]

#

## II [[ 55 ]] :: :: AArr [[ {{ {{ 00 ,, 11 .. 22 ,, 00 .. 11 }} }} ,, ff

#OO[[ 55 ]] :: {{ [[ 00 ]] :: ff [[ 00 ]] ,, [[ 00 .. 11 ]] :: ff [[ 00 .. 11 ]] ,, [[ 00 .. 22 ]] :: ff [[ 00 .. 22 ]] ,, [[ 00 .. 33 ]] :: ff [[ 00 .. 33 ]] ,,

[[

[[ 00 .. 44 ]] :: ff [[ 00 .. 44 ]] ,, [[ 00 .. 55 ]] :: ff [[ 00 .. 55 ]] ,, [[ 00 .. 66 ]] :: ff [[ 00 .. 66 ]] ,,

00 .. 77 ]] :: ff [[ 00 .. 77 ]] ,, [[ 00 .. 88 ]] :: ff [[ 00 .. 88 ]] ,, [[ 00 .. 99 ]] :: ff [[ 00 .. 99 ]] ,, [[ 11 ]] :: ff [[ 11 ]] ,,

#

[[ 11 .. 11 ]] :: ff [[ 11 .. 11 ]] ,, [[ 11 .. 22 ]] :: ff [[ 11 .. 22 ]] }}

# II [[ 66 ]] :: :: AArr [[ {{ {{ 00 ,, 11 .. 22 ,, 00 .. 11 }} }} ,, $$ xx ++ $$ xx ˆ̂ 22 ]]

##OO[[ 66 ]] :: {{ [[ 00 ]] :: 00 ,, [[ 00 .. 11 ]] :: 00 .. 11 11 ,, [[ 00 .. 22 ]] :: 00 .. 22 44 ,, [[ 00 .. 33 ]] :: 00 .. 33 99 ,, [[ 00 .. 44 ]] :: 00 .. 55 66 ,,

[[

[[ 00 .. 55 ]] :: 00 .. 77 55 ,, [[ 00 .. 66 ]] :: 00 .. 99 66 ,, [[ 00 .. 77 ]] :: 11 .. 11 99 ,, [[ 00 .. 88 ]] :: 11 .. 44 44 ,,

00 .. 99 ]] :: 11 .. 77 11 ,, [[ 11 ]] :: 22 ,, [[ 11 .. 11 ]] :: 22 .. 33 11 ,, [[ 11 .. 22 ]] :: 22 .. 66 44 }}

#

## II [[ 77 ]] :: :: %%ˆ̂ 22 ++ 00 .. 66

#OO[[ 77 ]] :: {{ [[ 00 ]] :: 00 .. 66 ,, [[ 00 .. 11 ]] :: 00 .. 66 11 22 11 ,, [[ 00 .. 22 ]] :: 00 .. 66 55 77 66 ,, [[ 00 .. 33 ]] :: 00 .. 77 55 22 11 ,,

[[

[[ 00 .. 44 ]] :: 00 .. 99 11 33 66 ,, [[ 00 .. 55 ]] :: 11 .. 11 66 22 55 ,, [[ 00 .. 66 ]] :: 11 .. 55 22 11 66 ,,

00 .. 77 ]] :: 22 .. 00 11 66 11 ,, [[ 00 .. 88 ]] :: 22 .. 66 77 33 66 ,, [[ 00 .. 99 ]] :: 33 .. 55 22 44 11 ,, [[ 11 ]] :: 44 .. 66 ,,

I

[[ 11 .. 11 ]] :: 55 .. 99 33 66 11 ,, [[ 11 .. 22 ]] :: 77 .. 55 66 99 66 }}

n line 5, the indices in the list were specified to run from 00 to 11 .. 22 in steps of 00 .. 11 . Notice that in line 7,

T

the specified operation was performed on each element of the list, and a new transformed table was generated.

he tables in this example are analogous to vectors. AArr may also be used to generate tables in which each
element carries a set of indices, as in a matrix or tensor.

## II [[ 11 ]] :: :: AArr [[ {{ 22 ,, 33 }} ,, ff ]]

##OO[[ 11 ]] :: {{ {{ ff [[ 11 ,, 11 ]] ,, ff [[ 11 ,, 22 ]] ,, ff [[ 11 ,, 33 ]] }} ,, {{ ff [[ 22 ,, 11 ]] ,, ff [[ 22 ,, 22 ]] ,, ff [[ 22 ,, 33 ]] }} }}
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## II [[ 22 ]] :: :: AArr [[ {{ 22 ,, 33 }} ,, ff [[ $$ ii ,, $$ jj ˆ̂ 22 ]] ]]

}

#

##OO[[ 22 ]] :: {{ {{ ff [[ 11 ,, 11 ]] ,, ff [[ 11 ,, 44 ]] ,, ff [[ 11 ,, 99 ]] }} ,, {{ ff [[ 22 ,, 11 ]] ,, ff [[ 22 ,, 44 ]] ,, ff [[ 22 ,, 99 ]] }} }

# II [[ 33 ]] :: :: AArr [[ {{ 22 ,, 33 }} ,, 11 // (( $$ ii ++ $$ ii ˆ̂ 22 ++ $$ jj )) ]]

}

#

##OO[[ 33 ]] :: {{ {{ 11 // 33 ,, 11 // 44 ,, 11 // 55 }} ,, {{ 11 // 77 ,, 11 // 88 ,, 11 // 99 }} }

# II [[ 44 ]] :: :: AArr [[ {{ {{ 00 ,, 11 ,, 00 .. 33 }} ,, {{ 44 ,, 55 }} }} ,, ff ]]

,,##OO[[ 44 ]] :: {{ [[ 00 ]] :: {{ [[ 44 ]] :: ff [[ 00 ,, 44 ]] ,, [[ 55 ]] :: ff [[ 00 ,, 55 ]] }}

[[ 00 .. 33 ]] :: {{ [[ 44 ]] :: ff [[ 00 .. 33 ,, 44 ]] ,, [[ 55 ]] :: ff [[ 00 .. 33 ,, 55 ]] }} ,,

,,

[[

[[ 00 .. 66 ]] :: {{ [[ 44 ]] :: ff [[ 00 .. 66 ,, 44 ]] ,, [[ 55 ]] :: ff [[ 00 .. 66 ,, 55 ]] }}

00 .. 99 ]] :: {{ [[ 44 ]] :: ff [[ 00 .. 99 ,, 44 ]] ,, [[ 55 ]] :: ff [[ 00 .. 99 ,, 55 ]] }} }}

#

## II [[ 55 ]] :: :: AArr [[ {{ {{ 00 ,, 11 ,, 00 .. 33 }} ,, {{ 44 ,, 55 }} }} ,, NN [[ LLoo gg [[ $$ xx ++ $$ yy ˆ̂ 22 ]] ]] ]]

#OO[[ 55 ]] :: {{ [[ 00 ]] :: {{ [[ 44 ]] :: 22 .. 77 77 22 55 99 ,, [[ 55 ]] :: 33 .. 22 11 88 88 88 }} ,,

,,

[[

[[ 00 .. 33 ]] :: {{ [[ 44 ]] :: 22 .. 77 99 11 11 77 ,, [[ 55 ]] :: 33 .. 22 33 00 88 }}

00 .. 66 ]] :: {{ [[ 44 ]] :: 22 .. 88 00 99 44 ,, [[ 55 ]] :: 33 .. 22 44 22 55 99 }} ,,

}

## II [[ 66 ]] :: :: %%ˆ̂ 22

[[ 00 .. 99 ]] :: {{ [[ 44 ]] :: 22 .. 88 22 77 33 11 ,, [[ 55 ]] :: 33 .. 22 55 44 22 44 }} }

22 22
,,##OO[[ 66 ]] :: {{ [[ 00 ]] :: {{ [[ 44 ]] :: 22 .. 77 77 22 55 99 ,, [[ 55 ]] :: 33 .. 22 11 88 88 88 }}

22 22
,,[[ 33 // 11 00 ]] :: {{ [[ 44 ]] :: 22 .. 77 99 11 11 77 ,, [[ 55 ]] :: 33 .. 22 33 00 88 }}

22 22
,,[[ 33 // 55 ]] :: {{ [[ 44 ]] :: 22 .. 88 00 99 44 ,, [[ 55 ]] :: 33 .. 22 44 22 55 99 }}

22 22
}[[ 99 // 11 00 ]] :: {{ [[ 44 ]] :: 22 .. 88 22 77 33 11 ,, [[ 55 ]] :: 33 .. 22 55 44 22 44 }} }

]]

#

## II [[ 77 ]] :: :: AArr [[ {{ 22 ,, 22 ,, 22 }} ,, ff

#OO[[ 77 ]] :: {{ {{ {{ ff [[ 11 ,, 11 ,, 11 ]] ,, ff [[ 11 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 11 ,, 22 ,, 11 ]] ,, ff [[ 11 ,, 22 ,, 22 ]] }} }} ,,

}

I

{{ {{ ff [[ 22 ,, 11 ,, 11 ]] ,, ff [[ 22 ,, 11 ,, 22 ]] }} ,, {{ ff [[ 22 ,, 22 ,, 11 ]] ,, ff [[ 22 ,, 22 ,, 22 ]] }} }} }

n line 1, AArr was used to generate a 2×3 matrix, each of whose entries was given by applying ff to its two
eindices. On line 2, a 2×3 matrix whose i ,j th element is f (i ,j ) was obtained by applying the templat2

s
a
ff [[ $$ ii ,, $$ jj ˆ̂ 22 ]] to the indices for each element. When a template containing several generic symbols i
pplied to a set of expressions, the generic symbol which appears first in lexical ordering is associated with the

I

first expression, the second with the second expression, and so on.

n line 7 above, a rank-3 2×2×2 tensor whose i ,j ,k th element is f (i ,j ,k ) was generated.

-
m
In some cases, it suffices to generate and print a table once, without retaining a permanent record of its ele

ents in the form of a list. DDoo [[ i ,, imin ,, imax ,, istep ,, expr ]] evaluates expr with i equal to imin, imin++istep,
.. . ., imax. If istep is omitted, it is taken as 11 , and if in addition, imin is omitted, it also takes the value 11

PP rr [[ expr1 ,, expr2 ,, . . . ]] prints a sequence of expressions.
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## II [[ 11 ]] :: :: DDoo [[ ii ,, 55 ,, PP rr [[ ii ,, ii !! ,, ii !! !! ,, ii ˆ̂ ii ]] ]]

22
11 11 11 11

22 22 44
77

44
33 66 33 22

22 44 88 22 55 66
55

#

55 11 22 00 11 55 33 11 22

#OO[[ 11 ]] :: 33 11 22 55

## II [[ 22 ]] :: :: DDoo [[ uu ,, xx ++ 11 ,, xx ++ 55 ,, PP rr [[ uu ,, EExx [[ uu ˆ̂ 22 ]] ]] ]]

11 ++ xx 11 ++ 22 xx ++ xx
22

22
22 ++ xx 44 ++ 44 xx ++ xx

22
33 ++ xx 99 ++ 66 xx ++ xx

22
44 ++ xx 11 66 ++ 88 xx ++ xx

22
55 ++ xx 22 55 ++ 11 00 xx ++ xx

22

N

##OO[[ 22 ]] :: 22 55 ++ 11 00 xx ++ xx

umerical results may be presented as graphs. GGrr aa pphh [[ expr ,, x ,, xmin ,, xmax ]] plots a graph of the numeri-
cal value of expr with x between xmin and xmax.

## II [[ 11 ]] :: :: GGrr aa pphh [[ 11 // GGaammmmaa [[ xx ]] ,, xx ,, -- 33 ,, 33 ]]

##OO[[ 11 ]] ::

ee ** ** ** ** ** ** ** ** **
**11 ** ** ** ** **

ee ** ** ** ** ** **
**

ee
ee ** ** ** **

** ** ** ** ** **
**

**
** ** ** ee **

** ** ** ee ** **

**
** ** ** ee **

** ee **
iiiiiiiiiiiiiiiiiiiiiii -- 22iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii00iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii22iiiiiiiiiiiiiiiiiiiiiii

** ** ** ** ** ** ee
ee

**
** ** ** **

** ** ee
ee** ** **

** ** ee
ee** ** **

** ** -- 11
** ** ee
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d
w
At some installations, graphics output devices may be available for which graphs are automatically generate

ith continuous high-resolution lines.

]]## II [[ 11 ]] :: :: GGrr aa pphh [[ 11 // GGaammmmaa [[ xx ]] ,, xx ,, -- 33 ,, 33
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fGGrr aa pphh [[ {{ {{expr1}} ,, {{expr2}} ,, . . .}} ,, x ,, xmin ,, xmax ]] plots the curves for expr1, expr2, . . . on a single set o
axes.

## II [[ 11 ]] :: :: GGrr aa pphh [[ {{ {{BBee ss jj [[ 22 ,, xx ]] }} ,, {{BBee ss jj [[ 55 ,, xx ]] }} }} ,, xx ,, 00 ,, 22 00 ]]



.

GG

7. SMP PRIMER / Presentation of results 7

rr aa pphh [[ {{x ,, y}} ,, u ,, umin ,, umax ]] yields a parametric plot of x,y with the parameter u in the range umin to
umax.

## II [[ 11 ]] :: :: GGrr aa pphh [[ {{ SS ii nn [[ tt ]] // SSqq rr tt [[ tt ]] ,, CCoo ss [[ tt ]] // SSqq rr tt [[ tt ]] }} ,, tt ,, 00 ,, 33 00 ]]



.

GG

7. SMP PRIMER / Presentation of results 7

rr aa pphh [[ z ,, {{x ,, y}} ,, {{xmin ,, ymin}} ,, {{xmax ,, ymax}} ]] gives a contour plot of z as a function of x and y.

## II [[ 11 ]] :: :: GGrr aa pphh [[ (( 44 xx ++ yy )) // 55 CCoo ss [[ xx // 55 ]] CCoo ss [[ yy // 55 ]] ,, {{ xx ,, yy }} ,, {{ 00 ,, 00 }} ,, {{ 22 55 ,, 22 55 }} ]]
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## II [[ 11 ]] :: :: GGrr aa pphh [[ (( 44 xx ++ yy )) // 55 CCoo ss [[ xx // 55 ]] CCoo ss [[ yy // 55 ]] ,, {{ xx ,, yy }} ,,
{{ 00 ,, 00 }} ,, {{ 22 55 ,, 22 55 }} ,, ,, {{ -- 11 00 ,, -- 22 00 ,, 00 }} ]]



.

P

7. SMP PRIMER / Presentation of results 7

lots in SMP are symbolic expressions consisting of a set of point, line and surface specifications with special

i
printing characteristics. Two, three and higher-dimensional graphs may thus be manipulated extensively, as
ndicated in the Reference Manual.
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EE

FFuurrtthheerr eexxaammpplleess

xxaammpplleeiiiiiiiiiiiiiiii 11ii

FFoorrmm tthhee 44×44 mmaattrriixx M =
i +j +11
h 11hhhhh .. FFiinndd tthhee iinnvveerrssee ooff M ..

#

i j

# II [[ 11 ]] :: :: AArr [[ {{ 44 ,, 44 }} ,, 11 // (( $$ ii ++ $$ jj ++ 11 )) ]]

##OO[[ 11 ]] :: {{ {{ 11 // 33 ,, 11 // 44 ,, 11 // 55 ,, 11 // 66 }} ,, {{ 11 // 44 ,, 11 // 55 ,, 11 // 66 ,, 11 // 77 }} ,, {{ 11 // 55 ,, 11 // 66 ,, 11 // 77 ,, 11 // 88 }} ,,

#

## II [[ 22 ]] :: :: MMii nn vv [[%%]]

{{ 11 // 66 ,, 11 // 77 ,, 11 // 88 ,, 11 // 99 }} }}

#OO[[ 22 ]] :: {{ {{ 11 22 00 00 ,, -- 66 33 00 00 ,, 11 00 00 88 00 ,, -- 55 00 44 00 }} ,, {{ -- 66 33 00 00 ,, 33 55 22 88 00 ,, -- 55 88 88 00 00 ,, 33 00 22 44 00 }} ,,

}

iiiiiiiiiiiiiiii 22ii

{{ 11 00 00 88 00 ,, -- 55 88 88 00 00 ,, 11 00 00 88 00 00 ,, -- 55 22 99 22 00 }} ,, {{ -- 55 00 44 00 ,, 33 00 22 44 00 ,, -- 55 22 99 22 00 ,, 22 88 22 22 44 }} }

ee
FF
EExxaammppll

iinndd ggrraapphhiiccaallllyy tthhee aapppprrooxxiimmaattee ppoossiittiioonn ooff tthhee sseeccoonndd zzeerroo ooff lloogg((x )) J ((x )).. MMaakkee ttaabblleess ooff tthhee vvaalluueess ooff tthhee
ffuunnccttiioonn ttoo llooccaattee tthhee zzeerroo mmoorree aaccccuurraatteellyy..

00

## II [[ 11 ]] :: :: GGrr aa pphh [[ LLoo gg [[ xx ]] BBee ss JJ [[ 00 ,, xx ]] ,, xx ,, 00 ,, 11 00 ]]

##OO[[ 11 ]] ::

ee ** ** ** ** ** ** ** **
**

ee
ee ** ** ** ** **

** ** ** ** ** **
**

00
ee ** ** ** ** ** ** ** ** **
iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii44iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii88iiiiiiiiiiiiiiiiiiiiiiiiiiii

ee
ee ** ** ** ** ** ** ** ** ** **

** ** ** ** ** ** ** **
**

ee
ee ** ** ** ** ** ** ** ** ** ** ** ** ** ** **

**
**

--
ee **
11 **

**
ee
ee **
**
**

ee
ee
**
**

--
ee
ee

22

## II [[ 22 ]] :: :: tt [[ $$ xx ]] :: :: NN [[ LLoo gg [[ $$ xx ]] BBee ss JJ [[ 00 ,, $$ xx ]] ]]

##OO[[ 22 ]] :: ´́ NN [[ LLoo gg [[ $$ xx ]] BBee ss JJ [[ 00 ,, $$ xx ]] ]]
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#

## II [[ 33 ]] :: :: AArr [[ {{ {{ 22 .. 44 ,, 22 .. 88 ,, .. 00 22 55 }} }} ,, tt ]]

#OO[[ 33 ]] :: {{ [[ 22 .. 44 ]] :: 00 .. 00 00 22 11 99 55 44 ,, [[ 22 .. 44 22 55 ]] :: -- 00 .. 00 00 99 22 33 88 44 44 ,, [[ 22 .. 44 55 ]] :: -- 00 .. 00 22 00 88 11 33 22 ,,

[[

[[ 22 .. 44 77 55 ]] :: -- 00 .. 00 33 22 55 11 55 99 ,, [[ 22 .. 55 ]] :: -- 00 .. 00 44 44 33 33 33 66 ,,

22 .. 55 22 55 ]] :: -- 00 .. 00 55 66 22 55 33 44 ,, [[ 22 .. 55 55 ]] :: -- 00 .. 00 66 88 22 66 22 66 ,,

,,

[[

[[ 22 .. 55 77 55 ]] :: -- 00 .. 00 88 00 33 44 88 44 ,, [[ 22 .. 66 ]] :: -- 00 .. 00 99 22 44 99 88 22 ,, [[ 22 .. 66 22 55 ]] :: -- 00 .. 11 00 44 77

22 .. 66 55 ]] :: -- 00 .. 11 11 66 99 44 ,, [[ 22 .. 66 77 55 ]] :: -- 00 .. 11 22 99 22 00 77 ,, [[ 22 .. 77 ]] :: -- 00 .. 11 44 11 44 88 88 ,,

[[

[[ 22 .. 77 22 55 ]] :: -- 00 .. 11 55 33 77 77 22 ,, [[ 22 .. 77 55 ]] :: -- 00 .. 11 66 66 00 44 66 ,,

22 .. 77 77 55 ]] :: -- 00 .. 11 77 88 22 99 88 ,, [[ 22 .. 88 ]] :: -- 00 .. 11 99 00 55 11 77 }}

#

## II [[ 44 ]] :: :: AArr [[ {{ {{ 22 .. 44 ,, 22 .. 44 11 ,, .. 00 00 11 }} }} ,, tt ]]

#OO[[ 44 ]] :: {{ [[ 22 .. 44 ]] :: 00 .. 00 00 22 11 99 55 44 ,, [[ 22 .. 44 00 11 ]] :: 00 .. 00 00 11 77 44 00 99 11 ,, [[ 22 .. 44 00 22 ]] :: 00 .. 00 00 11 22 88 66 11 88 ,,

[[

[[ 22 .. 44 00 33 ]] :: 88 .. 33 11 22 11 00 ** ˆ̂ -- 44 ,, [[ 22 .. 44 00 44 ]] :: 33 .. 77 55 99 99 22 ** ˆ̂ -- 44 ,,

22 .. 44 00 55 ]] :: -- 77 .. 99 44 66 99 22 ** ˆ̂ -- 55 ,, [[ 22 .. 44 00 66 ]] :: -- 55 .. 33 55 11 77 33 ** ˆ̂ -- 44 ,,

[[

[[ 22 .. 44 00 77 ]] :: -- 99 .. 99 11 11 11 77 ** ˆ̂ -- 44 ,, [[ 22 .. 44 00 88 ]] :: -- 00 .. 00 00 11 44 44 77 33 ,,

22 .. 44 00 99 ]] :: -- 00 .. 00 00 11 99 00 33 77 33 ,, [[ 22 .. 44 11 ]] :: -- 00 .. 00 00 22 33 66 00 33 99 }}

iiiiiiiiiiiiiiii 33iiee
GG
EExxaammppll

eenneerraattee tthhee ttoottaallllyy aannttiissyymmmmeettrriicc ((LLeevvii--CCiivviittaa)) tteennssoorr iinn tthhrreeee ddiimmeennssiioonnss..

#

## II [[ 11 ]] :: :: AArr [[ {{ 33 ,, 33 ,, 33 }} ,, SS ii gg ]]

#OO[[ 11 ]] :: {{ {{ {{ 00 ,, 00 ,, 00 }} ,, {{ 00 ,, 00 ,, 11 }} ,, {{ 00 ,, -- 11 ,, 00 }} }} ,, {{ {{ 00 ,, 00 ,, -- 11 }} ,, {{ 00 ,, 00 ,, 00 }} ,, {{ 11 ,, 00 ,, 00 }} }} ,,

{{ {{ 00 ,, 11 ,, 00 }} ,, {{ -- 11 ,, 00 ,, 00 }} ,, {{ 00 ,, 00 ,, 00 }} }} }}

]]

#

## II [[ 22 ]] :: :: PPoo ss [[ 11 ,,%%

#OO[[ 22 ]] :: {{ {{ 11 ,, 22 ,, 33 }} ,, {{ 22 ,, 33 ,, 11 }} ,, {{ 33 ,, 11 ,, 22 }} }}

iiiiiiiiiiiiiiii 44iiee
FF
EExxaammppll

oorrmm tthhee uunniitt lloowweerr--ttrriiaanngguullaarr 44×44 mmaattrriixx..

#

## II [[ 11 ]] :: :: AArr [[ {{ 44 ,, 44 }} ,, GGtt ]]

#OO[[ 11 ]] :: {{ {{ 00 ,, 00 ,, 00 ,, 00 }} ,, {{ 11 ,, 00 ,, 00 ,, 00 }} ,, {{ 11 ,, 11 ,, 00 ,, 00 }} ,, {{ 11 ,, 11 ,, 11 ,, 00 }} }}



..

EE
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xxaammpplleeiiiiiiiiiiiiiiii 55ii
OObbttaaiinn aa ppiiccttuurree ooff aann iinnvvoolluuttiioonn ooff tthhee cciirrccllee::

x = ccooss((φ)) + φ ssiinn((φ))

))y = ssiinn((φ)) − φ ccooss((φ
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O

88.. DDeeffiinniinngg nneeww mmaatthheemmaattiiccaall ccoonnssttrruuccttss

ne of the most powerful features of SMP is the simplicity with which mathematical constructs may be intro-

m
duced and manipulated. The SMP definition of a new construct usually coincides very closely with its precise

athematical definition.

As a first example, consider the introduction of a new differentiation projection nn eewwdd ii ff ff which obeys the
standard rules:

dx
hdhh x = 1

)hhh y = 0 (y ≠x
d
xd

dx
hdhh (u +v ) =

dx
duhhh +

dx
dvhhh

hhhvd
x

hhh + u
d

ud
x

hhh (u v ) = v
d

d
x

where x and y are symbols.

d

## II [[ 11 ]] :: :: nn eewwdd ii ff ff [[ $$ xx ,, $$ xx ]] :: 11

#

##OO[[ 11 ]] :: 11

# II [[ 22 ]] :: :: nn eewwdd ii ff ff [[ $$ yyii==NNuummbbpp [[ $$ yy ]] ,, $$ xx ]] :: 00

#

##OO[[ 22 ]] :: 00

# II [[ 33 ]] :: :: nn eewwdd ii ff ff [[ $$ yyii==SS yymmbbpp [[ $$ yy ]] ,, $$ xxii== (( ˜̃ PP [[ $$ xx == $$ yy ]] )) ]] :: 00

#

##OO[[ 33 ]] :: 00

# II [[ 44 ]] :: :: nn eewwdd ii ff ff [[ $$ uu++ $$ $$ vv ,, $$ xx ]] :: :: nn eewwdd ii ff ff [[ $$ uu ,, $$ xx ]] ++nn eewwdd ii ff ff [[ $$ $$ vv ,, $$ xx ]]

#

##OO[[ 44 ]] :: ´́ nn eewwdd ii ff ff [[ $$ uu ,, $$ xx ]] ++ nn eewwdd ii ff ff [[ $$ $$ vv ,, $$ xx ]]

# II [[ 55 ]] :: :: nn eewwdd ii ff ff [[ $$ uu $$ $$ vv ,, $$ xx ]] :: :: $$ $$ vv nn eewwdd ii ff ff [[ $$ uu ,, $$ xx ]] ++ $$ uu nn eewwdd ii ff ff [[ $$ $$ vv ,, $$ xx ]]

#

##OO[[ 55 ]] :: ´́ $$ $$ vv nn eewwdd ii ff ff [[ $$ uu ,, $$ xx ]] ++ $$ uu nn eewwdd ii ff ff [[ $$ $$ vv ,, $$ xx ]]

# II [[ 66 ]] :: :: nn eewwdd ii ff ff

##OO[[ 66 ]] :: {{ [[ $$ uu $$ $$ vv ]] :: :: {{ [[ $$ xx ]] :: :: $$ $$ vv nn eewwdd ii ff ff [[ $$ uu ,, $$ xx ]] ++ $$ uu nn eewwdd ii ff ff [[ $$ $$ vv ,, $$ xx ]] }} ,,

,,

[[

[[ $$ uu ++ $$ $$ vv ]] :: :: {{ [[ $$ xx ]] :: :: nn eewwdd ii ff ff [[ $$ uu ,, $$ xx ]] ++ nn eewwdd ii ff ff [[ $$ $$ vv ,, $$ xx ]] }}

$$ yy ii== SS yymmbbpp [[ $$ yy ]] ]] :: {{ [[ $$ xx ii== ˜̃ PP [[ $$ xx == $$ yy ]] ]] :: 00 }} ,,

}[[ $$ yy ii== NNuummbbpp [[ $$ yy ]] ]] :: {{ [[ $$ xx ]] :: 00 }} ,, [[ $$ xx ]] :: {{ [[ $$ xx ]] :: 11 }} }

]]

#

## II [[ 77 ]] :: :: nn eewwdd ii ff ff [[ 22 xx ++ 33 ,, xx

#OO[[ 77 ]] :: 22

## II [[ 88 ]] :: :: tt :: (( xx ++ aa ++bb )) (( 33 // 22 xx ++ 22 bb )) (( 44 xx ++ 33 )) ++ xx ++ aa xx

))

#

##OO[[ 88 ]] :: xx ++ aa xx ++ (( 33 ++ 44 xx )) (( 22 bb ++ 33 xx // 22 )) (( aa ++ bb ++ xx

# II [[ 99 ]] :: :: nn eewwdd ii ff ff [[ tt ,, xx ]]

##OO[[ 99 ]] :: 11 ++ aa ++ (( 33 ++ 44 xx )) (( 33 aa // 22 ++ 77 bb // 22 ++ 33 xx )) ++ 44 (( 22 bb ++ 33 xx // 22 )) (( aa ++ bb ++ xx ))
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## II [[ 11 00 ]] :: :: EExx [[%%]]

22 22

#

##OO[[ 11 00 ]] :: 11 ++ 11 11 aa // 22 ++ 22 11 bb // 22 ++ 99 xx ++ 88 aa bb ++ 11 22 aa xx ++ 22 88 bb xx ++ 88 bb ++ 11 88 xx

# II [[ 11 11 ]] :: :: EExx [[ DD [[ tt ,, xx ]] ]]

22 22

#

##OO[[ 11 11 ]] :: 11 ++ 11 11 aa // 22 ++ 22 11 bb // 22 ++ 99 xx ++ 88 aa bb ++ 11 22 aa xx ++ 22 88 bb xx ++ 88 bb ++ 11 88 xx

# II [[ 11 22 ]] :: :: PPuu tt [[ nn eewwdd ii ff ff ,, dd ee ff dd ii ff ff ]] ;;

The rules for differentiation stated in mathematical form above were given as assignments for nn eewwdd ii ff ff in
e

g
lines 1 through 5. The resulting form for nn eewwdd ii ff ff was displayed in line 6. Examples of nn eewwdd ii ff ff wer

iven on lines 7 and 9, the latter being compared with the result obtained with the built-in differentiation pro-
jection DD on line 11. On line 12, the definitions for nn eewwdd ii ff ff were saved in the file dd ee ff dd ii ff ff :

nn eewwdd ii ff ff [[ $$ xx ]] :: {{ [[ $$ xx ]] :: 11 }}
}

nn
nn eewwdd ii ff ff [[ $$ yy ii== NNuummbbpp [[ $$ yy ]] ]] :: {{ [[ $$ xx ]] :: 00 }

eewwdd ii ff ff [[ $$ yy ii== SS yymmbbpp [[ $$ yy ]] ]] :: {{ [[ $$ xx ii== ˜̃ PP [[ $$ xx == $$ yy ]] ]] :: 00 }}
]]

nn
nn eewwdd ii ff ff [[ $$ uu ++ $$ $$ vv ,, $$ xx ]] :: :: nn eewwdd ii ff ff [[ $$ uu ,, $$ xx ]] ++ nn eewwdd ii ff ff [[ $$ $$ vv ,, $$ xx

eewwdd ii ff ff [[ $$ uu ** $$ $$ vv ,, $$ xx ]] :: :: $$ $$ vv ** nn eewwdd ii ff ff [[ $$ uu ,, $$ xx ]] ++ $$ uu ** nn eewwdd ii ff ff [[ $$ $$ vv ,, $$ xx ]]

n
l
On lines 2 and 3, NNuummbbpp [[ y ]] tests whether y is a number, and SS yymmbbpp [[ y ]] tests whether it is a symbol. I
ine 3, PP [[ expr ]] yields 11 if expr is 11 ("true") and 00 otherwise. Its use in this case implements the assump-

t
e
tion that distinct symbols represent independent variables. The generic symbol $$ uu in line 4 may represen
ither a composite expression or a single symbol and thus an independent variable. The alternative realized in

-
f
a particular case depends on the explicit form of $$ uu provided. To avoid evaluation before this form is speci
ied, delayed assignments are used in lines 4 and 5.

On lines 4 and 5, $$ $$ vv represents a sequence of arguments to PP ll uu ss and MMuu ll tt , and, through recursion,

w
applies to derivatives of sums and products with any number of terms. As discussed in sect. 3, use of $$ vv

ould give rules only for sums or products with exactly two terms.

-
t
Notice that in all assignments for nn eewwdd ii ff ff , there was no explicit requirement that the variable of differen
iation $$ xx be a symbol. Such a requirement may be introduced by use of $$ xx ii==SS yymmbbpp [[ $$ xx ]] rather than

I

$$ xx on the left-hand side in each case.

n contrast to the rather direct definition for nn eewwdd ii ff ff given above, conventional programming languages
would require a definition such as:

## II [[ 11 ]] :: :: nn eewwdd ii ff ff [[ $$ yy ,, $$ xx ]] :: :: SS ee ll [[ SS yymmbbpp [[ $$ yy ]] ,, II ff [[ PP [[ $$ yy == $$ xx ]] ,, 11 ,, 00 ]] ,, \\
\NNuummbbpp [[ $$ yy ]] ,, 00 ,, $$ yy [[ 00 ]] ==PP ll uu ss ,, nn eewwdd ii ff ff [[ $$ yy [[ 11 ]] ,, $$ xx ]] ++nn eewwdd ii ff ff [[ $$ yy [[ 22 ]] ,, $$ xx ]] ,, \

$$ yy [[ 00 ]] ==MMuu ll tt ,, $$ yy [[ 22 ]] nn eewwdd ii ff ff [[ $$ yy [[ 11 ]] ,, $$ xx ]] ++ $$ yy [[ 11 ]] nn eewwdd ii ff ff [[ $$ yy [[ 22 ]] ,, $$ xx ]] ]]

,,##OO[[ 11 ]] :: ´́ SS ee ll [[ SS yymmbbpp [[ $$ yy ]] ,, II ff [[ PP [[ $$ yy == $$ xx ]] ,, 11 ,, 00 ]] ,, NNuummbbpp [[ $$ yy ]] ,, 00 ,, $$ yy [[ 00 ]] == PP ll uu ss

nn eewwdd ii ff ff [[ $$ yy [[ 11 ]] ,, $$ xx ]] ++ nn eewwdd ii ff ff [[ $$ yy [[ 22 ]] ,, $$ xx ]] ,, $$ yy [[ 00 ]] == MMuu ll tt ,,

N

$$ yy [[ 22 ]] nn eewwdd ii ff ff [[ $$ yy [[ 11 ]] ,, $$ xx ]] ++ $$ yy [[ 11 ]] nn eewwdd ii ff ff [[ $$ yy [[ 22 ]] ,, $$ xx ]] ]]

otice that this assignment cannot treat sums and products containing more than two terms.

i
i
The "select" projection SS ee ll [[ pred1 ,, expr1 ,, pred2 ,, expr2 ,, . . . ]] tests each of the "predicate expressions" pred
n turn, yielding the expri associated with the first one found to be "true". II ff [[ pred ,, expr1 ,, expr2 ]] tests

I

pred, yielding expr1 if it is found to be "true" and expr2 if it is found "false".

n the second example the function nn eewwdd ii ff ff accepts any expression $$ yy as a first argument, and then uses
,

i
SS ee ll and II ff to test the possible forms of $$ yy and select an appropriate case. In the first example, however
ndividual assignment are given directly for each possible form, so that explicit SS ee ll or II ff tests are

r
e
unnecessary. The $$ yy [[ 00 ]] ==PP ll uu ss case in the SS ee ll of the second example is covered by an assignment fo
xpressions of the form $$ uu++ $$ $$ vv on line 4 of the first example. The terms in the sum are identified in the

tfirst example as $$ uu and $$ $$ vv . In the second example, they must be identified and extracted by the explici
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I

projections $$ yy [[ 11 ]] and $$ yy [[ 22 ]] .

n addition to its simplicity and directness, the approach used in the first example has the virtue that further

a
definitions may be given as additional assignments. In the second example, the entire SS ee ll must be rebuilt to
ccommodate the additional case.

For the next example, we consider a function f (x ) obeying the relations:

)(a ) f (n π) = −1 (n integern

)(b ) f (−x ) = −f (x

nn## II [[ 11 ]] :: :: ff [[ (( $$ nnii== II nn tt pp [[ $$ nn ]] )) PP ii ]] :: (( -- 11 )) ˆ̂ $$

$$ nn

#

##OO[[ 11 ]] :: (( -- 11 ))

# II [[ 22 ]] :: :: ff [[ 33PP ii ]]

#

##OO[[ 22 ]] :: -- 11

# II [[ 33 ]] :: :: ff [[ xx ]]

]]

#

##OO[[ 33 ]] :: ff [[ xx

# II [[ 44 ]] :: :: ff [[ NN [[ 33PP ii ]] ]]

]]

#

##OO[[ 44 ]] :: ff [[ 99 .. 44 22 44 77 88

# II [[ 55 ]] :: :: ff [[ $$ xxii==MMoo dd [[ $$ xx ,, !! NN [[ PP ii ]] ]] == 00 ]] :: (( -- 11 )) ˆ̂ (( $$ xx // NN [[ PP ii ]] ))

#

##OO[[ 55 ]] :: (( -- 11 ))
00 .. 33 11 88 33 11 $$ xx

# II [[ 66 ]] :: :: ff [[ NN [[ 33PP ii ]] ]]

#

##OO[[ 66 ]] :: -- 11

# II [[ 77 ]] :: :: ff [[ 33 ]]

]]

#

##OO[[ 77 ]] :: ff [[ 33

# II [[ 88 ]] :: :: ff [[ $$ xxii==NNcc [[ $$ xx ]] <<00 ]] :: -- ff [[ -- $$ xx ]]

#

##OO[[ 88 ]] :: -- ff [[ -- $$ xx ]]

# II [[ 99 ]] :: :: ff [[ -- xx ]] ++ ff [[ yy ]]

]]

T

##OO[[ 99 ]] :: -- ff [[ xx ]] ++ ff [[ yy

he assignment on line 1 implements relation (a) when PP ii appears explicitly. The assignment on line 4
n

MM
treats cases such as line 3 in which the argument of ff is a real number divisible by PP ii . The functio

oo dd [[ x ,, y ]] yields the remainder from the division of x by y.

e
r
The definition on line 5 requires the numerical value of PP ii . NN [[ PP ii ]] is evaluated immediately on th
ight-hand side of the assignment. However, in the condition on the left-hand side, NN [[ PP ii ]] would usually be

s
r
re-evaluated whenever the condition is tested. !! expr causes expr to be simplified on input, and thus avoid
e-evaluation in this case.

Line 8 uses the reflection formula (b) to produce a canonical form by removing any explicit overall minus sign
t

o
in the argument of ff . NNcc [[ x ]] gives the overall numerical coefficient of the expression x. When no explici
verall minus sign is present, projections of ff are left unchanged. If no condition had been given in the

b
assignment on line 8, ff [[ xx ]] would have been replaced by -- ff [[ -- xx ]] which would in turn have been replaced
y ff [[ xx ]] ad infinitum.
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e
r
We now consider manipulation of permutations (see also the external file XXPP ee rrmm). Permutations ar
epresented as usual by a list of integers giving the final positions of each element. The projection
cc oommpp [[ perm1 ,, perm2 ]] yields the permutation obtained by applying first perm1 then perm2 (composition).

## II [[ 11 ]] :: :: cc oommpp [[ $$ pp 11 ,, $$ pp 22 ]] :: :: AArr [[ LLee nn [[ $$ pp 11 ]] ,, $$ pp 22 [[ $$ pp 11 [[ $$ 11 ]] ]] ]]

#

##OO[[ 11 ]] :: ´́ AArr [[ LLee nn [[ $$ pp 11 ]] ,, $$ pp 22 [[ $$ pp 11 [[ $$ 11 ]] ]] ]]

# II [[ 22 ]] :: :: cc oommpp [[ {{ 33 ,, 22 ,, 11 }} ,, {{ 11 ,, 33 ,, 22 }} ]]

#

##OO[[ 22 ]] :: {{ 22 ,, 33 ,, 11 }}

# II [[ 33 ]] :: :: cc oommpp [[ {{ 22 ,, 33 ,, 11 }} ,, {{ 33 ,, 22 ,, 11 }} ,, {{ 11 ,, 33 ,, 22 }} ]]

]]

#

##OO[[ 33 ]] :: cc oommpp [[ {{ 22 ,, 33 ,, 11 }} ,, {{ 33 ,, 22 ,, 11 }} ,, {{ 11 ,, 33 ,, 22 }}

# II [[ 44 ]] :: :: cc oommpp [[ cc oommpp [[ {{ 22 ,, 33 ,, 11 }} ,, {{ 33 ,, 22 ,, 11 }} ]] ,, {{ 11 ,, 33 ,, 22 }} ]]

O

##OO[[ 44 ]] :: {{ 33 ,, 11 ,, 22 }}

n line 1, LLee nn [[ expr ]] gives the "length" of expr: the number of elements in a list, or the number of filters in
-

j
a projection. On line 2, $$ 11 in the definition of cc oommpp runs over the values 11 , 22 and 33 . The inner pro
ection in the template yields the position of each element after the first permutation; the outer projection then

gives the final position after the element has been subjected to the second permutation.

cc oommpp is defined on line 1 as a function of two arguments only. The expression on line 3 is therefore not

p
simplified. However, the mathematical operation of composition is associative, allowing composition of three
ermutations to be performed as on line 4. Notice that the arguments of the function cc oommpp on line 4 are

A

simplified before the function itself.

ssignment of the property FF ll aa tt causes cc oommpp to act as an associative n-ary function. This property may
be used in evaluating the composition of three permutations.

## II [[ 11 ]] :: :: ii cc oommpp [[ FF ll aa tt ]] :: 11

#

##OO[[ 11 ]] :: 11

# II [[ 22 ]] :: :: cc oommpp [[ $$ pp 11 ,, $$ pp 22 ]] :: :: AArr [[ LLee nn [[ $$ pp 11 ]] ,, $$ pp 22 [[ $$ pp 11 [[ $$ 11 ]] ]] ]]

#

##OO[[ 22 ]] :: ´́ AArr [[ LLee nn [[ $$ pp 11 ]] ,, $$ pp 22 [[ $$ pp 11 [[ $$ 11 ]] ]] ]]

# II [[ 33 ]] :: :: cc oommpp [[ {{ 22 ,, 33 ,, 11 }} ,, {{ 33 ,, 22 ,, 11 }} ,, {{ 11 ,, 33 ,, 22 }} ]]

#

##OO[[ 33 ]] :: {{ 33 ,, 11 ,, 22 }}

# II [[ 44 ]] :: :: PPuu tt [[ cc oommpp ,, pp ee rrmmss ]]

##OO[[ 44 ]] :: {{ [[ [[ $$ pp 11 ,, $$ pp 22 ]] ]] :: :: AArr [[ LLee nn [[ $$ pp 11 ]] ,, $$ pp 22 [[ $$ pp 11 [[ $$ 11 ]] ]] ]] }}

#

## II [[ 55 ]] :: :: ff [[ ff [[ aa ,, bb ]] ,, cc ]]

#OO[[ 55 ]] :: ff [[ ff [[ aa ,, bb ]] ,, cc ]]

#

## II [[ 66 ]] :: :: ff ii :: FF ll aa tt

#OO[[ 66 ]] :: FF ll aa tt

]]

#

## II [[ 77 ]] :: :: ff [[ ff [[ aa ,, bb ]] ,, cc

#OO[[ 77 ]] :: ff [[ aa ,, bb ,, cc ]]

#

## II [[ 88 ]] :: :: ii ff

#OO[[ 88 ]] :: {{ [[ FF ll aa tt ]] :: 11 }}
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-
t
Line 6 defines ff to have the property FF ll aa tt . The nested projection on line 5 is then reduced to a "flat
ened" canonical form on line 7. The built-in functions PP ll uu ss , MMuu ll tt and DDoo tt also carry the property

A

FF ll aa tt , so that (( aa++bb )) ++ cc is reduced to aa++bb++ cc .

ny properties or attributes assigned to a symbol s are given in the list iis. When a symbol carries a property
.

T
prop, a nonzero entry iis [[ prop ]] appears in the list iis. Line 8 shows that ff carries the property FF ll aa tt

he form sii :: prop used on line 6 is a short notation for iis [[ prop ]] :: 11 . Projections of iis may be assigned

P

or removed just like projections of a symbol.

roperties are used to specify many characteristics of projections. Projections carrying the property CCoommmm
y

RR
are treated as commutative functions, and their arguments are sorted into a canonical order. The propert

ee oo rr may be used to specify more complicated reordering symmetries for the filters of a projection (as

r
required for indicial tensors). For example, iis [[ RRee oo rr ]] :: AAss yymm defines s to be totally antisymmetric with
espect to reordering of its arguments.

When a projection carrying the property LLdd ii ss tt has lists as its filters, the projection is applied separately to
,

a
each element of the lists, yielding a list of the results. All common mathematical functions have this property
s illustrated in sect. 2.

aiib assigns the symbol a to have the "type" b, and to share any properties of b. Such assignments are often

I

required to distinguish objects of different classes when using external files.

t is often convenient to represent several related functions as projections from the same object, distinguishing
e

g
them by the number of arguments given. Thus both the ordinary gamma function Γ(x ) and the incomplet

amma function Γ(x ,a ) are represented as projections of GGaammmmaa . Projections with fewer filters usually
y

g
correspond to functions obtained when omitted arguments take on simple "default" values. The ordinar
amma function is obtained from Γ(x ,a ) when a =0.

Assignment of the property TT ii ee rr to a symbol s indicates that projections of s with different numbers of

o
filters represent different functions. Without TT ii ee rr , an additional filter in a projection represents extraction
f a deeper subpart of the same function or object. ff [[ 11 ,, 22 ]] is then equivalent to ff [[ 11 ]] [[ 22 ]] . When ff

s
a
has the property TT ii ee rr , however, ff [[ 11 ,, 22 ]] and ff [[ 11 ]] [[ 22 ]] are distinguished. Most built-in function
llow several optional arguments used to specify their action more precisely; they therefore carry the property

C

TT ii ee rr .

omposition may be considered as the analogue for permutations of the DDoo tt operation. Lists used to
srepresent permutations may be distinguished from other lists by enclosing them in a projection a

PP ee rrmm[[ list ]] . No value is assigned to PP ee rrmm; it is merely used to identify permutation lists.

#

## II [[ 11 ]] :: :: PP ee rrmm[[ $$ ll 11 ]] .. PP ee rrmm[[ $$ ll 22 ]] :: :: PP ee rrmm[[ cc oommpp [[ $$ ll 11 ,, $$ ll 22 ]] ]]

#OO[[ 11 ]] :: ´́ PP ee rrmm[[ cc oommpp [[ $$ ll 11 ,, $$ ll 22 ]] ]]

]]

#

## II [[ 22 ]] :: :: PP ee rrmm[[ {{ 22 ,, 33 ,, 11 }} ]] .. PP ee rrmm[[ {{ 33 ,, 22 ,, 11 }} ]] .. PP ee rrmm[[ {{ 11 ,, 33 ,, 22 }}

#OO[[ 22 ]] :: PP ee rrmm[[ cc oommpp [[ cc oommpp [[ {{ 22 ,, 33 ,, 11 }} ,, {{ 33 ,, 22 ,, 11 }} ]] ,, {{ 11 ,, 33 ,, 22 }} ]] ]]

#

## II [[ 33 ]] :: :: <<pp ee rrmmss

#OO[[ 33 ]] :: ´́ AArr [[ LLee nn [[ $$ pp 11 ]] ,, $$ pp 22 [[ $$ pp 11 [[ $$ 11 ]] ]] ]]

#

## II [[ 44 ]] :: :: @@22

#OO[[ 44 ]] :: PP ee rrmm[[ {{ 33 ,, 11 ,, 22 }} ]]

## II [[ 55 ]] :: :: iiPP ee rrmm[[ PP rr ]] [[ $$ xx ]] :: :: FFmmtt [[ {{ {{ 00 ,, 00 }} ,, {{ 11 ,, 11 }} ,, {{ 11 ,, -- 11 }} ,, {{ 22 ,, 00 }} }} ,, "" [[ "" ,, $$ xx ,, AArr [[ LLee nn [[ $$ xx ]] ]] ,, "" ]] "" ]]

$$ xx
]]##OO[[ 55 ]] :: ´́ [[

AArr [[ LLee nn [[ $$ xx ]] ]]
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## II [[ 66 ]] :: :: @@44

{{ 33 ,, 11 ,, 22 }}
]]##OO[[ 66 ]] :: ** [[

{{ 11 ,, 22 ,, 33 }}

PP

## II [[ 77 ]] :: :: LLpp rr [[%%]]

ee rrmm[[ {{ 33 ,, 11 ,, 22 }} ]]

## II [[ 88 ]] :: :: PP ee rrmm[[ {{ 22 ,, 11 ,, 33 ,, 44 }} ]] .. PP ee rrmm[[ {{ 11 ,, 44 ,, 22 ,, 33 }} ]]

{{ 44 ,, 11 ,, 22 ,, 33 }}
]]##OO[[ 88 ]] :: ** [[

{{ 11 ,, 22 ,, 33 ,, 44 }}

Line 5 defines a special output form for PP ee rrmm. When a suitable property is defined, projections from f are

p
printed in the form assigned for the corresponding projections of iif [[ PP rr ]] . FFmmtt [[ spec ,, expr1 ,, expr2 ,, . . . ]]

rints with the expressions expr1, expr2, . . . in relative positions defined by the lists of horizontal and vertical

I

offsets in spec. LLpp rr prints expressions without using special output forms, as on line 7.

f permutations are represented as ordinary lists, composition may be represented by a special input form.

#

## II [[ 11 ]] :: :: SS xx ss ee tt [[ "" <<>>"" ,, cc oommpp ,, 44 ]]

#OO[[ 11 ]] :: cc oommpp

## II [[ 22 ]] :: :: {{ 22 ,, 33 ,, 11 }}<<>>{{ 33 ,, 22 ,, 11 }}<<>>{{ 11 ,, 33 ,, 22 }}

]]

#

##OO[[ 22 ]] :: cc oommpp [[ {{ 22 ,, 33 ,, 11 }} ,, cc oommpp [[ {{ 33 ,, 22 ,, 11 }} ,, {{ 11 ,, 33 ,, 22 }} ]]

# II [[ 33 ]] :: :: <<pp ee rrmmss

##OO[[ 33 ]] :: ´́ AArr [[ LLee nn [[ $$ pp 11 ]] ,, $$ pp 22 [[ $$ pp 11 [[ $$ 11 ]] ]] ]]

#

## II [[ 44 ]] :: :: @@22

#OO[[ 44 ]] :: {{ 33 ,, 11 ,, 22 }}

Line 1 defines <<>> to be an operator of class 4 [2.11] representing cc oommpp.

e
t
External files in the SMP Library serve as further examples. See particularly the files XXLLaa pp (Laplac
ransforms), XXGGrr (graph theory) and XXFF rr aa cc (fractions).
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99.. PPrrooggrraammmmiinngg

Assignments may be considered to define programs. In most of the cases discussed above, the "programs" have
a

s
involved only mathematical functions or single SMP commands. In some cases, it is necessary to use
equence of commands to manipulate or transform an expression.

s
t
In the simplest case, the sequence is formed by nesting commands. The nested projection f [[ g [[ x ]] ]] perform
he command g on the expression x, and then performs f on the result. This method is adequate when the out-

A

put from each step is required only as the input to the next step.

procedure consists of a sequence of independent commands. The commands are given in order, and
s

t
separated by semicolons. Procedures are necessary for manipulations which require intermediate expression
o be used repeatedly. Such expressions may be assigned as the values of temporary "local" variables in a pro-

c
cedure. LLcc ll [[ x1 ,, x2 ,, . . . ]] defines x1, x2, . . . to be local variables whose original values are restored upon
ompletion of the procedure.

]]## II [[ 11 ]] :: :: EExx [[ (( 11 ++ xx ++ aa )) ˆ̂ 33

22 22 22 33 22 33

#

##OO[[ 11 ]] :: 11 ++ 33 aa ++ 33 xx ++ 66 aa xx ++ 33 aa xx ++ 33 aa xx ++ 33 aa ++ aa ++ 33 xx ++ xx

# II [[ 22 ]] :: :: CCoo ee ff [[ xx ,,%%]]

22

#

##OO[[ 22 ]] :: 33 ++ 66 aa ++ 33 aa

# II [[ 33 ]] :: :: FFaa cc [[%%]]

22

#

##OO[[ 33 ]] :: 33 (( 11 ++ aa ))

# II [[ 44 ]] :: :: FFaa cc [[ CCoo ee ff [[ xx ,, EExx [[ (( 11 ++ xx ++ aa )) ˆ̂ 33 ]] ]] ]]

#

##OO[[ 44 ]] :: 33 (( 11 ++ aa ))
22

# II [[ 55 ]] :: :: tt :: EExx [[ (( 11 ++ xx ++ aa )) ˆ̂ 33 ]] ;; tt :: CCoo ee ff [[ xx ,, tt ]] ;; tt :: FFaa cc [[ tt ]]

#

##OO[[ 55 ]] :: 33 (( 11 ++ aa ))
22

# II [[ 66 ]] :: :: tt

22

#

##OO[[ 66 ]] :: 33 (( 11 ++ aa ))

# II [[ 77 ]] :: :: tt :: EExx [[ (( 11 ++ xx ++ aa )) ˆ̂ 33 ]] ;; tt :: CCoo ee ff [[ xx ,, tt ]] ++CCoo ee ff [[ xx ˆ̂ 22 ,, tt ]] ;; FFaa cc [[ tt ]]

#

##OO[[ 77 ]] :: 33 (( 11 ++ aa )) (( 22 ++ aa ))

# II [[ 88 ]] :: :: tt

22

#

##OO[[ 88 ]] :: 66 ++ 99 aa ++ 33 aa

# II [[ 99 ]] :: :: LLcc ll [[ tt ]] ;; tt :: EExx [[ (( 11 ++ xx ++ aa )) ˆ̂ 33 ]] ;; tt :: CCoo ee ff [[ xx ˆ̂ 22 ,, tt ]] // CCoo ee ff [[ xx ,, tt ]]

33 ++ 33 aa
--##OO[[ 99 ]] :: -- -- -- -- -- -- -- -- -- -- -- --
22

33 ++ 66 aa ++ 33 aa

tt## II [[ 11 00 ]] :: ::

22
##OO[[ 11 00 ]] :: 66 ++ 99 aa ++ 33 aa
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s
w
In lines 1, 2 and 3, a succession of commands were used on a single expression. On line 4, the command

ere nested together. In line 5, the commands were performed sequentially in a procedure, using tt to carry
e

v
intermediate results. Note that even after the procedure has been completed, tt retained the last intermediat
alue assigned to it in the procedure.

In the procedure on line 7, the intermediate result from EExx was used twice; to perform the same operation
e

w
using nested commands would have required two separate invocations of EExx . On line 9, a similar procedur

as executed, but with tt defined as a local variable. The original value of tt was then restored on exit from

V

the procedure, as shown on line 10.

ariables used only in intermediate stages of a procedure should be defined as local to avoid potential con-

n
flicts with existing or future variables of the same name used outside the procedure. It is conventional for the
ames of local variables to start with %%.

If a procedure contains conditional statements ( II ff or SS ee ll ), the result of the procedure may be returned
e

p
before the final expression in the procedure is executed. When RRee tt [[ expr ]] is encountered in a procedure, th
rocedure is terminated, and the result expr is returned.

A procedure may contain invocations of further procedures. In a set of nested procedures, a variable defined as
.

RR
local in an outer procedure is shared with all inner procedures in which it is not explicitly defined as local

ee tt [[ expr ,, n ]] returns the value expr through n nested procedures.

s
r
It is often necessary to perform an operation repetitively a fixed number of times, or until a particular form i
eached. Many SMP functions may be specified to apply an operation repeatedly. For example,

c
SS [[ expr ,, a -- >>b ,, n ]] performs substitutions in expr using the replacement a -- >>b successively until no further
hange occurs, or at most n times.

LLoo oo pp [[ cond ,, expr ]] simplifies expr repetitively until the condition cond ceases to be "true".

#

## II [[ 11 ]] :: :: SS [[ xx ,, $$ xx -- >> ff [[ $$ xx ]] ]]

#OO[[ 11 ]] :: ff [[ xx ]]

## II [[ 22 ]] :: :: SS [[ xx ,, $$ xx -- >> ff [[ $$ xx ]] ,, 44 ]]

#

##OO[[ 22 ]] :: ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]]

# II [[ 33 ]] :: :: tt :: xx ;; nn :: 00 ;; LLoo oo pp [[ nn<<44 ,, tt :: ff [[ tt ]] ;; II nn cc [[ nn ]] ]] ;; tt

#

##OO[[ 33 ]] :: ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]]

# II [[ 44 ]] :: :: FFoo rr [[ tt :: xx ;; nn :: 00 ,, nn<<44 ,, II nn cc [[ nn ]] ,, tt :: ff [[ tt ]] ]]

#

##OO[[ 44 ]] :: ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]]

# II [[ 55 ]] :: :: tt :: xx ;; DDoo [[ ii ,, 44 ,, tt :: ff [[ tt ]] ]]

II

##OO[[ 55 ]] :: ff [[ ff [[ ff [[ ff [[ xx ]] ]] ]] ]]

nn cc [[ x ]] increments the value of x by 11 .

sA natural mathematical definition of the Fibonacci numbers i

f (n ) = f (n −1) + f (n −2) (a)

)

T

f (1) = f (2) =1 (b

he evaluation of Fibonacci numbers using this definition requires nested "recursive" application of the func-
tion f. f is used repeatedly until the end conditions (b) are encountered.

## II [[ 11 ]] :: :: ff [[ $$ nn ]] :: ff [[ $$ nn -- 11 ]] ++ ff [[ $$ nn -- 22 ]]

]]##OO[[ 11 ]] :: ff [[ -- 22 ++ $$ nn ]] ++ ff [[ -- 11 ++ $$ nn
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#

## II [[ 22 ]] :: :: ff [[ 11 ]] :: ff [[ 22 ]] :: 11

#OO[[ 22 ]] :: 11

]]

#

## II [[ 33 ]] :: :: ff [[ 33

#OO[[ 33 ]] :: 22

]]

#

## II [[ 44 ]] :: :: ff [[ 11 00

#OO[[ 44 ]] :: 55 55

## II [[ 55 ]] :: :: gg [[ $$ nn ]] :: :: (( gg [[ $$ nn ]] :: gg [[ $$ nn -- 11 ]] ++ gg [[ $$ nn -- 22 ]] ))

]]

#

##OO[[ 55 ]] :: ´́ gg [[ $$ nn ]] :: gg [[ $$ nn -- 11 ]] ++ gg [[ $$ nn -- 22

# II [[ 66 ]] :: :: gg [[ 11 ]] :: gg [[ 22 ]] :: 11

#

##OO[[ 66 ]] :: 11

# II [[ 77 ]] :: :: ff

##OO[[ 77 ]] :: {{ [[ 11 ]] :: 11 ,, [[ 22 ]] :: 11 ,, [[ $$ nn ]] :: ff [[ -- 22 ++ $$ nn ]] ++ ff [[ -- 11 ++ $$ nn ]] }}

#

## II [[ 88 ]] :: :: gg

#OO[[ 88 ]] :: {{ [[ 11 ]] :: 11 ,, [[ 22 ]] :: 11 ,, [[ $$ nn ]] :: :: gg [[ $$ nn ]] :: gg [[ $$ nn -- 11 ]] ++ gg [[ $$ nn -- 22 ]] }}

#

## II [[ 99 ]] :: :: gg [[ 55 ]]

#OO[[ 99 ]] :: 55

gg

#

## II [[ 11 00 ]] :: ::

#OO[[ 11 00 ]] :: {{ [[ 55 ]] :: 55 ,, [[ 44 ]] :: 33 ,, [[ 33 ]] :: 22 ,, [[ 11 ]] :: 11 ,, [[ 22 ]] :: 11 ,,

}

T

[[ $$ nn ]] :: :: gg [[ $$ nn ]] :: gg [[ $$ nn -- 11 ]] ++ gg [[ $$ nn -- 22 ]] }

he function gg on line 5 is defined to be a program which recursively computes values of gg and then stores
r

a
the result ("dynamic programming"). After the evaluation of gg [[ 55 ]] the list gg contains the explicit values fo
ll the cases computed, as shown on line 10.

Many common definitions implicitly use recursion. For example, LLoo gg [[ $$ xx

LL
$$ $$ xx ]] :: LLoo gg [[ $$ xx ]] ++LLoo gg [[ $$ $$ xx ]] is applied recursively to LLoo gg [[ aa bb cc ]] to yield first LLoo gg [[ bb cc ]] ++

oo gg [[ aa ]] and then LLoo gg [[ aa ]] ++ LLoo gg [[ bb ]] ++ LLoo gg [[ cc ]] .

nRecursive assignments are used until end conditions are encountered. Use of the definitio

f (n ) = f (n +2) − f (n +1)

would miss the end conditions and cause the attempted evaluation of say f(4) to continue forever. SS allows

r
recursive replacements to be applied a fixed number of times, instead of continuing until end conditions are
eached.

In investigating or verifying the operation of a definition or program, it is often convenient to assign
fii :: TTrr aa cc ee so that each projection from f is printed before evaluation.

## II [[ 11 ]] :: :: LLoo gg [[ $$ xx $$ $$ xx ]] :: LLoo gg [[ $$ xx ]] ++LLoo gg [[ $$ $$ xx ]]

#

##OO[[ 11 ]] :: LLoo gg [[ $$ xx ]] ++ LLoo gg [[ $$ $$ xx ]]

# II [[ 22 ]] :: :: LLoo ggii :: TTrr aa cc ee

##OO[[ 22 ]] :: TTrr aa cc ee
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LL

## II [[ 33 ]] :: :: LLoo gg [[ aa bb cc dd ee ]]

oo gg [[ aa bb cc dd ee ]]

LL

LLoo gg [[ aa ]]

oo gg [[ bb cc dd ee ]]

LL

LLoo gg [[ bb ]]

oo gg [[ cc dd ee ]]

LL

LLoo gg [[ cc ]]

oo gg [[ dd ee ]]

LL

LLoo gg [[ dd ]]

oo gg [[ ee ]]

##OO[[ 33 ]] :: LLoo gg [[ aa ]] ++ LLoo gg [[ bb ]] ++ LLoo gg [[ cc ]] ++ LLoo gg [[ dd ]] ++ LLoo gg [[ ee ]]

y
i
Many programs require arguments of particular types. For example, the Fibonacci program above allows onl
nteger arguments. Such type restrictions are enforced by placing conditions on the input variables:

t
ff [[ $$ nnii==NNaa tt pp [[ $$ nn ]] ]] :: ff [[ $$ nn -- 11 ]] ++ ff [[ $$ nn -- 22 ]] defines the reduction of ff [[ $$ nn ]] only when $$ nn is a posi-
ive integer.

Expressions are usually simplified whenever they appear. However, in assignments performed with :: :: , the
s

u
expression on the right hand side is not immediately simplified. It is simplified each time the assignment i
sed, after generic symbols have been replaced by the specific values required. Use of :: :: in the definition

d
s
of the Fibonacci function gg [[ $$ nn ]] above causes the assignment on the right-hand side to be performe
eparately for each value of $$ nn. Whenever simplification of an expression or program on the right-hand side

-
t
of an assignment followed by replacements for generic symbols would yield a different result from simplifica
ion after the replacement of particular values for generic symbols, a delayed assignment :: :: should be used.

s
This case is realized when structural operations are performed on the expressions represented by the generic
ymbols, or when an assignment occurs.

Only values of arguments are usually passed to functions. However, when projections or assignments of an
-

d
argument are required, it is necessary to pass the argument "by name" in an unsimplified form. Some system
efined functions automatically maintain their arguments in unsimplified form. For example, in aa :: 11 , aa is

t
maintained unsimplified. In !! aa :: 11 , aa is simplified before assignment. If the value of aa were bb, then in
his case, bb rather than aa would be assigned the value 11 . Similarly, functions such as PP ll uu ss to be used as

T

templates are passed in an unevaluated form.

he simplification of any expression may be prevented by explicit use of ´́ . ´́ expr is an expression
e

"
equivalent to expr, but maintained in an unsimplified form. Structural operations may be performed on th
frozen" or "held" expression ´́ expr just as on expr, but the results are left unsimplified until explicitly

E

"released" by RRee ll [[ expr ]] .

xternal files in the SMP Library serve as further examples. See particularly XXHHoo rr nn (Horner representation
of a polynomial), XXLL II tt pp (Lagrangian interpolation) and XXYYoo uunn gg (Young graphs for group theory).
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T

1100.. EEppiilloogguuee

he reader of this primer should by now have a gained a basic working knowledge of SMP. Experience with

C

an actual SMP system is crucial in consolidating and extending this knowledge.

asual reading of the Reference Manual and the external files in the SMP Library will indicate further capabil-

T

ities and facilities of SMP.

he keyword indices to the Reference Manual and to the Library may be used to locate a detailed description
n

e
of facilities relevant to a specific calculation or application. In some cases, a single built-in function, or a
xisting library function, may perform the complete calculation required. In all but the most mundane cases,

c
however, several functions will be required. The first time a complicated operation is performed, it may be
onvenient to carry out each step on a separate line, inspecting and checking the intermediate results. How-

a
ever, once the procedure for the operation is clear, a single function should be devised to implement it. It is
lmost always worthwhile to give the most general definition feasible, and to save it in an external file; later

.
I
changes of parameters or interpretation may then be investigated without devising necessary definitions again
t is usually valuable to include a short commentary with each external file describing the operation or nature

A

of the definitions given.

n operation or construct requires precise formulation to be defined in SMP. Mathematical definitions may
-

m
very often be used directly in SMP. Definitions of procedures are often more difficult and lengthy to imple

ent.

The appearance of global variables in definitions should usually be avoided: when the definition is used again,

S

the values of the variables may have been changed.

eparate functions should be defined for each part of a complicated operation, and controlled by an overall

W

dispatching function.

hen no complicated mathematical formulae are involved, a rough rule is that individual SMP definitions

d
should usually be less than two or three lines long. If they are longer, an alternative formulation is probably
esirable. The shorter its definition, the easier a function is to test, verify and understand.

-
s
Once a definition has been devised, it should be checked carefully. Incorrect definitions may often give plau
ible results. Simple cases with known results should be tried to verify the defintion and its implementation.

d
d
It is common for a definition or function not to behave in the way intended or expected. To understan
iscrepancies, it is often valuable to trace the operations by hand in a simple case.

r
i
SMP does what it is defined or programmed to do exactly and pedantically. It can determine what the use
ntends only through the definitions given.

If an unexpected result is obtained, it is always possible that SMP may be in error. Such errors should be con-
-

i
sidered as a very last resort in tracing the source of a difficulty. The definitions given should first be exam
ned and investigated in extreme detail.

When performing a calculation, needless complication should be avoided. A more complicated calculation will

n
take longer to perform, and the result will often be lengthy and difficult to assimilate. There is nevertheless
o limit in principle to the size of calculations and expressions handled by SMP. (Some installations may how-

S

ever impose limits.) SMP was in fact designed to perform calculations of extreme complexity.

MP is a very concise language. Very complicated operations can be specified on a single input line, so that

l
the processing of the line may require a substantial amount of time. The internal operation of SMP is neverthe-
ess extremely efficient.

Most scientific investigations involve three phases: development of conceptual framework, mundane calcula-

g
tion and interpretation and exposition of results. It is in the second of these phases that SMP may be used to
reatest advantage. It should enable calculations to be performed quickly and without error, and make accessi-

a
ble problems of immense complexity. Judging from the authors´ experience, it will prove an invaluable aid in
lmost any scientific investigation.
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S

AAppppeennddiixx SSoommee ccoommmmoonn ddiiffffiiccuullttiieess

ome of the commoner difficulties encountered by SMP users are collected here.

.1. A "system-defined" projection is returned unsimplified when simplification is expected

All system-defined projections begin with capital letters. EExx [[ (( xx++ 11 )) (( xx -- 11 )) ]] will work;

C

ee xx [[ (( xx++ 11 )) (( xx -- 11 )) ]] will not.

heck the spelling of names for system-defined objects.

t
p
Filters for system-defined projections ("arguments" to "functions") are enclosed in square brackets, no
arentheses.

2. An input expression is not printed as expected.

xx

11 // 22 xx means (( 11 // 22 )) ** xx not 11 // (( 22 xx )) .

ˆ̂ 22 aa means (( xx ˆ̂ 22 )) ** aa not xx ˆ̂ (( 22 aa )) .

.

F

aa // bb // cc means aa // (( bb ** cc )) not (( aa ** cc )) // bb

ilters for projections are given in square brackets: ff (( xx )) means ff ** xx not ff [[ xx ]] .

3

aa bb is a single symbol, not the product of symbols aa bb or aa ** bb.

. SMP runs for a long time without printing a result.

.

E

Try to stop processing using ⊂ quit interrupt⊃ or ⊂ break interrupt⊃
stimate how complicated the calculation requested should have been. Try an analogous but simpler

A

calculation.

non-terminating recursive assignment may have been performed. Investigate relevant assignments to
e

c
see whether a special case of the left-hand side may appear on the right-hand side. If so, insert suitabl
onditions to prevent infinite recursion. If the assignment itself leads to infinite recursion, use :: :: rather

A

than :: .

non-terminating sequence of substitutions may have been specified through SS or SS ii . In SS projec-

A

tions, the last filter may be a repetition count: a level specification must be given as second-to-last filter.

non-terminating FFoo rr or DDoo loop may have been invoked; usually these yield a processing impasse

4

after 1000 iterations. A non-terminating recursive projection definition may have been made and used.

. A strange result involving unexpected objects is obtained.

e
v
Some of the objects used in the current expression were probably assigned values earlier in the job. Th
alue of expr is removed by expr :: .

Subexpressions may be simplified when not intended: ´́ expr is equivalent to expr but remains in an

S

unsimplified form.

ee also 5.

5. An input ambiguity is reported on an input line with apparently correct syntax.

.

N

Syntax modifications may have been performed. These are removed by SS xx ss ee tt [[ ]]

on-printing characters may have been entered. Re-type the input line. Multiplication must be input as

6

an explicit ** when ⊂ space⊃ would be ambiguous: aa <<bb means GGtt [[ bb ,, aa ]] not aa **<<bb.

. An assignment is not used when expected, or a pattern does not match as expected.

s
n
ff [[ xx ]] :: xx ˆ̂ 22 assigns the value of the projection ff [[ xx ]] with the particular filter xx to be xx ˆ̂ 22 , and ha
o consequences for ff [[ yy ]] . ff [[ $$ xx ]] :: $$ xx ˆ̂ 22 assigns the projection of ff with an arbitrary expression

xx

$$ xx to be $$ xx ˆ̂ 22 .

ˆ̂ $$ nn :: expr does not assign a value for xx . Similarly, $$ xx++ xx :: expr, $$ xx xx :: expr and xx // $$ xx :: expr do
not assign values for xx .

ff [[ $$ xx++ $$ yy ,, $$ xx -- $$ yy ]] :: expr does not assign a value for ff [[ 44 ,, 11 ]] .
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ff [[ $$ xx++ $$ yy ]] :: expr assigns a value for ff [[ xx++ yy ]] but not for ff [[ xx++ yy++ zz ]] ; ff [[ $$ xx++ $$ $$ yy ]] assigns a
value for any number of summands.

ff [[ 11 -- $$ xx ,, $$ xx ]] does not match ff [[ aa ,, 11 -- aa ]] since 11 -- $$ xx and 11 -- 11++ aa do not match, because
PP ll uu ss is a projection with property FF ll aa tt ; ff [[ 11 -- $$ $$ xx ,, $$ $$ xx ]] would match.

ff [[ $$ $$ xx ii== (( LLee nn [[ $$ $$ xx ]] >>33 )) ]] :: expr causes ff [[ aa ,, bb ,, cc ,, dd ]] to test LLee nn [[ aa ,, bb ,, cc ,, dd ]] ;

f
ff [[ $$ $$ xx ii== (( LLee nn [[ LL ii ss tt [[ $$ $$ xx ]] ]] >>33 )) ]] is a suitable test for projections of ff with more than three
ilters.

Properties such as FF ll aa tt , TT ii ee rr and CCoommmm should be assigned to projections before any values are

I

assigned to the projections.

ndices in lists are not simplified or modified except when they are first assigned.

7

ff [[ $$ xx ]] :: == $$ xx ˆ̂ 22 specifies a syntax modification, not an assignment.

. The value obtained from a projection is not the one which was supposed to have been assigned, or

P

which appears to be present.

ositions of parts are determined by the simplified form of an expressions. Particularly in commutative
functions, positions of parts may change when assignments for other parts are made.

ff [[ $$ xx ]] :: SS [[ $$ xx ,, xx -- >>11 ]] makes the assignment ff [[ $$ xx ]] :: $$ xx; ff [[ $$ xx ]] :: :: SS [[ $$ xx ,, xx -- >>11 ]] is a delayed

I

assignment which defines the SS to be simplified again for each specific form of $$ xx provided.

f a projection unexpectedly yields a list, the projection requested probably had a different number of
filters from the one assigned. Alternatively, the projection should have been assigned property TT ii ee rr ..

aa :: bb ;; cc means (( aa :: bb )) ;; cc nn oo tt aa :: (( bb ;; cc )) .

Expressions may be printed in a form which differs from their internal form. Such expressions are indi-

o
cated by a ** at the beginning of output. Direct forms in which labelling of parts are manifest is

btained by LLpp rr .

8. A replacement in an SS projection did not behave as expected.

d
r
ff [[ $$ xx ]] -- >>SS [[ $$ xx ,, xx -- >>11 ]] becomes ff [[ $$ xx ]] -- >>$$ xx; ff [[ $$ xx ]] -- -- >>SS [[ $$ xx ,, xx -- >>11 ]] is a delaye
eplacement which causes the SS projection to be simplified again each time the replacement is used.

a
r
Unless the rpt filter is specified, SS does not perform further replacements on expressions obtained as
esult of replacements.

.9. RRuunn or << failed to find the specified files

All file names must be symbols: ssmmpp .. ii nn must therefore be written as "" ssmmpp .. ii nn "" .

10. A template was not used as expected.

Generic symbols in a template are ordered lexically (with $$ $$ xx before $$%%xx before $$ xx) and associated
y

p
with expressions in that order. In a sequence of nested template applications, the outermost is usuall
erformed first.

AApp [[ ff [[ xx ]] ,, {{ 11 }} ]] yields PP rr oo jj [[ ff [[ xx ]] ,, {{ 11 }} ]] ; AApp [[ `̀ ff [[ xx ]] ,, {{ 11 }} ]] yields ff [[ xx ]] .

Templates are not simplified before use, except when given as !! temp.
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T

GGlloossssaarryy

erminology or usage specific to SMP is indicated by *.
.

a

References are to sections in the summary/reference manual

arrrraayy Example of a contiguous list.

AASSCCIIII "American Standard Code for Information Interchange"; a standard set of numerical codes for charac-

*

ters.

aassssiiggnnmmeenntt The association of an attribute (usually value) to an expression [3.2]; definition; assertion;

a

assumption; declaration.

assyynncchhrroonnoouuss Not occuring in a fixed time sequence.

.

*

bbiinnaarryy ffiillee File containing direct binary machine code instructions

bblloocckk Unit of computer memory (usually 16 bytes); space required to store one symbol.

.

b

bbrreeaakk iinntteerrrruupptt Real time interrupt used to suspend processing and enter an interactive subsidiary procedure

buuffffeerr Temporary text storage region.

.

b

bbuugg An error in a program or procedure

buuss eerrrroorr A class of program errors involving illegal memory fetches.

C

bbyyttee Usually 8 binary bits of computer memory.

C The programming language in which SMP was written.

.

*

* cchhaammeelleeoonniicc eexxpprreessssiioonn An expression containing chameleonic symbols [2.8]

cchhaammeelleeoonniicc ssyymmbbooll Symbol whose name changes whenever it is evaluated [2.8].

c

cchhaarraacctteerr ssttrriinngg See ssttrriinngg.

coommmmeenntt Input text used for descriptive purposes and not processed [2.9].

.

*

ccoommppiilleerr Program for transforming code in a high-level language into machine code

ccoonnttiigguuoouuss lliisstt A list whose indices are successive integers starting at 1 [2.4].

.

c

ccoonnttrrooll cchhaarraacctteerr Character typed at a terminal while "CTRL" key is depressed

coorree Main computer memory.

.

*

CCPPUU Central processing unit; processor

ccrriitteerriioonn Template [2.7] applied to expressions to determine whether an operation should be preformed on

d

them.

daattaa ssppaaccee Portion of computer memory used to store expressions manipulated in a job.

d

* ddeeaassssiiggnnmmeenntt The removal of an attribute (usually value) from an expression [3.2].

deeffaauulltt Attribute assumed if not explicitly specified; "standard".

.

*

* ddeellaayyeedd vvaalluuee A value maintained in an unsimplified form, and simplified afresh when used [3.2]

ddeepptthh The maximum number of filters necessary to specify any part of an expression [2.5].

*

* ddoommaaiinn A set of parts in an expression [2.5].

eeddiittoorr Interactive facility for performing textual modifications on input lines [1.7].

*

* eennttrryy Expression appearing in a list [2.4].

eevvaalluuaattiioonn Process of replacing symbols and projections by values assigned to them [3.7].

*

eexxcceeppttiioonn Processing error detected by CPU.

eexxpprreessssiioonn Combination of symbols, projections and lists manipulated by SMP [2.5].

e

* eexxtteennssiioonn See ttyyppee eexxtteennssiioonn.

exxtteerrnnaall ffiillee A file containing SMP expressions to be input when required [1.4].
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exxtteerrnnaall pprrooggrraamm A program to be run in the monitor taking input from SMP and passing input back to

f

SMP.

fiillee A named area (usually on a magnetic disk) used to provide long-term storage of text or data.

*

* ffiilltteerr An expression appearing in a projection [2.3] (ee.gg. xx or yy in ff [[ xx ,, yy ]] ).

ffuullll lliisstt List forming a "rectangular array" [7.6].

g

ffuunnccttiioonn Example of a projection.

gaarrbbaaggee ccoolllleeccttiioonn Process by which areas of computer memory not required for further processing are

*

reclaimed.

ggeenneerriicc eexxpprreessssiioonn An expression containing generic symbols; pattern [2.6].

y
s
* ggeenneerriicc ssyymmbbooll A symbol representing any one of a possibly infinite class of expressions [2.6]; dumm
ymbol; pattern variable.

gglloobbaall oobbjjeecctt An object whose value or attributes can affect expressions which do not directly contain it

*

[1.3].

hheelldd ffoorrmm A form of an expression in which simplification is prevented (ee.gg. ´́ xx) [3.5].

.

*

* iimmmmeeddiiaattee vvaalluuee A value simplified when assigned, and maintained in a simplified form [3.2]

iimmppaassssee See pprroocceessssiinngg iimmppaassssee.

.

*

* iinnddeexx An expression labelling an entry in a list [2.4]

iinntteerraaccttiivvee pprroocceedduurree Procedure in which results from one segment are output before the next segment is

*

input.

iinntteerrpprreetteerr Program which executes procedures in a high-level language interactively.

i

iinntteerrrruupptt See rreeaall--ttiimmee iinntteerrrruupptt.

itteerraattiioonn Successive simplification or evaluation of a set of expressions [6.2].

*

jjoobb One execution of a program, from initiation to termination; process; task.

lleennggtthh The number of entries in a list or number of filters in a projection [7.4].

*

* lleevveell A set of parts of an expression [2.5].

lliisstt Indexed and ordered set of expressions (ee.gg. {{ xx ,, yy }} or {{ [[ aa 11 ]] :: xx ,, [[ aa 22 ]] :: yy }}) [2.4]; vector; struc-

l

ture or record; lambda function; rule.

looccaall vvaarriiaabblleess Symbols used within a procedure, and restored on exit from the procedure [6.3].

*

llooggggiinngg iinn Signing on; connecting to computer.

mmaattcchh A pattern pp22 matches pp11 if it represents a superset of the expressions represented by pp11 [2.6].

m

mmeemmoorryy ffaauulltt A class of program errors involving use of illegal memory addresses.

mooddeemm A device for acoustic or electronic connection of computer equipment to a telephone.

*

mmoonniittoorr Shell; command line interpreter; operating system.

mmuullttii--ggeenneerriicc ssyymmbbooll Generic symbol representing a sequence of expressions [2.6].

*

nneewwlliinnee Line termination character; carriage return; line feed; enter.

nnuullll pprroojjeeccttiioonn Special projection representing a sequence of expressions [2.3].

a
r
ppaaggiinngg The ability to read into main memory areas of virtual memory only when they are requested by
unning program.

ppaarraalllleell pprroocceessssiinngg Independent and usually simultaneous execution of several operations.

*

ppaarrssiinngg Process by which textual input is transformed into internal representation.

ppaatttteerrnn An expression containing generic symbols; generic expression [2.6].

tt
[
ppoossttpprroocceessssoorr A procedure or operation performed before output on each expression after processing (PPoo ss
1.3]).
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.

p

pprreecceeddeennccee Attribute determining the grouping of input forms [2.10]

prreepprroocceessssoorr A procedure or operation performed on each input expression before further processing (PP rr ee

p

[1.3]).

prreecceeddeennccee Ordering for treatment of input forms [2.10].

.

p

pprroocceedduurree A set of expressions to be simplified in order when required [6.3]; program

prroocceessss Independent simplification of a procedure; job.

e
i
* pprroocceessssiinngg iimmppaassssee A state achieved when complete processing of an input expression appears to requir
nfinite time or memory space.

* pprroojjeeccttiioonn Expression specifying part of a general structure (ee.gg. ff [[ xx ,, yy ]] ) [2.3]; array subscripting;

*

function or procedure call.

pprroojjeeccttoorr The object from which a projection is taken [2.3] (ee.gg. ff in ff [[ xx ,, yy ]] ).

.

*

pprroommpptt Character or message printed by the computer to indicate that further input may be given

pprrooppeerrttyy Attribute of a symbol used to specify its treatment [4].

.

r

qquuiitt iinntteerrrruupptt Real time interrupt used to terminate current processing [1.5]

reeaall--ttiimmee iinntteerrrruupptt A command to be issued at any time (not necessarily after an input prompt) [1.5].

*

rreeccuurrssiioonn Simplification of an expression involving further simplification of similar expressions [3.1].

rreeppllaacceemmeenntt A construct specifying a substitution (ee.gg. xx -- >>yy) [3.3].

*

sseeggmmeenntt An expression forming part of a procedure [6.3].

ssiimmpplliiffiiccaattiioonn The process performed by SMP on input expressions [3.1].

*

ssttrriinngg A sequence of textual characters.

ssttaattuuss iinntteerrrruupptt Real time interrupt used to obtain information on the status of processing.

*

ssuubbssccrriipptteedd vvaarriiaabbllee Example of a projection.

ssuubbssiiddiiaarryy mmooddee Input mode for entry of segments in interactive subsidiary procedures.

.

s

* ssyymmbbooll Fundamental symbolic object (ee.gg. xx and MMuu ll tt ) [2.2]; variable; parameter; unknown

syynnttaaxx Construction of expressions [2].

* ssyysstteemm--ddeeffiinneedd Object or procedure with a built-in definition in SMP; primitive.

a
p
ssyysstteemmss pprrooggrraammmmiinngg Computer programming intended as a service to many users rather than directed to

articular application.

ttaabb ASCII HT; usually CTRL I; usually has fixed "stops" 8 spaces apart.

t

* tteemmppllaattee Expression specifying an action on a set of expressions [2.7].

teerrmmiinnaall Computer input and output device; teletype; console; VDU.

b
[
tteerrmmiinnaattiioonn cchhaarraacctteerr Character signifying termination of the current procedure and used to terminate a jo
1.5].

tteexxtt ssppaaccee Portion of computer memory in which the executable text of SMP resides.

*

* ttiicckk Unit of computing time in SMP [A.8].

ttyyppee eexxtteennssiioonn Mechanism through which operations may be modified by the nature of their operands [4].

u

* uusseerr--ddeeffiinneedd Input by the "user" and not intrinsic to SMP.

usseerr nnaammee Name by which a person or group is specified to a computer.

.

v

* vvaalluuee An expression specified to replace an expression or class of expressions on simplification [3.1]

viirrttuuaall mmeemmoorryy System by which effective computer memory may include not only physical main memory
but also secondary storage media and thus be of practically arbitrary size.


