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This paper presents a theoretical investigation of the general problem of
emergent irreducible information in networked populations of computable systems. In particular, we narrow our scope to study this problem in algorithmic networks composed of randomly generated Turing
machines that follow a susceptible-infected-susceptible contagion model
of imitation of the fittest neighbor. We show that there is a lower
bound for the stationary prevalence (i.e., the average density of infected
nodes by the fittest nodes) that triggers expected (local) emergent openendedness, that is, that triggers an unlimited increase of the expected
local emergent algorithmic complexity (or information) of a node as the
population size grows. In addition, we show that static networks with a
power-law degree distribution following the Barabási–Albert model satisfy this lower bound and thus display expected (local) emergent openendedness.
Keywords: emergence; algorithmic information; spreading; complex
networks; distributed systems

1. Introduction

The general scope of this paper encompasses complex systems, complex networks, information theory and computability theory. In particular, we study the general problem of emergence of complexity or
information when complex systems are networked compared with
when they are isolated. This issue has a pervasive importance in the literature about complex systems, with applications to investigating
systemic properties of biological, economical or social systems. As discussed in [1], it may be a subject connected to questions ranging from
the problem of symbiosis [2], cooperation [3] and integration [4] to
biological [5], economic [6] and social [7] networks. To this end, we
tackle this general problem with a theoretical approach. We present a
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mathematical study on the emergence of irreducible information in
networked computable systems that follow an information-sharing
(or communication) protocol based on contagion or infection models,
as described in [8–10]. As supported by these references, such models
of spreading using the approach from complex networks have been
shown to be relevant in order to study epidemic and disease spreading, computer virus infections or the spreading of polluting agents.
Consequently, it has helped, for instance, with immunization strategies, epidemiology or pollution control [8–10].
However, instead of focusing on the pathological properties of
these complex networks’ contagion dynamics, we show that this
dynamics may instead trigger an unlimited potential of optimization
through diffusion. That is, diffusing the best solution (or the largest
integer when one uses the busy beaver game [1] as a toy model)
through the network may trigger an unlimited increase of expected
emergent algorithmic information of the nodes as the randomly generated population of computable systems (i.e., nodes) grows. Thus, this
paper’s objective is to present theorems and corollaries in order to
mathematically investigate under which conditions this phenomenon
is expected to happen.
For this purpose, we use the theoretical framework for networked
computable systems developed in [1, 11, 12] and a susceptibleinfected-susceptible (SIS) [13] epidemiological model, which was also
studied in [8–10]. The definitions and main lemmas and theorems are
based on [1, 11] and, from preliminary results in [12] only for
Barabási–Albert static networks, we extend our previous results to
general dynamic topologies with a stationary prevalence. The phenomenon of triggering an unlimited increase of the expected local
emergent algorithmic complexity (or information) of a node as the
population size grows indefinitely was previously studied in [1], however, under different topological conditions and under different communication protocols. We have called this phenomenon expected
(local) emergent open-endedness.
From an information-theoretic perspective, this paper is related to
emergence in complex systems as in [14–16]. In addition, it is related
to an information-theoretic study (statistical and/or algorithmic) on
complex networks or graphs [17–20]. Besides complex systems and
complex networks, our work is also related to and inspired by fundamental concepts in distributed computing, multi-agent systems and
evolutionary game theory. See [1] for more discussion.
In this paper, we show that there is a lower bound for the stationary prevalence that triggers expected (local) emergent open-endedness. As a direct consequence, we show that static networks with a
power-law degree distribution following the Barabási–Albert model
display expected (local) emergent open-endedness.
Complex Systems, 27 © 2018
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First, we base our model and definitions on a mathematical representation for randomly generated computable systems (i.e., systems
that can be fully simulated in a Turing machine) that are networked
in a time-varying topology (i.e., a dynamic network). In our model,
nodes are randomly generated Turing machines that can send and
receive information (i.e., partial outputs) as each node runs its computations until returning a final output. We have defined this networked
population of randomly generated Turing machines (and a more
general mathematical model for networked computable systems) in
[1, 11]. We have called it algorithmic networks.
Second, we describe and define an algorithmic network that plays a
modified version of the busy beaver imitation game (BBIG), in which
each node always imitates the fittest neighbor only. We present here a
variation on the information-sharing (or communication) protocol
that is different from the model in [1]. The major difference with
respect to this previous work comes from allowing nodes to become
“cured” with rate δ and get “infected” with rate ν. That is, although
still playing a BBIG, now susceptible nodes follow a rule of imitating
the neighbor that had output the largest integer (which corresponds
to the fittest individual outcome in the population). However, they follow this rule with probability ν. In addition, infected nodes come
back—become cured—to an “uninfected” state with probability δ.
Thus, the key idea of this model is that the infection scheme of the
best output returned by a randomly generated node is ruled by the SIS
epidemic model, in which there is a constant probability ν of being
infected by a previously fitter neighbor and a constant probability δ of
returning to a non-fittest state.
Here we also assume, as in [8–10], that the prevalence of infected
nodes (i.e., the average density of infected nodes) becomes stationary
after sufficient time. In particular, our results hold if this amount of
time is upper bounded by a computable function. Therefore, the
effective spreading rate λ  ν / δ defined in [8–10] assumes a direct
interpretation of the rate in which the imitation-of-the-fittest protocol
[1] was applied on a node—and this is the reason why we are using
the words “infection” and “cure” between quotation marks.
Then we show that, for big enough values of m compared to λ, if
the time for achieving a stationary prevalence of infected nodes
ρ ~ exp-1  mλ is upper bounded by a value given by a computable
function, then the expected emergent algorithmic complexity/information of a node (i.e., the expected local emergent algorithmic complexity/information) goes to infinity as the network/population size N
goes to infinity. In other words, the average local irreducible information that emerges when nodes are networked compared with when
they are isolated is expected to always increase for large enough
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populations of randomly generated Turing machines. As a direct consequence of [8–10], our results also imply that the same emergent
phenomenon occurs if the network is static and has a scale-free degree
distribution in the form of a power law Pk ~ 2m2  k3 . This topology and construction of the networks are defined by a random process connecting new nodes under a probability distribution given by a
preferential attachment as in [21]. That is, new nodes are more likely
to have connections to higher-degree previous nodes. Thus, it is a
corollary of our main result that such scale-free static algorithmic networks also display expected local emergent open-endedness.
Our proofs stem from the main idea of combining an estimation of
a lower bound for the average algorithmic complexity/information of
a networked node and an estimation of an upper bound for the
expected algorithmic complexity/information of an isolated node.
Additionally, as in [1], the estimation of the latter still comes from the
law of large numbers, Gibb’s inequality and algorithmic information
theory applied on the randomly generated population. However, now
the estimation of the former comes from the SIS model with a stationary prevalence (i.e., a stationary average density of infected nodes).
The central idea is that the prevalence ρ ~ exp-1  mλ, as in [8–10],
becomes equal to the average diffusion density τE in [1].

2. Background

In this section, we provide preliminary definitions and concepts along
with previous results on which this paper is based. In particular, these
are based on [1]. A more extensive description of these models can
also be found in [22].
2.1 Algorithmic Networks

We remember here the general definition of algorithmic networks
  G, , b in [1]. It is a triple G, , b defined upon a population
of theoretical machines , a generalized graph G  (, ℰ) and a function b that makes aspects of G correspond to properties of , so that
a node in VG is mapped one-to-one to an element of .
First, (generalized) graphs G, which are multi-aspect graphs
(MAGs), are generalized representations for different types of graphs
[23, 24]. In particular, an MAG represents dyadic (or two-place) relations between arbitrary n-tuples. Since we aim at a wider range of different network configurations, MAGs allow you to mathematically
represent abstract aspects that may appear in complex high-order networks [25]. For example, these may be dynamic (or time-varying)
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networks, multicolored nodes (or edges) or multilayer networks,
among others. Moreover, this representation facilitates network analysis by showing that their aspects can be isomorphically mapped into a
classical directed graph [24]. Thus, the MAG abstraction has proved
to be crucial in [1] to establish connections between the characteristics of the network and the properties of the population composed of
theoretical machines. Formally:
Definition 1.

Let G  (, ℰ) be an MAG, where ℰ is the set of existing
composite edges of the MAG and  is a class of sets, each of which is
an aspect. Each aspect σ ∈  is a finite set, and the number of aspects
p   is called the order of G. By an immediate convention, we call
an MAG with only one aspect a first-order MAG, an MAG with two
aspects a second-order MAG and so on. Each composite edge (or
arrow) e ∈ ℰ may be denoted by an ordered 2p-tuple
a1 , … , ap , b1 , … , bp , where ai , bi are elements of the ith aspect
with 1 ≤ i ≤ p  .
G denotes the class of aspects of G and ℰG denotes the composite edge set of G. We denote the ith aspect of G as G[i]. So,
G[i] denotes the number of elements in G[i]. In order to
match the classical graph case, we adopt the convention of calling the
elements of the first aspect of an MAG vertices. Therefore, we denote
the set G1 of elements of the first aspect of an MAG G as VG.
Thus, a vertex should not be confused with a composite vertex.
Note that the terms vertex and node may be employed interchangeably in this paper. However, we choose to use the term node preferentially in the context of networks, where nodes may realize operations
or computations or would have some kind of agency, like in real networks or algorithmic networks. Thus, we choose to use the term vertex preferentially in the mathematical context of graph theory.
Second, we define a population  as an ordered sequence (in which
repetitions are allowed) o1 , …, oi , …, o , where X is the support
set of the population and fo is a labeling surjective function
fo :   o1 , … , oi , … , o  → X ⊆ L
oi

↦ fo (oi )  w

,

where L is the language on which the chosen theoretical machine U is
running. Each member of this population may receive inputs and
return outputs through communication channels. A communication
channel between a pair of elements from  is defined in ℰ by an edge
(whether directed or undirected) linking this pair of nodes/programs.
Third, we define function b as follows:
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Definition 2.

Let

b : Y ⊆ G → X ⊆ Pr()
a

↦ b(a)  pr

be a function that maps a subspace of aspects Y in  into a subspace
of properties X in the set of properties Pr() of the respective population. In addition, there is a bijective function fV such that, for every
v, x ∈ Y ⊆ G with bv, x  oi , bY-1 (x) ∈ X,
fV : VG →   oi fo (oi )  w ∈ L
v

↦ fV (v)  oi

where v is a vertex (or node) and oi is an element of sequence .
2.2 Busy Beaver Imitation Game

In [1], we have narrowed our theoretical approach by defining a class
of algorithmic networks BB N, f, t, τ, j—also denoted by a triplet as
Gt , BB (N), bj —in which their populations BB (N) and graphs
Gt ∈ f, t, τ have determined properties.
As defined in Section 2.1, each element of the population corresponds one-to-one to a node/vertex in Gt , and each time instant in Gt
is mapped to a cycle (or communication round). These mappings are
defined by the function bj .
The population BB (N) is composed of randomly generated Turing
machines (or randomly generated self-delimiting programs), which
are represented in a self-delimiting universal programming language
LU . This population is synchronous with respect to halting cycles.
That is, at the end of a cycle (or communication round, as in distributed computing), every node returns its outputs at the same time.
In addition, nodes that do not halt in a cycle always return as final
output the lowest fitness, that is, the integer value 0. Here, a straightforward interpretation is that nodes that eventually do not halt in a
cycle are “killed,” so that their final output has the “worst” fitness.
Thus, these nodes are programs that ultimately run on an oracle
Turing machine (or a hypercomputable system) U′ —this requirement
is also analogous to the one in [14, 26, 27], which deals with a sole
program at a time and not with a population of them. However, the
oracle is only necessary to deal with the non-halting computations.
That is, U′ behaves like a universal Turing machine U, except that it
returns zero whenever a nonhalting computation occurs.
In addition, the networked population BB (N) follows an imitationof-the-fittest protocol (IFP), diffusing the information of the fittest
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randomly generated node (i.e., the randomly generated node that partially outputs the largest integer in cycle 1). As in [11, 14, 26, 28],
note that we still use the busy beaver function as our fitness function.
Therefore, the largest integer directly represents the fittest final output
of a node. Every node in BB N, f, t, τ, j obeys the IFP, in which
after the first cycle (i.e., after the first round of partial outputs) every
node only imitates the neighbor that has partially output the largest
integer, repeating this value as its own partial output in the next
cycle. Thus, the main idea defining the IFP is a procedure in which
each node oi compares its neighbors’ partial output (i.e., the integer
they have calculated in the respective cycle) and runs the program of
the neighbor that has output the largest integer if and only if this integer is larger than the one that the very node oi has output.
Since BB N, f, t, τ, j is playing the busy beaver game [1] on a network while limited to simple imitation performed by a randomly generated population of programs, we say it is playing a BBIG. A
(network) busy beaver game is a game in which each player is trying
to calculate the largest integer—as established as our measure of fitness or payoff (see [1, 14, 27] for more discussion)—it can by using
the information shared by its neighbors. Thus, the BBIG is a special
case of the busy beaver game. In Figure 1, we give an illustrative simple example of the IFP being applied to a static network with seven
nodes in four time instants. Note that static networks are a special
case of a TVG. See also Section 3.

(a) Spreading at t0 .

(b) Spreading at t1 .

(c) Spreading at t2 .

(d) Spreading at t3 .

Figure 1. The spreading of the largest integer.
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Graphs Gt  V, ℰ, T are time-varying graphs (TVGs) as defined
in [24, 29, 30]. These are a special case of second-order MAGs
that have only one additional aspect relative to variation over
time with respect to the set of nodes/vertices. Therefore, VGt  is the
set of nodes, TGt  is the set of time instants, and
ℰ ⊆ VGt ⨯TGt ⨯VGt ⨯TGt  is the set of edges. Formally, we
define a family of graphs Gt that share a common property:
Definition 3.

Let

f, t, τ j =
i  VGt  and this size is unique in  f, t, τ
Gt
f(i, t, τ) is well defined
where
f : ℕ* ⨯X ⊆ TGt ⨯Y ⊆ 0, 1 → ℕ
(x, t, τ)

↦y

be a family of unique-sized time-varying graphs that share function
f(i, t, τ), where i is the number of vertices, as a common property.
In summary, BB N, f, t, τ, j is a synchronous algorithmic network populated by N randomly generated nodes such that, after the
first cycle (or arbitrary c0 cycles), it starts a diffusion process of the
biggest partial output (given at the end of the first cycle) determined
by network Gt : at the first time instant, each node may receive a network input w, which is given to every node in the network, and runs
separately (i.e., not networked), returning its respective first partial
output; then, the plain diffusion of large integers starts as determined
by the IFP through the respective dynamical network Gt . At the last
time instant, contagion stops and one cycle (or more) is spent in order
to make each node return a final output. Formally:
Definition 4.

Let

BB N, f, t, τ, j  Gt , BB (N), bj 
be an algorithmic network where f is an arbitrary well-defined function such that
f : ℕ* ⨯ X ⊆ TGt ⨯Y ⊆ 0, 1 → ℕ
(x, t, τ)

↦y

and Gt ∈ f, t, τ, VGt   N, TGt  > 0, and there are arbitrarily
chosen c0 , n ∈ ℕ where c0 + TGt  + 1 ≤ n ∈ ℕ such that bj is an
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injective function, where
bj : VGt ⨯TGt  → BB (N)⨯ℕ
(v, tc-1 )

n
1

↦ bj (v, tc-1 )  (oi , c0 + c).

Since c0 and n are arbitrarily chosen, we can choose to make them
as small as possible in order to minimize the number of cycles, for
example, c0  0 and n  TGt  + 1.
2.3 Evolutionary Open-Endedness versus Emergent OpenEndedness

Although investigating evolutionary open-endedness (EOE) is not in
the scope of the present paper, we mention in this section some general concepts from the literature in order to differentiate and emphasize its relation to emergent open-endedness, as introduced in [1].
EOE is also known as open-ended evolution (OEE), and although the
term “open-ended evolution” is more frequently used in our references, we choose to employ the term “evolutionary open-endedness”
with the purpose of drawing a comparison with emergent openendedness.
In a general sense, as pointed out in [14, 31], the concept of EOE is
commonly understood in evolutionary computation, evolutionary biology or complex systems as the inherent potential of an evolutionary
process to trigger an endless increase of distinct systemic behavior
capabilities. For example, within the context of dynamical systems,
EOE is shown to be strictly related to innovation and unbounded evolution in state trajectories or rule trajectories [31]. However, since we
are studying networked computable systems in this paper, we choose
to follow an algorithmic and universal approach to EOE in which
(absolute or relative) undecidability and irreducibility play a central
role [14, 27, 32–34]. In particular, it is shown in [14] and experimentally supported in [34] that the model introduced in [32, 33] satisfies
the requirements for strong EOE. In [27], it is shown that this
approach can be relativized, so that it also holds for subrecursive
classes of computable systems. Thus, in the specific case of evolutionary computation and strong EOE in general computable systems,
open-endedness is strictly related to an endless increase of complexity
or irreducible information.
Following this algorithmic approach to EOE, we have found
in [1]—and we also show in this paper—that open-endedness may
also emerge as a phenomenon that is related to, but different from
EOE: instead of achieving an unbounded quantity of algorithmic
complexity over time (e.g., after successive mutations), an unbounded
quantity of emergent algorithmic complexity is achieved as the
https://doi.org/10.25088/ComplexSystems.27.4.369
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population/network size increases indefinitely. And since it is a property that emerges depending on the number of parts of a system—
only when these nodes are interacting somehow (e.g., exchanging
information)—this additional irreducible information becomes by definition an emergent systemic property [15, 16, 35].
We follow a consensual abstract notion of emergence [15, 16,
35–37] as a systemic feature or property that appears only when the
system is analyzed (theoretically or empirically) as a “whole.” Thus,
the algorithmic complexity (i.e., an irreducible number of bits of information) of a node/program’s final output when networked minus the
algorithmic complexity of a node/program’s final output when isolated formally defines an irreducible quantity of information that
emerges with respect to a node/program that belongs to an algorithmic network. We call it the emergent algorithmic complexity (EAC)
of a node/program. The reader may also find more discussion on
emergence and open-endedness in [1].
Formally, we have defined average emergent open-endedness in the
context of general algorithmic networks as follows:
Definition 5.

We say an algorithmic network  with a population of N
nodes has the property of average (local) emergent open-endedness
(AEOE) for a given network input w in c cycles if and only if
net

lim E Δ A(oi , c)  ∞.

N→∞

iso

And in the case of an algorithmic network   G, , b with
randomly generated nodes, we call this property expected (local) emergent open-endedness. We have that
netb

∑ Δ A(oi ,c)

oi ∈ iso

net

E Δ A(oi , c)  
iso

b

N

b

denotes the average emergent algorithmic complexity of a node/program (AEAC) in an algorithmic network   G, , b with network
input w. In addition:
Definition 6.

The emergent algorithmic complexity (EAC) of a node/
program oi in c cycles is given in an algorithmic network that always
produces partial and final outputs by
net(b)

Δ A(oi , c)  AUpbnet (oi , c) - A(U(piso (oi , c))

iso

where:
1. fo (oi ) ∈ L.
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2. pbnet is the program that computes cycle per cycle the partial outputs of
oi when networked assuming the position v, where bv, x   oi , b( x ),
in the graph G in the specified number of cycles c with network input
w. Thus, pbnet (oi , c) represents the program that returns the final output
of oi when networked assuming the position v, where
bv, x   oi , b( x ), in the graph G in the specified number of cycles c
with network input w.
3. piso is the program that computes cycle per cycle the partial outputs of
oi when isolated in the specified number of cycles c with network input
w. Thus, piso (oi , c) represents the program that returns the final output
of oi when isolated in the specified number of cycles c with network
input w.

The (prefix) algorithmic complexity (Kolmogorov complexity, program-size complexity or Solomonoff–Komogorov–Chaitin complexity) of a string w ∈ LU , denoted here by A(w), is the length of the
shortest program w* ∈ LU such that U(w* )  w. LU is an arbitrarily
chosen binary self-delimiting universal programming language for a
universal Turing machine U. See [1] for more discussion on this
notation.
2.4 Background Results

In [1], we presented our main theorem proving that there is a lower
bound for the expected emergent algorithmic complexity in algorithmic networks BB such that it depends on how much larger the average diffusion density (in a given time interval) τE(max) N, f, t, τ

t′
t

is,

compared to the cycle-bounded conditional halting probability
Ω(w, c(x)). Formally:
Theorem 1.

Let w ∈ LU be a network input. Let 0 < N ∈ ℕ.
Let BB N, f, t, τ, j  Gt , BB (N), bj  be well defined. Let t0 ≤ t ≤
t′ ≤ tT(G )-1 . Let
t

c : ℕ → ℭBB
x ↦ c(x)  y
be a total computable function where c(x) ≥ c0 + t′ + 1. Then, we will
have that:
lim E

N→∞

net
BB (N, f, t, τ)

Δ A(oi , c(x)) ≥

iso

lim τE(max) N, f, t, τ

N→∞

t′
t

-Ω(w, c(x)) lg(N) -

Ω(w, c(x)) lg(x) - 2Ω(w, c(x)) lglg(x) - A(w) - C5 ,
where lg(x) denotes the binary logarithm log2 (x).
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This lower bound also depends on the parameter for which one is
calculating the number of node cycles. In fact, we have proved that
our results hold even in the case of spending a computably larger number of node cycles compared to x. Furthermore, we have proved that
there are asymptotic conditions such that they ensure that there is a
central time tcen (c) to trigger expected emergent open-endedness.
1

Formally:
Theorem 2.

Let w ∈ LU be a network input. Let 0 < N ∈ ℕ. If there is
0 ≤ z0 ≤ TGt  - 1 and ϵ, ϵ2 > 0 such that
z0 + fN, tz , τ + 2  O
0

NC
lg(N)

where
0<C
τE(max) N, f, tz , τ
0

tz +fN, t , τ
0
z0
tz
0

-Ωw, c0 + z0 + fN, tz , τ + 2 - ϵ 

Ωw, c0 + z0 + fN, tz , τ + 2 ≤
0

0

1
ϵ2

,

then, for every nondecreasing total computable function
c : ℕ → CBB
x ↦ c(x)  y
where tz , tz
0

0 +fN, tz0 , τ

,
∈ TGt  and

cz0 + fN, tz , τ + 2 ≥ c0 + z0 + fN, tz , τ + 2,
0

0

such that
BB N, f, tz , τ, j  Gt , BB (N), bj 
0

is well defined, we will have that there is tcen (c) such that
1

tcen (c) ≤ tz .
1

0

In particular, we will prove a modified version of Theorem 2 in
Section 4 for our new model of information-sharing protocol. See
Section 3.
Our proofs follow mainly from information theory, computability
theory and graph theory. Therefore, we have shown that there are
topological conditions (e.g., the small-diameter phenomenon) that
trigger a phase transition in which eventually the algorithmic network
BB begins to produce an unlimited number of bits of average local
emergent algorithmic complexity/information. These conditions come
Complex Systems, 27 © 2018
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from a positive tradeoff between the average diffusion density and the
number of cycles (i.e., communication rounds). In particular, the diffusion power of a dynamic (or static) network has proved to be
paramount to the purpose of optimizing the average fitness/payoff of
an algorithmic network that plays the BBIG in a randomly generated
population of Turing machines.

3. Model

In this section, we present the model of algorithmic networks on
which we prove lemmas and theorems. The main idea that defines
these algorithmic networks ′BB is to formalize an SIS contagion
scheme. This is a modification of the algorithmic networks BB that
only follow a plain IFP with a plain spreading of the largest integer,
as described in Section 2.2. Thus, in this section, we focus on a
description of the new model. For extended formal definitions and
extensive discussions, see [22].
Now we will define a class of algorithmic networks ′BB N, f, t, j—
which can also be denoted as the triplet Gt , ′BB (N), bj —in which
their populations ′BB (N) and graphs Gt ∈ SIS f, t have determined
properties. The terms in parentheses determine the full characterization of the algorithmic network. N is the network/population size,
that is, the number of nodes, and j is the index of the arbitrarily chosen function bj . Terms f and t are intrinsically defined by the family
of graphs SIS f, t, as we will explain later. Each element of the population corresponds one-to-one to a node/vertex in Gt , and each time
instant in Gt is mapped one-to-one to a cyle of the population. These
mappings are also defined by the function bj .
The population ′BB (N) is composed of randomly generated Turing
machines (or randomly generated self-delimiting programs) that are
represented in a self-delimiting universal programming language LU .
The population is also synchronous with respect to halting cycles;
that is, at the end of a cycle (or communication round, as in distributed computing), every node returns its partial and final outputs
at the same time. Nodes that do not halt in a cycle always return as
final output the lowest fitness/payoff, that is, the integer value 0.
Here, a straightforward interpretation is that nodes that eventually do
not halt in a cycle are “killed,” so that their final output has the
“worst” fitness/payoff.
Thus, as presented in [1], these nodes are programs that ultimately
run on an oracle Turing machine (or hypercomputer) U′ —this requirement is also analogous to the one presented in [26, 28, 32], which
https://doi.org/10.25088/ComplexSystems.27.4.369
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deals with a sole program at a time and not with a population of
them. The difference in the present paper with respect to [1] is that
now the oracle Turing machine also needs access to a randomly generated number in order to deal with the probabilities ν and δ in the SIS
contagion scheme explained in the following. See also [1, 32, 33] for
a complete evolutionary formalization of this property. Note that
now there is a population of software, while in [32, 33] there is only
one single organism at a time.
In addition, unlike the networked population BB (N) described in
Section 2.2, the networked population ′BB (N) follows an IFP by an
SIS contagion scheme (IFPSIS) on the fittest randomly generated node
(i.e., the randomly generated node that partially outputs the largest
integer in cycle 1). As in [11, 14, 26, 28], note that we still use the
busy beaver function as our fitness function. Therefore, the largest
integer directly represents the fittest final output of a node. Thus,
every node still obeys the IFP as in [1], in which after the first cycle
(i.e., after the first round of partial outputs), every node only imitates
the neighbor that has partially output the largest integer, repeating
this value as its own partial output in the next cycle. However, the difference now is that, if a node has not been infected by the fittest
randomly generated node and one of its neighbors sends the largest
integer, then the node obeys the IFP with probability ν. Otherwise,
the node just continues to be susceptible with probability 1 - ν.
Another difference is that, if a node got infected by the largest integer,
then it may be cured, returning 0 as partial output, with probability δ.
Otherwise, it remains infected with probability 1 - δ.
In Figure 2, we give an illustrative simplified example of the IFP
under an SIS contagion model. This is a static network with six time
instants and seven nodes. Note that the initial stage Figure 2(a) at
time instant t0 is exactly the same as in Figure 1. At the first time
interval Figure 2(b), almost the same spreading occurs as in Figure�1,
but only from the fittest node and under probability ν. After time
instant t1 , the infection dynamics occurs totally differently from that
described in Figure 1. It is now a contagion of the fittest under an SIS
model. In particular, taking into account only these six time instants,
one may see that the prevalence becomes stationary at time instant t4 .
Graphs Gt  V, ℰ, T are TVGs as defined in [1, 24, 29, 30].
These are a special case of MAGs that have only one additional
aspect relative to variation over time with respect to the set of
nodes/vertices. Therefore, VGt  is the set of nodes, TGt  is the set of
time instants and
ℰ ⊆ VGt ⨯TGt ⨯VGt ⨯TGt 
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(a) Infection of the
fittest neighbor at t0 .

(b) Infection of the
fittest neighbor at t1 .

(c) Spreading at t2 .

(d) Infection of the
fittest neighbor at t3 .

(e) Infection of the
fittest neighbor at t4 .

(f) Infection of the
fittest neighbor at t5 .
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Figure 2. Example of the IFP under an SIS contagion model.

is the set of edges regarding Gt . We assume that an undirected graph
(or MAG) is a special case of a directed graph (or MAG) in which
each edge represents two opposing arrows. In addition, a static network Gs is also a special case of MAGs, which is obtained from collapsing all the aspects in  into just one aspect (i.e., into the set of
vertices/nodes V) where the set of edges of this MAG is invariant
under any relation other than the set of vertices/nodes—see also subdetermination in [24]. Thus, a static network Gs is a traditional
(directed or undirected) graph G  (V, E) with all relations (e.g., with
respect to time instants or layers) depending only on its set of edges E.
However, for present purposes, a TVG is sufficient to deal with the
SIS model and hence, there is only one aspect we are collapsing.
Therefore, we define a static network Gs  V, ℰ, T as a TVG in
which, for every fixed value of ti , tj , tk , th ∈ T,
vi , vj  vi , ti , vj , tj  ∈ ℰ  vi , vj  vi , tk , vj , th  ∈ ℰ.
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Inspired by the networks in [8–10], let SIS f, t be a family of
TVGs in which every Gt ∈ SIS f, t achieves stationary prevalence ρ
in a number of time intervals Δ*t (after an arbitrary time instant
t ∈ TGt  from which contagion may have been started in the first
place) following the SIS scheme. Formally:
Definition 7.

Let

SIS f, t  Gt i  V Gt  and this size is unique in SIS f, t
where
f:

ℕ* ⨯ X ⊆ TGt  → ℕ
(x, t)

↦y

be a family of unique-sized TVGs that depends on the choice of function f, the time instant t and on the fact that every Gt ∈ SIS achieves
stationary prevalence ρ in a number of time intervals Δ*t (after an arbitrary time instant t ∈ TGt ) following a susceptible-infected-susceptible (SIS) contagion scheme.
Thus, SIS f, t defines a family of dynamic networks [29, 30, 38]
that follows the SIS model. Since we have defined static networks as a
special case of dynamic networks, family SIS f, t can be seen as a
generalization of the model presented in [8–10] (see Definition 8) in
order to encompass a broader class of dynamic networks. Since
function f and time instant t are not specified in the condition of the
set SIS f, t, then this family is independent of the choice of f, t.
However, the reader will see that this pair f, t is crucial for extending the results in [1] in order to build the proof of Theorem 3 and
Corollary 1.
In addition, we define a family BA f, t of TVGs in SIS that are
static networks following a classical Barabási–Albert model [21, 39].
They have a scale-free distribution of connectivities as a consequence
of an application of preferential attachment at the addition of each
new node, which results in a degree distribution in the form of a
power law
Pk ~

2m2

k3
as the number of nodes goes to infinity. The finite number of nodes of
each graph in this family may vary from 1 to ∞ as each new node is
added with m edges linked to previous nodes i under probability
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distribution
Πki  

ki
∑j kj

.

Note that, as shown in [8–10], these networks in BA f, t are
expected to display a stationary prevalence
ρ ~ exp -

1
mλ

for a large enough network size and for a small enough spreading rate
λ. If these two conditions are met, then BA f, t ⊆ SIS f, t. Therefore, family BA f, t is defined to directly correspond to the networks
presented in [8–10]. Formally:
Definition 8.

We define a family of static networks analogous to the
ones presented in [8–10] as
BA f, t  Gs i  VGs  and the size is unique in BA f, t
where
f : ℕ* ⨯ X ⊆ TGt  → ℕ
(x, t)

↦y

.

Thus, BA f, t is a family of unique-sized TVGs that are static networks following a classical Barabási–Albert model [21, 39] such that
every Gs ∈ BA achieves stationary prevalence ρ in a number of time
intervals Δ*t (after an arbitrary time instant t ∈ TGt ) following an
SIS contagion scheme.
In summary, ′BB N, f, t, j is a synchronous algorithmic network
populated by N randomly generated nodes such that, after the first
cycle (or arbitrary c0 cycles), it starts a diffusion process of the biggest
partial output (given at the end of the first cycle) determined by network Gt that belongs to a family of graphs SIS f, t—remember that
each network in SIS f, t follows an SIS contagion scheme. Note that
in our model, once the first cycle is started, the population remains
fixed. Thus, during the cycles (i.e., when the algorithmic network is
running its computations) no new node is created and no node is
killed. At the beginning of the first cycle, each node receives a network input w, which is given to every node in the network, and runs
separately (i.e., not networked), returning its respective first partial
output. At the last time instant, contagion stops and one cycle (or
more) is spent in order to make each node return a final output.
Formally:
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Definition 9.

Let

′BB N, f, t, j  Gt , ′BB (N), bj 
be an algorithmic network where f is an arbitrary well-defined function such that
f : N* ⨯X ⊆ TGt  → ℕ
(x, t)

↦y≥x

and Gt ∈ SIS f, t, VGt   N, TGt  > 0 and there are arbitrarily
chosen c0 , n ∈ ℕ where c0 + TGt  + 1 ≤ n ∈ ℕ such that bj is an
injective function
bj : VGt ⨯TGt  → ′BB (N)⨯ℕ
(v, tc-1 )

N
1

↦ bj (v, tc-1 )  (oi , c0 + c)

where population ′BB (N) is an ordered set of labels from a sequence
as in Section 2.1. Since c0 and n are arbitrarily chosen, we can make
them as small as possible in order to minimize the number of cycles,
for example. That is, c0  0 and n  TGt  + 1.

4. Expected Local Emergent Open-Endedness from a SusceptibleInfected-Susceptible Model

In this section, we present the central theorem and its two corollaries
with the purpose of showing that ′BB N, f, t, j  Gt , ′BB (N), bj  is
an algorithmic network capable of exhibiting expected (local) emergent open-endedness. We show that it occurs under certain topological conditions of the graph Gt in which the prevalence (i.e., the
average density of infected nodes) becomes stationary within a computably bigger time interval. During these time intervals, the algorithmic network is running under the IFP with an SIS contagion scheme.
Moreover, once these topological properties are met, the concept
of central time (denoted as tcen ) to trigger expected emergent open1

endedness within the minimum number of cycles becomes well
defined. We define the central time tcen in generating unlimited
1

expected emergent algorithmic complexity of a node (i.e., expected
local emergent algorithmic complexity) in a network ′BB N, f, tz , j
0

during ctcen (c) + fN, tcen (c) + 1 cycles, where c(x) is a nondecreas1

1

ing total computable function and f is an arbitrary function, as the
minimum time instant t in which the expected local emergent algorith-
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mic complexity goes to infinity as N → ∞ after ct + f(N, t) + 1
cycles. Formally:
Definition 10.

Let w ∈ LU be a network input. Let 0 < N ∈ ℕ. Let c(x)
be a nondecreasing total computable function where
c : ℕ → ℕ*
.
x ↦ c(x)  y
Let ′BB N, f, tz , j  Gt , ′BB (N), bj , where 0 ≤ z ≤ TGt  - 1, be
well defined, where there is tz ∈ TGt  such that
0

lim E′

net

BB N,f,tz0 

N→∞

Δ Aoi , cz0 + fN, tz  + 2  ∞.
0

iso

We define the central time tcen in generating unlimited expected emer1

gent algorithmic complexity of a node in a network N′BB N, f, tz , j
0

during ctcen (c) + fN, tcen (c) + 1 cycles as
1

1

tcen (c)  minti lim E′
1

N→∞

BB (N,f,ti )

net

Δ Aoi , ci + f(N, ti ) + 2  ∞.

iso

Note that the arbitrarily chosen function f may not behave monotonically with t in general.
The expected local emergent algorithmic complexity is defined in
[1, 11] (see also Section 2.3) as the number of extra bits of algorithmic complexity (or information) that emerges from a direct comparison of the algorithmic complexity of the final output of a networked
node with the algorithmic complexity of the final output of the isolated (same) node. The term “local” here refers to the emergent algorithmic complexity of a node. The investigation of the emergent
algorithmic complexity of the population as a whole, as also mentioned in [1], is out of our current scope. We can call this latter a
global emergent algorithmic complexity. Note that it may behave differently from the local one. Thus, we leave the investigation of
expected global emergent open-endedness for future research.
As in [1], the main idea behind the construction of the proof of
Theorem 3 comes from combining an estimation of a lower bound for
the average algorithmic complexity of a networked node and an
estimation of an upper bound for the expected algorithmic complexity of an isolated node. The estimation of the latter comes from the
law of large numbers, Gibb’s inequality and algorithmic information
theory applied on the randomly generated population ′BB (N), which
is analogously the same as BB (N) in [1] for the isolated case. However, now the estimation of the former comes from the very BBIG
dynamics in an SIS contagion scheme. Thus, as presented in
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Section�2.3, calculating the former estimation minus the latter gives
directly a lower bound for the expected local emergent algorithmic
complexity of a node.
In this section, we present short proofs of Theorem 3 and Corollary 1. Most of these proof steps are based on a direct analogy to the
proof steps developed in [1], so only in Corollaries 1 and 2 would our
new model introduce new conceptual substantial differences in the
mathematical formal text. For complete and self-contained definitions, lemmas, theorems and corollaries, see [22].
4.1 Central Time to Trigger Expected Emergent Open-Endedness
Theorem 3.

Let w ∈ LU be a network input. Let 0 < N ∈ ℕ. Let f be
an arbitrary function where
f : ℕ* ⨯ X ⊆ TGt  → ℕ
(x, t)

↦y

.

Let
c : ℕ → ℭBB
x ↦ c(x)  y

,

where ℭBB is the set of cycles of the population ′BB (N), be a total
computable nondecreasing function where
cz + f(N, tz ) + 2 ≥ c0 + z + f(N, tz ) + 2
and
cz + f(N, tz ) + 2 - c0 - 1 ≤ tT(G )-1 .
t

If there are 0 ≤ z0 ≤ TGt  - 1 and ϵ, ϵ2 > 0 such that:
NC

z0 + fN, tz  + 2  O

lg(N)

0

where
0 ≤ C  τE(ρ) N, f, tz 
0

cz0 +fN,tz +2-c0 -1
0
tz
0

-Ωw, c0 + z0 + fN, tz  + 2 - ϵ 
0

Ωw, c0 + z0 + fN, tz  + 2 ≤
0
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and ′BB N, f, tz , j  Gt , ′BB (N), bj  is well defined, then there is
0

tcen (c) such that
1

tcen (c) ≤ tz .
1

0

Proof. This proof follows from the six lemmas, Theorem 8.1 and
Corollary 8.1.1 in [1]. First, replace algorithmic network
BB N, f, tz , τ, j  Gt , BB (N), bj  and its respective characteristics,
0

for example, population BB (N) and family of graphs f, t, τ, with
′BB N, f, tz , j  Gt , ′BB (N), bj , ′BB (N), SIS f, t, and others in
0

the six lemmas, Theorem 8.1 and Corollary 8.1.1 in [1]. Note that in
the proof of the sixth lemma, the average (singleton) diffusion density
τE(max) is replaced with the prevalence τE(ρ) . Also note that in
Corollary 8.1.1 in [1], the last time instant tz+f(N,t ,τ) is replaced with
z

cz0 + fN, tz  + 2 - c0 - 1. Then, the proof of Theorem 3 follows
0

directly analogously to Theorem 8.2 in [1] (see also Theorem 2 in
Section 2.4). □
4.2 Expected Emergent Open-Endedness from a Stationary
Prevalence
Corollary 1.

′BB N,

Let w ∈ LU be a network input. Let 0 < N ∈ ℕ. Let
f, tz , j  Gt , ′BB (N), bj  be well defined. Let
0

c : ℕ → CBB
x ↦ c(x)  y
be a total computable nondecreasing function where
cz0 + fN, tz  + 2 ≥ c0 + z0 + fN, tz  + 2
0

0

and
cz0 + fN, tz  + 2 - c0 - 1 ≤ tT(G )-1 .
0

t

If
fN, tz   Olg(N)
0

where every Gs ∈ BA f, tz  achieves stationary prevalence ρ in a
0

number of time intervals
Δ*t ≤ cz0 + fN, tz  + 2 - c0 - 1
z0

0
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after time instant tz and
0

ρ ~ exp -

1

> Ωw, c0 + z0 + fN, tz  + 2,

mλ

0

then there is tcen (c) such that
1

tcen (c) ≤ tz .
1

0

Proof. The proof follows directly from Theorem 3 and the definition
of the algorithmic network ′BB N, f, tz , j  Gt , ′BB (N), bj  by not0

ing that:
z0 + fN, tz  + 2  z0 + Olg(N) + 2  Olg(N)
0

and that there is ϵ > 0 such that
-1 - ϵ
ϵ2

1
e(1/mλ)

<0<C

- Ωw, c0 + z0 + fN, tz  + 2 - ϵ
0

Ωw, c0 + z0 + fN, tz  + 2



0

τE(ρ) N, f, tz 
0

cz0 +fN, tz +2-c0 -1
0
tz
0

-Ωw, c0 + z0 + fN, tz  + 2 - ϵ 
0

Ωw, c0 + z0 + fN, tz  + 2 ≤
0

1 - Ωw, c0 + z0 + fN, tz  + 2 - ϵ
0

Ωw, c0 + z0 + fN, tz  + 2

≤

0

1
ϵ2

.□

4.3 Expected Emergent Open-Endedness from a Scale-Free
Algorithmic Network
Corollary 2.

Let w ∈ LU be a network input. Let 0 < N ∈ ℕ. Let
′BB N, f, tz , j  Gs , ′BB (N), bj  be well defined for every
0

Gs ∈ BA f, t. Let
c : ℕ → CBB
x ↦ c(x)  y
be a total computable nondecreasing function where
cz0 + fN, tz  + 2 ≥ c0 + z0 + fN, tz  + 2
0

0

and
cz0 + fN, tz  + 2 - c0 - 1 ≤ tT(G )-1 .
0
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If
fN, tz   Olg(N)
0

where every Gt ∈ SIS f, tz  achieves stationary prevalence ρ in a
0

number of time intervals
Δ*t ≤ cz0 + fN, tz  + 2 - c0 - 1
z0

0

after time instant tz , then for a small enough value of λ  δν , there
0

are tcen (c) and a big enough value of m such that
1

t0  tcen (c) ≤ tz .
1

0

Proof. Since, by supposition, ′BB N, f, tz , j  Gs , ′BB (N), bj  and
0

Gs ∈ BA f, t, then we will have from [8–10] that
BA ⊆ SIS
and
ρ ~ exp -

1
mλ

for sufficiently large populations and for a small enough value of λ.
Thus, as Theorem 3 and Corollary 1 hold where the population size
tends to ∞, we will have that condition
ρ ~ exp -

1
mλ

> Ωw, c0 + z0 + fN, tz  + 2
0

in Corollary 1 holds for a big enough value of m given a small enough
value of λ. Thus, from Corollary 1, we will have that there is tcen (c)
1

such that
tcen (c) ≤ tz .
1

0

And, since every Gs is a static network, then
t0  tcen (c) ≤ tz . □
1

0

5. Conclusion

In this paper, we have presented a model for networked computable
systems in order to investigate the problem of emergence of algorithmic complexity. In particular, we have mathematically investigated
conditions that enable the triggering of emergent open-endedness,
that is, the conditions that trigger an unlimited increase of emergent
https://doi.org/10.25088/ComplexSystems.27.4.369
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complexity as the population size grows toward infinity. We have
shown that these conditions are met by dynamic networks (or static
networks) that exhibit a stationary prevalence of infected nodes under
a susceptible-infected-susceptible (SIS) model for contagion of the
fittest randomly generated node. As shown in [1], such research may
be crucial for optimizing communication protocols in artificial networks of randomly generated systems that seek a better solution to a
problem.
Our model for networked computable systems is based on that previously established in [1]. Nodes are randomly generated Turing
machines that can send and receive information (partial outputs) as
each node runs its computations until returning a final output, and
edges (or arrows) are communication channels. Thus, as defined in
[1], these algorithmic networks are composed of a synchronous population that follows a protocol of imitation of the “best information”
shared by a neighbor. However, the present paper introduced a variation on this previous model such that this protocol is now followed
under an SIS model [8–10].
In this paper, we have shown that, for big enough arbitrary values
of m ∈ ℕ compared to the effective spreading rate λ, if the time for
achieving a stationary prevalence of infected nodes ρ ~ exp-1  mλ
is upper bounded by a computably big enough function of Olog(N)
(e.g., as a function of the expected diameter or average shortest path
length in scale-free networks or in classical random networks
[40, 41]), then a lower bound for the expected emergent algorithmic
complexity/information of a node goes to infinity as the network/
population size N goes to infinity. That is, the average local irreducible information that emerges when nodes are networked (from a
comparison with the isolated case) is expected to always increase for
large enough populations of randomly generated Turing machines.
Thus, these dynamic (or static) algorithmic networks with stationary
prevalence cross the phase that we call expected local emergent openendedness [1] for sufficiently large randomly generated populations.
In addition, since our main result only depends on assuming a stationary prevalence in the form of ρ ~ exp-1  mλ, we have shown as
a corollary from our theorems and from [8–10] that under the same
conditions on m and λ, the same lower bound holds for static algorithmic networks with a scale-free degree distribution in the form of a
power law Pk ~ 2m2  k3 [21]. Therefore, synchronous algorithmic
networks with a randomly generated population of computable systems and with a topology and a contagion-of-the-fittest model sufficiently close to the ones studied in [8–10] are also expected to display
expected local emergent open-endedness.
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These results suggest that contagion schemes like the SIS model,
which have been shown to be important for studying epidemic and
disease spreading and computer virus infections, may be also related
to the emergence of complexity or irreducible information [1, 11] in
networked systems. In this way, the present work and the investigation on networked computable systems using algorithmic networks in
[1, 11, 12] are able to formally define sound and crucial properties
and to prove fruitful theorems in order to grasp fundamental aspects
and limitations of the theories. Such a theoretical approach to studying emergence of complexity or information in networked computable systems may help to understand and establish foundational
properties on why an information dynamics within a system displaying synergistic or emergent behavior might be advantageous from a
computational, evolutionary or game-theoretical point of view. Thus,
as it is our goal to suggest in the present paper, these phenomena may
be also related to infection dynamics [8–10] by considering an
opposed but analogous perspective: contagion of the fittest (or the
best solution for a problem) element in a population instead of contagion of pathological or undesirable elements.
Regarding only the lower bound for the expected emergent algorithmic complexity of a node, our main results show that a version of
the halting probability for synchronous algorithmic networks may
work like an asymptotic threshold for triggering expected local emergent open-endedness through a stationary prevalence. For example, in
the case of the static algorithmic network with a Barabási–Albert
scale-free degree distribution [21], we have shown that arbitrarily
small values of the spreading rate can be overcome by big enough values of m (i.e., the number of new edges per node addition) in order to
surpass this “threshold,” triggering the expected local emergent openendedness. However, since we have only investigated a lower bound,
this halting probability may not actually be the threshold for the
actual expected emergent algorithmic complexity of a node. Thus, in
order to study the existence of such a threshold, we suggest for future
research the investigation of an upper bound and an asymptotically
tight bound for the expected local emergent algorithmic complexity.
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