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Elementary  cellular  automata  (ECAs)  generate  critical  spacetime  pat-
terns  in  a  few  local  rules,  which  are  expected  to  have  advantages  in
reservoir computing (RC).  However,  previous studies have not revealed
the  advantages  of  critical  spacetime  patterns  in  RC.  In  this  paper,  we
focus  on  the  distractor’s  length  in  the  time  series  data  for  learning  and
clarify  the  advantages  of  the  critical  spacetime  patterns.  Furthermore,
we propose asynchronously tuned ECAs (AT_ECAs)  to generate univer-
sally critical spacetime patterns in many local rules. Based on the results
achieved  in  this  study,  we  propose  RC  based  on  AT_ECAs.  Moreover,
we show that the universal criticality of AT_ECAs  is effective for learn-
ing time series data. 

Keywords: reservoir computing; cellular automata; edge of chaos; 
universal criticality; asynchronous updating  

Introduction1.

Reservoir  computing  (RC)  has  recently  attracted  attention  as  a
machine learning architecture for time series data [1–4]. RC  is a recur-
rent  neural  network  (RNN)  based  on  a  large-scale  dynamical  system
called  a  reservoir.  The  learning  method  of  the  RC  is  characterized  by
fixed  connections  inside  the  reservoir  and  an  adjustable  relationship
between the reservoir’s  state and the outputs. Consequently,  the learn-
ing  in  RC  is  faster  and  more  stable  than  the  conventional  RNN.
Because the connection in the reservoir is fixed, any nonlinear dynami-
cal  system  with  a  large  degree  of  freedom  can  be  used  as  a  reservoir,
which  is  one  reason  why  RC  is  gaining  attention  from  multiple
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researchers [5–7]. Cellular automata (CAs)  are a nonlinear dynamical
system  with  a  large  degree  of  freedom,  which  can  be  used  as  reser-
voirs [8–11]. 

The  reservoir  must  have  a  diversity  of  dynamics  and  stability  for
inputs  to  achieve  an  RC-based  effective  learning  system  [12].  Diver-
sity of dynamics related to the storage capacity contributes to classify-
ing  and  recording  multiple  instances  of  time  series  data.  Moreover,
the  magnitude  of  change  in  the  reservoir  state  for  similar  inputs
should  be  small.  Notably,  from  the  viewpoint  of  maintaining  mem-
ory,  the reservoir dynamics should be stable for the inputs. In nonlin-
ear  dynamical  systems,  the  diversity  of  dynamics  is  achieved  by  a
chaotic  mechanism.  However,  the  stability  for  inputs  is  a  property
that is contrary to chaos. Therefore,  it is generally difficult  to achieve
a system having both diversity and stability.  

It  is  a  critical  state  to  include  diversity  and  stability  in  a  system.
Generally,  the  critical  state  is  achieved  only  in  the  extremely  limited
region  of  the  order  parameter,  called  the  “edge  of  chaos,”  as  shown
in Figure 1 (top) [12–17]. However,  such fine-tuning of order parame-
ters  is  not  desirable,  considering  the  learning  system’s  robustness.
However,  critical  behavior  is  universally  observed  in  biological  sys-
tems.  From  the  perspective  of  the  edge  of  chaos,  the  universality  of
critical  behavior  in  biological  systems  is  a  difficult  phenomenon  to
explain.  It  is  a  mystery  that  should  be  called  the  “hard  problem  of
life” [18]. 

Figure 1. In  a  synchronous  system,  critical  behavior  appears  only  in  the  very
narrow  region  of  the  order  parameter,  referred  to  as  the  edge  of  chaos  (top).
On the other hand, in an asynchronous system, critical behavior appears uni-
versally without depending on the order parameter (bottom). 

Toward  solving this problem, we focus on asynchrony in biological
systems.  We  propose  asynchronously  tuned  elementary  cellular
automata  (AT_ECAs),  which  have  been  shown  to  achieve  universally
critical  behavior  [19–21].  The  AT_ECAs  generate  critical  spacetime
patterns using a mechanism different from the edge of chaos, without
the  fine-tuning  of  order  parameters  (Figure  1,  bottom).  This  property
of AT_ECAs  is expected to be useful as a reservoir.  
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In  this  paper,  we  propose  a  learning  system  that  applies  AT_ECAs
to  RC.  Furthermore,  we  show  that  the  universal  criticality  of
AT_ECAs  is effective in learning time series data. Section 2 introduces
a  learning  system  that  uses  the  elementary  cellular  automaton
(ECA)  as  a  reservoir.  In  Section  3,  we  show  effectiveness  in  learning
specific  time series data using criticality achieved by a few rules in ele-
mentary  cellular  automata  (ECAs).  We  develop  the  learning  system
using  AT_ECAs  as  a  reservoir  and  identify  its  universal  criticality
effectiveness. 

Reservoir Computing Using Elementary Cellular Automata     2.

ECAs  are  one-dimensional,  two-state,  three-neighbor  CAs  [22,  23].

The state of the ith  cell at the time step t is expressed as ci(t); an ECA

is defined as follows: 

ci(t) ∈ {0, 1} (1)

f : {0, 1} {0, 1} {0, 1}  {0, 1} (2)

ci(t + 1)  f ci-1(t), ci(t), ci+1(t) (3)

where  the  function  f  is  called  a  local  rule.  Local  rules  determine  the

next state of a cell by referring to the states of the cell and the cells on
both  sides.  The  set  of  referenced  states  is  called  a  neighboring  state.
There are eight patterns of neighboring states from 000 to 111. There-

fore, the function f  is determined by assigning 0 or 1 to a0 ∼ a7  in the

following:  
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There  are  28  256  local  rules,  referred  to  as  rule  0–255  by
Wolfram’s coding. For example, rule 110 is:  
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In  an  ECA,  the  states  of  all  cells  are  updated  using  the  same  local
rule. The state ci(t) of each cell at t > 0 can be computed by setting the

initial  states  ci(0)  and  repeatedly  applying  the  local  rule.  It  is  called  a

spacetime pattern. Figure 2 shows the spacetime patterns of four typi-
cal local rules when the initial states are set randomly.  The  horizontal
rows represent the state of each cell in a specific time step, and the ver-
tical direction represents the time, that is, the transition of the state of
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each  cell  (white  means  ci(t)  0,  black  means  ci(t)  1),  as  shown  in

Figure  2.  The  spacetime  patterns  are  classified  into  four  classes  by
Wolfram  [22,  23].  The  spacetime  pattern  of  rule  250  is  uniform  and
classified  as class 1. The  spacetime pattern of rule 156 is periodic and
classified  as  class  2.  The  spacetime  pattern  of  rule  150  is  chaotic
and  classified  as  class  3.  The  spacetime  pattern  of  rule  110  is  critical
and  classified  as  class  4.  Among  the  256  local  ECA  rules,  few  gener-
ate  critical  spacetime  patterns,  such  as  rules  110  and  54  and  their
symmetric local rules, representing the idea of the edge of chaos [15]. 

Figure 2. ECA  spacetime  patterns  are  classified  into  four  classes.  From  the
left,  uniform  (class  1),  periodic  (class  2),  chaotic  (class  3),  critical  (class  4).
There are very few ECA local rules that generate Class 4 spacetime patterns. 

RC  is  a  type  of  RNN  based  on  a  nonlinear,  large-scale  dynamical
system  called  a  “reservoir”  [1–4].  In  RC  learning,  the  weights  of  the
connections  in  the  reservoir  are  fixed,  and  only  the  correspondence
between  the  reservoir  and  the  output  is  tuned.  Learning  with  RC  is
simple;  therefore,  it  is  faster  and  more  stable  than  conventional
recurrent  neural  networks  (RNNs).  Furthermore,  any  nonlinear
dynamical  system  with  a  large  degree  of  freedom  can  be  used  as  a
reservoir.  Research  is  underway  to  utilize  physical  systems  such  as
water stored in buckets and biological systems such as octopuses’ legs
as reservoirs [5–7]. 

ECA-based  RC  was  proposed  by  Yilmaz  [8]  and  improved  to  a
recurrent  method  by  Nichele  and  Gundersen  [10].  In  this  paper,  we
use  the  latter  method.  The  schematic  diagram  is  shown  in  Figure  3.
The data to be learned is time series data of multiple bits (the input is
four  bits  and  the  output  is  three  bits).  First,  the  input  data  is  copied
into  a  one-dimensional  cell  via  random  connections,  the  initial  state.
A  spacetime  pattern  is  then  generated  using  an  ECA  local  rule,  form-
ing the reservoir state corresponding to the input. The time series data
is  not  fed  into  the  system  all  at  once.  Furthermore,  the  system  calcu-
lates  the  output  from  the  input  of  each  time  step  using  a  recurrent
method. 
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Figure 3. Schematic  diagram  of  ECA-based  RC.  The  input  data  is  copied  to
the  reservoir  through  random  connections.  The  reservoir  classifies  and  stores
the  input  data.  The  substance  of  the  reservoir  is  the  ECA  spacetime  pattern.
A support vector machine (SVM)  learns the correspondence between the state
of the reservoir (spacetime pattern of an ECA) and the output data. 

Figure  4  shows  the  connections  between  the  inputs  and  the  reser-
voir and the recurrent connections. First, we prepare L cells in state 0
and  randomly  copy  the  first  input  data  into  those  cells.  Repeat  it R
times,  and  set  them  in  an  initial  state.  The  spacetime  pattern  for  I
steps  is  generated  from  the  initial  state  using  an  ECA  local  rule.  The
vectorized  spacetime  pattern  is  the  reservoir  state  for  the  first  input
data.  Therefore,  the  reservoir  state  is  a  vector  consisting  of  LRI
elements,  and  the  value  of  each  element  is  0  or  1  (L  20,  R  2,
I  4 in the example shown in Figure 4). The  last computed cell state
is copied in the next time step, and the next time inputs are overwrit-
ten.  The  cell  to  be  overwritten  is  the  randomly  determined  cell  in  the

Figure 4. Details of the connections between the inputs and the reservoir.  The

first  (j  0)  inputs  are  copied  as  cell  states  through  random  connections.  As
the  initial  state,  a  spacetime  pattern  generated  based  on  the  EAC’s  local  rule

is  the  reservoir  state  at  j  0.  Next,  the  last  state  of  the  previous  spacetime

pattern is copied, and the input data at j  1 is overwritten. With  the new ini-
tial state, the spacetime pattern is generated again, which is the reservoir state

at j  1. 
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first  time step. Subsequently,  the ECA local rule is used to generate an
I-step spacetime pattern, forming the reservoir state for the next input
data.  By  repeating  the  process,  the  time  series  data  is  classified  and
stored as the reservoir state. 

The learning system is defined as follows: 

Xj  gxj, Xj-1 (6)

uj  hXj, (7)

where xj  is the jth  input of the time series data, Xj  is the correspond-

ing  reservoir  state  and  uj  is  the  output  of  the  learning  system.  The

function  g  in  equation  (6)  represents  a  series  of  procedures  that  copy

the input data xj  into cells and generate a spacetime pattern. Since the

procedure includes recurrent connections, the function g has the previ-

ous  reservoir  state  Xj-1  as  an  argument.  The  function  h  in  equa-

tion (7)  represents  the  procedure  for  determining  the  output  from  the
state  of  the  reservoir  by  the  readout  layer.  When  the  output  of  time
series  data  is  written  as  yj,  the  readout  layer  is  adjusted  so  that  uj

matches  yj  as  much  as  possible.  In  this  paper,  as  in  [10],  the  read-

out layer  uses  a  linear  support  vector  machine  (SVM)  and  is  imple-
mented  using  Python’s  scikit-learn.  In  the  simulation,  the  parameters
representing  the  reservoir’s  size  were  set  as  follows:  L  20,  R  8
and I  4. 

Criticality in Reservoir Computing Using Elementary Cellular 
Automata    

3.

In  this  section,  we  show  that  the  ECA-based  RC  has  higher  learning
ability  when  using  the  class  4  critical  local  rules  than  when  using
other  local  rules,  classes  1,  2  and  3.  Generally,  the  reservoir  state
should  be  critical  because  the  reservoir  requires  dynamics  diversity
and input stability.  On the one hand, there should be various dynam-
ics  (chaotic)  considering  memory  capacity.  On  the  other  hand,  it
should  be  stable  for  input  (not  chaotic),  considering  memory  mainte-
nance.  Consequently,  the  state  where  the  balance  between  the  two  is
maintained is the critical state.  

Previous  research  has  shown  that  the  critical  state  achieved  higher
performance  when  using  the  Boolean  network  as  a  reservoir  [12].  A
CA-based reservoir with a spacetime pattern belonging to class 4 (crit-
ical)  is  expected  to  achieve  higher  performance.  However,  it  has  not
been proven [8–10]. In the previous studies, the ECA  local rules with
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high  learning ability  are rules  60,  90 and  150,  all of  which belong  to
class  3  (chaotic).  Conversely,  in  this  paper,  by  investigating  the
influence of the distractor’s  length included in the time series data for
learning, we show that learning ability is higher when the class 4 (crit-
ical) local rules such as rules 54 and 110 are used as reservoirs. 

The subject of learning in this paper is the “five-bit  task,”  which is
time series data, as shown in Figure 5 [8, 10]. The  input is 4-bit time
series  data,  and  the  first  five  steps  of  the  input  are  learning  patterns.
In the learning pattern, only the first  or the second bit from the left is

1, and the other bits are 0. Therefore, there are 25  32 possible learn-
ing patterns in total. The pattern input after the learning pattern is the
distractor.  This  pattern  continues  for  some  length  with  an  input  in
which  only  the  third  bit  from  the  left  is  1.  The  length  is  expressed  as
Td.  The  next  input  after  the  distractor  is  the  cue,  in  which  only  the

fourth bit from the left is 1. After the cue, the input in which only the
third bit from the left is 1 continues for five steps. Conversely,  the out-
put is 3-bit time series data. The  outputs before the cue are the same,
and only the third bit from the left is 1. The  output after the cue is a
pattern in which only the first  or second bit from the left is 1, and the
pattern is the same as the learning pattern. The  time series data is not
fed into the learning process simultaneously; four bits are fed as input
to  each  step’s  learning  system.  Therefore,  in  this  learning  task,  it  is
required to memorize the learning pattern step by step and keep it for
the  period  during  which  the  distractor  is  input.  This  learning  task,
which  requires  both  short-term  memory  and  long-term  memory,  is
challenging for conventional RNNs [2]. 

Figure 5. The  five-bit  task;  learning  data  used  in  this  study.  The  inputs  are
4-bit time series data, and the outputs are 3-bit time series data. The  learning
task is to reproduce the learning patterns after passing through the distractor.  

We  used  the  five-bit  task  to  evaluate  the  learning  ability  of  the
ECA-based  RC.  In  this  paper,  we  clarify  the  advantage  of  critical
local  rules  by  paying  attention  to  the  effect  of  distractor  length.
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Figure 6  shows  the  relationship  between  the  distractor  length  Td  and

the learning success rate. Here, the learning success rate is the ratio of
successful learning out of 100 trials. One trial of learning is successful
only  if  all  32  learning  patterns  can  be  repeated.  The  ECA  local  rules
used  as  reservoirs  are  the  five  local  rules,  rules  54,  60,  90,  110  and
150. Rules 60, 90 and 150 are local rules that belong to class 3 (chao-
tic)  and  are  considered  to  have  high  learning  ability  in  previous
studies  [8–10].  Figure  6  shows  that  the  learning  success  rate  of  these
class  3  rules  decreased  significantly  as  the  length  of  the  distractor
increased.  Conversely,  rules  54  and  110  are  local  rules  belonging  to
class  4  (critical).  We  observe  that  the  learning  success  rate  remains
almost one for these class 4 rules and seldom decreases as the distrac-
tor’s  length  increases.  Adding  a  very  long  distractor  in  the  learning
data  reveals  the  advantage  of  the  local  rule  of  class  4  over  class  3.
This advantage has not been proven in previous studies and is one of
the new results in this paper.  

Figure 6. For  RC  using  ECAs,  the  learning  success  rate  is  plotted  against  the

length of the distractor (Td). Utilizing class 3 (chaotic) local rules for the reser-

voir  decreases  the  learning  success  rates  as  Td  increases  (ECA  rules  60,  90,

150). Conversely,  utilizing the class 4 (critical) local rule did not significantly

change success rates as Td increases (ECA rules 54, 110). 

It can be qualitatively understood that the critical local rule is supe-
rior  as  a  reservoir  for  the  reasons  mentioned.  For  the  five-bit  task,
various  dynamics  are  required  to  identify  the  32  learning  patterns,
and for that purpose, the state of the reservoir should be chaotic. Con-
versely,  to retain the memory during the period when the distractor is
input,  the  state  of  the  reservoir  should  not  change  significantly.  Both
conditions  are  expected  to  be  satisfied  when  class  4  local  rules  are
used.  In  order  to  show  this  quantitatively,  this  paper  proposes  a  new
analysis index, as described in the following. 
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First,  for  the  two  states  Xj  and  Xk  of  the  reservoir  with  different

time steps, dXj, Xk is defined as follows: 

dXj, Xk 

Xj -Xk

L ·R · I
, (8)

where  Xj -Xk  is  the  number  of  cells  contained  in  the  reservoir  that

have  different  state  values.  L ·R · I  is  the  total  number  of  cells  con-

tained in the reservoir.  Furthermore, dXj, Xk represents the distance

between the two reservoir states Xj and Xk, where 0 ≤ dXj, Xk ≤ 1.  

Second,  using  dXj, Xk,  we  define  the  index  Dj,  which  indicates

how  different  the  reservoir  state  for  the  jth  input  is  from  all  states  of

the reservoir generated so far,  as follows: 

Dj  min
0≤k<j

dXj, Xk, (9)

where  min0≤k<tdXj, Xk  is  the  minimum  value  of  dXj, Xk  calcu-

lated  for  all  Xk  in  the  range  of  0 ≤ k < j.  Dj  will  be  a  small  value

(close  to  0)  if  any  of  all  the  generated  reservoir  states  are  similar  to
the current reservoir state; otherwise, it will be a large value (close to

1).  Therefore,  Dj  approximately  represents  the  distance  between  the

current  reservoir  state  Xj  and  the  set  of  the  previous  reservoir  states

Xk 0 ≤ k < j.  

Dj  was  computed  for  RC  using  the  local  rules  of  ECA  classes  1,

2, 3 and 4 as the reservoir.  Figure 7 shows the Dj when one instance

of  the  time  series  data  of  the  five-bit  task  is  input.  The  length  of  the
distractor  Td  100,  and  the  total  length  of  the  time  series  data  is

5 + 100 + 1 + 5  111  (0 ≤ j < 111).  The  graphs  show  the  characteris-

tics  of  classes  1,  2,  3  and  4.  For  rule  250  (class  1)  and  rule  156

(class 2),  Dj  decreased  sharply  and  Dj  0  for  the  period  when  the

distractor  was  input.  Subsequently,  Dj  increased  slightly  because  of

the  cue’s  input,  and  then  returned  to  0.  These  results  show  that  the
inputs  do  not  affect  the  reservoir  state,  indicating  they  cannot  distin-

guish  learning  patterns  in  classes  1  and  2.  However,  for  class  3,  Dj

remained  large  when  the  distractor  was  input,  indicating  that  the
reservoir  state  is  always  new,  which  suggests  that  the  memory  of  the
learning pattern is lost. 
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Figure 7. The  transition  of  Dj  when  ECA  classes  1  to  4  are  used  as  reser-

voirs.  While  Dj  of  ECA  rule  60  (class  3)  is  constantly  changing  at  a  large

value, Dj of ECA rule 110 (class 4) falls once and then rises again at the end. 

Conversely,  rule 110 (class 4) has the characteristics of classes 1, 2

and 3. The Dj of rule 110 (class 4) decreased gradually while the dis-

tractor was input, but increased sharply after the cue was input. This
result  indicates  that  the  reservoir  state  changed  slightly  when  the  dis-
tractor was input, which is beneficial  for memory maintenance, while
the  state  of  the  reservoir  after  the  cue  is  input  is  highly  variable  and
diverse.  It  is  advantageous  to  distinguish  and  recall  learning  patterns.

In  other  words,  it  can  be  confirmed  from  the  transition  of  Dj  that

stability  and  diversity  for  input  are  achieved  when  the  local  rule  of
class 4 is used as a reservoir.  Moreover,  criticality is the realization of
stability  and  diversity.  Therefore,  this  numerical  analysis  shows  that
criticality is useful in RC using ECAs as a reservoir.  

Asynchronously Tuned Elementary Cellular Automaton   4.

The  AT_ECA  introduced  the  following  three  mechanisms  into  ECA
[19, 20].  

Local rules are applied asynchronously.  1.

There are two types of local rules. 2.

Local rules change at each cell. 3.

First,  asynchronous  means  that  the  state  of  a  different  time  step
may  be  referred  to  when  updating  the  cell  state.  In  asynchronous
updating,  the  order  in  which  the  cell  states  are  updated  is  significant.
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If the order in which the ith  cell at time step t  is updated is expressed

as  Ordt(i),  it  is  randomly  determined  as  long  as  the  following  equa-
tion is satisfied: 

Ordt(i) ∈ {1, 2, …, N}, i ≠ s ⇒ Ordt(i) ≠ Ordt(s), (10)

where  N  is  the  total  number  of  cells.  If  Ordt(i)  1,  the  ith  cell  is

updated  first,  and  if  Ordt(i)  N,  the  ith  cell  is  updated  last.  More-
over,  no cells are updated in the same order.   

Second,  based  on  the  given  order,  we  apply  the  local  rules  in  the
following formula to determine the cell states at the next time step: 

Ordt(i - 1) < Ordt(i) < Ordt(i + 1) ⇒
ci(t + 1)  f ci-1(t + 1), ci(t), ci+1(t)

(11)

Ordt(i - 1) > Ordt(i) > Ordt(i + 1) ⇒
ci(t + 1)  f ci-1(t), ci(t), ci+1(t + 1)

(12)

Ordt(i - 1) < Ordt(i) > Ordt(i + 1) ⇒
ci(t + 1)  f ci-1(t + 1), ci(t), ci+1(t + 1)

(13)

Ordt(i - 1) > Ordt(i) < Ordt(i + 1) ⇒

ci(t + 1)  gi
tci-1(t), ci(t), ci+1(t).

(14)

Note  that  equations  (11)–(14)  apply  different  functions  or  local
rules. It is the second mechanism that characterizes AT_ECAs.  Let us

call the functions f  and gi
t
 the passive rule and the active rule, respec-

tively.  The  function f  is the same as the conventional ECA  local rule,

which is defined  by equation (4); subsequently,  we explain the defini-

tion of the function gi
t. The condition of equations (11)–(13) is that at

least one cell on either side has already been updated. In this case, the

passive rule f  is applied. Here, the updated state is referred to for the

cells  that  have  already  been  updated.  The  condition  of  equation  (14)
is  that  the  cells  on  both  sides  are  yet  to  be  updated.  In  this  case,  we

use the active rules gi
t
 to update the cell state. 

The  active  rules  gi
t
 change  in  each  cell  in  the  process  of  generating

the spacetime pattern, and as a result, various local rules are different
for  each  cell.  This  is  the  third  mechanism  that  characterizes

AT_ECAs.  The active rules gi
t
 are defined as follows: 

000

ei, 0
t

,
001

ei, 1
t

,
010

ei, 2
t

,
011

ei, 3
t

,
100

ei, 4
t

,
101

ei, 5
t

,
110

ei, 6
t

,
111

ei, 7
t

, (15)
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where ei,0
t ∼ ei,7

t
 are 0 or 1. These  are the same in all cells at time step

t  0, and match one of ECA’s  256 rules. For all i, 

ei, n
0  an(n  0, …, 7), (16)

where  an  is  the  same  as  in  equation  (4).  After  the  next  time  step

(t > 0), if equation (13) is applied for a cell in the previous time step,
we change the active rule of the cell based on the following equation: 

ei,m
t+1  ci(t + 1) for m  4 · ci-1(t) + 2 · ci(t) + ci(t) (17)

ei, n
t+1  ei, n

t for n ≠ m. (18)

We  change  the  active  rule  to  match  the  result  of  the  last  update.
Changing  the  active  rules  this  way  has  the  effect  of  locally  mitigating
the  discrepancy  caused  by  asynchronous  updating.  As  a  result,
AT_ECAs  generate  universally  critical  spacetime  patterns.  If  equa-

tion (11) or equation (12) is applied, change it to ei,m
t+1  a0. Applying

equation  (14)  does  not  change  the  active  rule.  These  are  the  three
mechanisms that characterize AT_ECAs.   

The  process  of  generating  a  spacetime  pattern  in  an  AT_ECA  is
described  next.  First,  one  local  rule  out  of  256  ECA  rules  is  selected
as a passive rule. The  active rules are initially the same as the passive
rule and are the same in all cells. Furthermore, we set the initial state

ci(0)  appropriately.  Second,  the  updating  order  Ord0(i)  at  time  step

t  0  is  set  (the  update  order  is  randomly  set  for  each  time  step).
Based on the updating order,  one of the equations (11)–(14) is applied
to  determine  the  cell  state  ci(1)  at  the  next  time  step,  t  1.  At  this

time,  the  active  rules  are  also  changed,  and  the  modified  active  rules
are  used  in  the  next  time  step.  By  repeating  the  process,  a  spacetime
pattern  is  generated.  Since  active  rules  are  individually  variable  for
each  cell,  there  are  various  active  rules  in  the  process  of  generating  a
spacetime pattern. 

Figure  8  shows  the  spacetime  patterns  of  an  AT_ECA  and  ECA.
The local rule (passive rule) is rule 60, and the initial state is random.
Although  the  spacetime  pattern  of  the  ECA  is  typically  chaotic,
AT_ECAs  tend  to  grow  branched  patterns  that  are  characteristic  of
critical  spacetime  patterns.  This  is  not  limited  to  the  case  where  the
passive rule is set to rule 60, but AT_ECAs  generate critical spacetime
patterns in many local rules, as shown in Figure 9. The  local rules are
rules 250, 156, 150, 110 (in ECAs,  these local rules belong to classes
1  to  4,  respectively,  as  shown  in  Figure  2).  In  all  these  rules,
AT_ECAs  generate  critical  spacetime  patterns.  Moreover,  such  a  ten-
dency  is  confirmed  in  the  whole  rule  space  [19,  20].  The  spacetime
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patterns  generated  by  AT_ECAs  have  the  characteristics  of  a  critical
system such as “1/f noise” [21]. 

Figure 8. Comparison  of  spacetime  patterns  of  an  ECA  and  AT_ECA.  Both
are based on the same local rules (rule 60). The spacetime pattern of the ECA
is chaotic, whereas the spacetime pattern of the AT_ECA  is critical. 

Figure 9. AT_ECA  spacetime  patterns.  The  local  rules  are  the  same  as  those
shown  in  Figure  2,  and  they  belong  to  classes  1  to  4  in  ECAs,  respectively.
AT_ECAs  generate critical spacetime patterns in all the classes. 

Universal Criticality in Reservoir Computing Using 

Asynchronously Tuned Elementary Cellular Automata   

5.

This  section  shows  that  the  criticality  of  AT_ECAs  introduced  in  the
previous  section  is  useful  in  RC.  The  method  of  constructing
AT_ECA-based  RC  is similar to the ECA-based  RC  explained in Sec-
tion 3. The only difference is that AT_ECAs  are used instead of ECAs
when  generating  the  spacetime  pattern  as  the  reservoir  state.  How-
ever,  in  order  to  guarantee  the  reproducibility  of  the  spacetime

patterns  in  the  reservoir  using  AT_ECAs,  the  updating  order  Ordt(i)
randomly generated for I  4 steps is repeatedly used in a trial. 

First, we consider the effect of the distractor’s  length on the five-bit
task.  Figure  10  shows  the  relationship  between  the  learning  success
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rate  and  the  distractor’s  length  when  AT_ECA  rules  60,  90  and  150
are  used  as  reservoirs.  For  comparison,  the  results  of  using  the  same
local rules in ECAs  are also shown. The  simulation conditions are the
same as in Figure 6 in Section 3. Using AT_ECAs  as a reservoir shows
that  the  learning  success  rates  are  hardly  reduced  when  the  distrac-
tor’s  length  is  increased.  This  tendency  is  the  same  as  that  of  ECA
rule 110 (class 4) shown in Figure 6. 

Figure 10. The  relationship  between  the  length  of  the  distractor  and  the
success  rate  of  learning  for  RC  using  AT_ECA  and  ECA.  For  AT_ECA,  the
learning  success  rates  seldom  decreased  based  on  the  distractor’s  length.  For
ECA,  the results are the same for the three local rules of class 3. See Figure 6
for comparison. 

Second,  for  AT_ECA-based  RC,  the  index  Dj  defined  in  equa-

tion (9)  in  the  previous  section  is  computed.  Figure  11  shows  the
results of rules 33 and 60, which are local rules that belong to classes

Figure 11. Comparison  of  Dj  for  an  AT_ECA  and  ECA.  For  AT_ECA  rules

33  and  60,  Dj  decreases  once  and  then  increases  sharply  at  the  end.  This

result is similar to ECA rule 110 (class 4) in Figure 7. 
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2  and  3  in  ECA,  respectively.  In  AT_ECAs  with  both  rules,  Dj  goes

down once and then goes up sharply after the cue is entered. Such an
aspect  is  considered  to  be  derived  from  the  criticality  of  AT_ECAs,
which is evident based on the comparison with Figure 7 in Section 3.
This  implies  that  the  change  in  the  reservoir  state  is  small  when  the
distractor is input, and the cue's input diversifies  the state. Moreover,
as  discussed  in  Section  3,  such  a  property  is  useful  in  this  learning
task. 

Third,  we  show  the  tendency  of  the  entire  rule  space  to  clarify  the
universal criticality in AT_ECA-based  RC.  As mentioned earlier,  there
are 256 local rules for ECAs, but considering the symmetry of 0 and 1
and  the  left  and  right  symmetry,  there  are  for  practical  purposes,  88
local  rules  [24].  For  these  88  local  rules,  the  learning  ability  when
ECAs  and  AT_ECAs  were  used  as  reservoirs  was  verified.  The  learn-
ing task is the five-bit  task. However,  the length of the distractor was
set  to  Td  1000.  Learning  simulations  of  100  trials  were  conducted

for  each  of  the  88  local  rules,  and  the  results  were  aggregated  using
the “λ-parameter.”  The  λ-parameter is defined  as follows for the ECA
local rule: 

λ 
∑n0
7 an

8
, (19)

where an  is the same as that in equation (4). The  λ-parameter takes a

value  from  0  to  1.  However,  0.5  or  more  has  a  symmetric  local  rule,
so  0.5  is  in  reality  the  maximum  value.  The  λ-parameter  is  widely
used as an order parameter that determines the behavior of ECAs and
other CAs [15]. 

Figure  12  shows  the  average  and  maximum  learning  success  rates
calculated  and  plotted  for  local  rules  with  the  same  λ-parameter
value.  However,  both  ECAs  and  AT_ECAs  with  a  learning  success
rate of 0 are excluded from the average value. The  ECA  has a convex
graph shape for both the average value (left figure)  and the maximum
value  (right  figure).  For  ECAs,  the  learning  success  rate  increased
when  the  λ-parameter  was  an  intermediate  value.  This  result  repre-
sents  the  idea  of  the  edge  of  chaos.  Conversely,  the  shape  of  the
AT_ECA  graph  is  flat,  and  the  learning  success  rate  is  universally
high.  In  AT_ECA-based  RC,  the  reservoir’s  state  is  critical  without
depending on the λ-parameter,  referred to as universal criticality.  Fur-
thermore, the simulation result shows that high learning ability is uni-
versally  achieved  by  universal  criticality  in  AT_ECA-based  RC.  Such
a learning system is considered to be robust. Furthermore, since most
physical systems and biological systems are asynchronous in principle,
the results are important when using them as reservoirs. 
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Figure 12. Relationship  between  λ-parameters  and  learning  success  rates.  For
the 88 independent local rules, the average and maximum values of the rules’
learning success rate with the same λ-parameter value are calculated and plot-
ted  (the  left  figure  is  the  average  value  and  the  right  figure  is  the  maximum
value). For ECAs, the learning success rates are high only when the λ-parame-
ters  are  intermediate.  This  phenomenon  is  called  the  “edge  of  chaos.”
Conversely,  AT_ECAs  have  high  learning  success  rates  irrespective  of  the
λ-parameters. This phenomenon result is called the “universal criticality.”  

Concluding Remarks  6.

In  this  paper,  we  show  that  the  universal  criticality  of  the  proposed
asynchronously  tuned  elementary  cellular  automaton  (AT_ECA)
enhances  the  learning  ability  of  reservoir  computing  (RC).  In  a  con-
ventional  system,  critical  behavior  is  achieved  only  in  a  very  limited
area  of  order  parameters.  In  this  study,  we  show  that  in  elementary
cellular  automaton  (ECA)-based  RC,  critical  behavior  that  enhances
learning  ability  appears  only  with  limited  local  rules  commonly
referred  to  as  the  edge  of  chaos.  In  contrast,  this  paper  revealed  that
the  edge  of  chaos  is  derived  from  synchronous  updating.  That  is,
AT_ECAs  produce  universally  critical  behavior  because  of  asyn-
chronous  updating.  This  mechanism  explains  universally  critical
behavior observed in real biological systems.  

In  recent  years,  studies  on  open-ended  evolution  and  computa-
tional  universality  in  cellular  automata  (CAs)  have  advocated  the
need  to  remove  the  doctrine  that  certain  special  rules  realize  open-
ended  evolution  or  computational  universality  [25,  26].  Open-ended
evolution  and  computational  universality  are  closely  related  to  the
criticality  that  is  the  subject  of  this  paper  [27].  Our  past  study  has
also  shown  that  changes  in  the  interpretation  of  rules  in  the  ECA
enhance  criticality  [28].  The  results  of  these  studies  reveal  that  state-
dependent  changing  rules  or  compliers  are  more  important  than  the
specific  rules  themselves.  The  AT_ECA  is  a  form  of  dynamic  system
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based on state-dependent changing rules, as local rules change due to
the effects of asynchronous updating. Therefore, what we have shown
in this paper is considered to be a strong support for what these stud-
ies have revealed.
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