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A  detailed  parametric  analysis  is  presented,  where  the  recent  method
based  on  the  reservoir  computing  paradigm,  including  its  statistical
robustness,  is  studied.  It  is  observed  that  the  prediction  capabilities  of
the  reservoir  computing  approach  strongly  depend  on  the  random  ini-
tialization of both the input and the reservoir layers. Special emphasis is
put on finding  the region in the hyperparameter space where the ensem-
ble-averaged training and generalization errors together with their vari-
ance  are  minimized.  The  statistical  analysis  presented  here  is  based  on
the projection on proper elements method. 
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Introduction1.

The  numerical  modeling  of  multiscale  and  complex  systems  has  been
continuously  growing  in  the  last  decade,  reaching  very  high  levels  of
fidelity  and accuracy.  Some examples can be found in the modeling of
turbulence in nuclear fusion plasmas [1], in the prediction of weather
and  climate  in  the  atmosphere  [2],  in  the  multiscale  methods  in  sys-
tems  biology  [3]  and  in  the  analysis  of  the  financial  market  [4].  This
growing phase has inevitably led to the requirement of extremely effi-
cient  numerical  resources,  with  the  current  development  of  exa-scale
high-performance  computing  systems,  in  order  to  run  such  very
demanding  simulations.  In  some  practical  applications,  however,  the
elapsed  computational  time  for  the  exploitation  of  these  numerical
modelings  represents  the  bottleneck  of  the  aforementioned  validation
and/or prediction analyses. Furthermore, in parallel with the improve-
ment  of  the  employed  numerical  techniques,  the  incorporation  of
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newly  discovered  physical  processes  or  improved  complex  multi-
spatiotemporal  scale  interactions  into  the  models  makes  the  develop-
ment of classical numerical methods even more challenging. For these
reasons,  the  application  of  the  rapidly  advancing  machine  learning
(ML)  algorithms  has  gained  a  lot  of  attraction  in  the  framework  of
the  data-driven  modeling  of  complex  dynamical  systems.  The  advan-
tages of using such an approach go from the acceleration of the simu-
lations  due  to  the  highly  reduced  computational  cost  to  the  quality
improvement of the physical assessment of the numerical outcomes. 

Within  the  several  possible  ML  techniques  applied  to  the  forecast-
ing  of  complex  systems,  the  reservoir  computing  (RC)  method  has
shown  appealing  features,  such  as  the  simplicity  and  the  speed  of  the
training process, and has been revealed to be able to achieve state-of-
the-art  results,  compared  to  other  artificial  intelligence  system  (AIS)
methods. The  RC  method takes inspiration from the paradigm of the
reservoir  computers,  which  were  developed  in  two  independent  stud-
ies of the early current century [5, 6]. Due to the difficulty  of design-
ing  efficient  recurrent  neural  networks  (RNNs)  architectures  and  the
subsequent  inaccuracy  of  simplistic  RNNs  [7,  8],  Jaeger  and  Maass
proposed  the  RC  approach,  which  differs  from  the  standard  RNN  in
being  essentially  split  into  two  levels.  The  internal  layer  is  composed
of  the  so-called  reservoir,  which  is  a  randomly  initialized  RNN.  The
output  level,  usually  called  readout,  is  a  feedforward  layer  that  real-
izes  an  optimized  output  function  in  order  to  obtain  the  predicted
vector.  In  our  case,  as  in  the  case  of  the  RC  proposed  by  Jaeger  (the
echo  state  network  (ESN)  [5–14]),  the  output  function  is  obtained
from  a  linear  regression.  The  weights  of  the  connected  nodes  of  the
reservoir  are  fixed  randomly,  whereas  the  readout  layer  is  trained  to
obtain its weights. For more details on the application of the RC  tech-
nique  to  the  forecasting  of  dynamical  systems,  refer  to  recent  contri-
butions  such  as,  for  example,  [15–26].  Furthermore,  theoretical
efforts have been spent throughout the last decade to study the under-
lying  mechanism  of  the  RC  algorithm  [27–34].  Among  those  results,
detailed insights prove that a configuration  of the weights of the read-
out  layer  Wout  exists  for  which  the  RC-ESN  output  dynamic  is  topo-
logically connected to the input chaotic system [32, 34]. However,  the
capability  of  the  RC  algorithm  to  find  those  weights,  for  which  the
difference with the input data in the training phase is minimized, still
remains elusive. 

The  present  paper  is  motivated  by  recent  contributions  [18,  22]  in
which  the  RC  paradigm  is  used  to  predict  the  dynamics  of  the  well-
known Lorenz chaotic system [35]. The  Lorenz system is given by the
equations: 
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x

 Fx(x, y, z; a)  a(y - x) (a)

y

 Fy(x, y, z; b)  x(b - z) - y (b)

z

 Fz(x, y, z; c)  xy - cz (c)

(1)

These equations were derived for the first time by Lorenz, after simpli-
fying a set of partial differential equations describing the motion of a
fluid  between  two  layers  of  the  atmosphere.  Therefore,  the  parame-

ters a, b and c have a real physical meaning, especially b, which corre-
sponds to the convection rate. The purpose of this paper is to validate
and  evaluate  the  accuracy  of  the  RC  method  applied  for  reconstruct-
ing the dynamics of the Lorenz system. The  reported statistical analy-
ses,  based  on  the  projection  of  the  proper  elements  method  [36–38],
demonstrate  that  the  large  randomness  of  the  RC  approach  is
strongly  related  to  the  random  initialization  of  the  reservoir  network
components and is highly affected by the chosen configuration param-
eters.  Large  variation  of  the  error  in  the  prediction  phase  is  obtained
for a broad set of parameters of the reservoir,  leading to strong inac-
curacy in predicting the time evolution of the Lorenz trajectories for a
significant  sample of realizations. The  results presented in recent con-
tributions  [18, 22]  are  shown  to  fall  within  a  narrow  region  of  the
scanned parameter series. Nevertheless, the prediction error of such a
narrow  favorable  region  is  affected  by  large  statistical  variation  as
well, making the reconstructed dynamic by this specific  ML technique
frequently not reliable.

The remainder of the paper is organized as follows: the specific  RC
approach  that  has  been  applied  on  the  Lorenz  system  [35]  and  the
evaluation  techniques,  including  the  projection  on  proper  elements
method  [36–38],  are  described  in  Section 2;  Section 3  is  divided  into
five  subsections,  illustrating  the  principal  results  that  are  achieved.
Different  hyperparameters  of  the  reservoir  network  and  of  the  model
are  considered  and  deeply  analyzed,  with  statistical  insight  into  the
probability  distribution  function  of  the  errors;  dedicated  analysis  on
the  time  evolution  of  the  Lorenz  coefficients  is  carried  out;  the  main
conclusions are summarized in Section 4.

Methods2.

In  this  paper  we  produce  the  dataset  by  solving  the  Lorenz  system
given  by  equations  (1)  using  a  fourth-order  Runge–Kutta  method
(RK4). This integration will produce the dataset {xi, yi, zi}, with N the

maximum  number  of  time  steps.  We  will  use  Δt  0.02  and
N  6250. The dataset will be divided into a training set and a predic-
tion  set,  with  respective  lengths  ntrain  5000  and  npred  1250,  such
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that ntotal  ntrain + npred. The  training set will be used to compute the

parameters  of  the  AIS,  and  the  prediction  set  will  be  used  to  test  the
predictive capabilities of the AIS.

Reservoir Computing Setup2.1

Here we follow exactly the methodology employed by Pathak et al. in
[18,  22],  with  the  same  set  of  parameters  they  used  to  build  the  RC.
The  architecture  of  the  AIS  is  shown  in  Figure  1  and  will  be  briefly

explained  in  the  following.  The  input  vector  is  called  u(t) ∈ 3
 and

contains  the  three  components  of  the  Lorenz  system,  x,  y  and  z.  It  is

fed  into  the  reservoir,  represented  by  a  square  matrix  whose  element
(i, j)  indicates  the  connection  between  the  neuron  i  and  the  neuron  j.

Such a matrix is called A ∈ DrDr , with Dr  the number of neurons. If
the element Ai, j  0, the neurons i and j are not connected.

An  input  layer Win ∈ 3Dr  is  needed  between  the  input  and  the

reservoir,  mathematically representing an application from 3
 to Dr .

Both the reservoir matrix and the input layer are randomly initialized.

The  elements  of  both  Win  and  A  are  drawn  from  a  uniform  distribu-
tion function in [-1, 1], with an additional multiplying scaling factor
γscale  0.1  applied  only  to  the  input  layer  elements.  The  elements  of

the reservoir are rescaled so that the largest magnitude of the eigenval-
ues (the so-called spectral radius) is equal to the desired value ρ. 

In  the  present  paper,  based  on  the  example  of  [18,  22],  the  reser-

voir  matrix  A  is  given  by  a  sparse  Erdos–Rènyi  network  [39,  40],

with  an  average  degree  of  d  6.  It  is  to  be  noted  that,  since  the

degree  of  the  Erdos–Rènyi  network  is  fixed  to  d  6,  the  rewiring

probability  p  d /Dr  is  decreased  (resp.  increased)  when  Dr  is

increased  (resp.  decreased),  and  therefore  the  connectivity  matrix  of
the neural network becomes sparser (resp. less sparse). The results can
also  be  reproduced  with  a  less  weakly  connected  network  [32],  and
therefore  the  choice  of  the  sparse  Erdos–Rènyi  network  is  made  only
to be consistent with the aforementioned publications. 

The  number  of  reservoir  neurons  and  the  spectral  radius  of  the
adjacency  matrix  are  widely  scanned,  and  the  impact  of  each  couple
of input parameters on the measured errors is then evaluated. It must
be stressed that the echo state property [5], which was introduced as a
necessary feature for the effectiveness of the RC  technique, was origi-
nally  linked  to  the  rule  of  thumb  ρ < 1  for  the  reservoir  network.
However, this latter consideration has been proven not to be a neces-
sary  criterion  for  the  ESP  to  hold  [41,  42].  Hence,  detailed  studies  in
this  framework  [43–45]  proposed  less  restrictive  conditions,  thereby
allowing  the  hyperparameter  space  to  also  be  explored  for  the
spectral  radius  ρ > 1  of  the  adjacency  matrix  A.  Justified  by  this,  the
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analyzed  range  of  ρ  values  is  also  extended  beyond  the  unity,  as  pre-
sented in the following. 

Each  neuron  of  the  reservoir  is  characterized  by  a  state  r(t),  which
represents  the  activation  of  the  neuron  (-1:  deactivated,  +1:  acti-
vated), computed at each time step by a tanh activation function: 

r(t + Δt)  tanh(A · r(t) +Win · u(t)). (2)

Note  that  the  recurrence  in  the  RC  paradigm  is  essentially  consid-

ered in equation (2), where the neuron states at the ith  time step ri  are
linked  to  the  neuron  states  at  the  previous  time  steps  (ri-1,  ri-2,  ri-3,
and  so  on).  This  is  also  illustrated  in  the  schematic  view  of  the  RC
architecture  of  Figure  1.  The  particular  choice  of  using  the  activate
function  of  equation  (2)  is  made  in  order  to  follow  the  example  of
[18,  19,  22];  nonetheless,  diverse  RC  architectures  have  been
exploited successfully [46–48]. The underlying idea of the RC  method
is  to  predict  the  dynamics  of  the  system  at  time  step  n + 1,  that  is,
un+1 by means of the relation: 

un+1  Wout · rn + cout. (3)

Figure 1. Schematic representation of the reservoir computing paradigm.

The  weights  of  the  readout  layer  Wout ∈ 3n
 can  subsequently  be

computed  by  minimizing  the  difference  between  the  actual  u(t)  and
the predicted v(t) Lorenz trajectories for each time step of the training
phase.  Therefore,  in  order  to  train  the  RC  network,  we  have  to  find

Wout and c ∈ 3
 minimizing the following quadratic form: 

Wout · r

+ c - v2 (4)

Parametric  Validation  of the RC-Based Machine Learning Algorithm 315

https://doi.org/10.25088/ComplexSystems.31.3.311

https://doi.org/10.25088/ComplexSystems.31.3.311


for  all  the  time  steps  of  the  training  phase,  where  q2  qT · q.  The

so-called  “ridge  regression  parameter”  is  set  to  zero,  that  is,  β  0,
since  the  overfitting  is  already  avoided  [18].  Moreover,  it  is  to  be
noted  that  the  assumption  of  symmetry  in  computing  the  first  two
components x  -x and y  -y of the Lorenz equations [18, 19, 25]

in the predicted vector v is retained, in order to be consistent with the
assumption  made  in  [18,  19,  22].  For  this  reason,  equation  (4)

includes  r

 instead  of  r.  The  modified  neuron  state  matrix  r


 presents

the  second  half  of  the  third  row  given  by  the  nonlinear  combination

r

i  ri

2
 (for  i > Dr / 2).  However,  the  same  analysis  has  also  been  car-

ried  out  relaxing  such  a  symmetry  assumption  with  very  similar
results. 

Then,  the  minimization  problem  described  in  equation  (4)  reduces
to a linear regression [5], whose solution in the training phase is: 

Wout
*  U ·RT · R ·RT

-1
(5)

where  U ∈ 3n
 is  the  array  containing  the  actual  dynamic  of  the

Lorenz  system,  R ∈ 3n
 the  array  containing  the  neuron  states  (with

the  nonlinear  combination  as  described  earlier  and  in  [18])  and  Wout
*

is the particular solution of the minimization problem. As a result, the
readout layer Wout  is trained and thereby fixed.  Hence, the same pro-
cedure  can  be  applied  in  the  prediction  phase.  Indeed,  the  neuron
states are now computed using the predicted vector by:

r(t + Δt)  tanh(A · r(t) +Win · v(t)) (6)

and subsequently applied as:

vn+1  Wout · vn (7)

for the entire prediction phase. The  vector vn+1  [x

, y

, z

]n+1  contains

the components of the Lorenz dynamic predicted by the RC  approach
at the time step n + 1.

With  respect  to  traditional  RNNs,  the  RC  architecture  benefits
from  the  possibility  of  training  the  readout  layer  at  once,  which
reduces  significantly  the  elapsed  time  for  the  training  phase  [49],  and
from the absence of the vanishing gradient issue [25, 50]. 

Table  1  summarizes  the  principal  parameters  of  the  analyzed  RC
configurations. 

Error Quantification through the Projection on Proper
Elements Method

2.2

The  AIS  predictive  capabilities  were  evaluated  in  [18, 22]  based  on
the ability to predict the climate, that is, the ergodic properties of the
chaotic  system  quantified  by  the  Lyapunov  exponents.  In  this  paper,
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Parameter Value  

β 0 

γscale 0.1 

Dr [50, 610] 

ρ [0.5, 2.5] 

d 6 

Δt 0.02 

ntrain 5000 

npred 1250 

δ 1.25 

Table 1. Reservoir  parameters  that  have  been  used  for  the  standard  simula-
tions, if not otherwise clearly noted. As  explained in the text, the parameters
are:  β  the  ridge  regression  parameter,  γscale  the  scaling  factor  applied  to  the

input  layer  Win,  Dr  the  reservoir  number  of  neurons,  ρ  the  spectral  radius  of

the  reservoir  network,  d  the  average  degree  of  the  Erdos–Rènyi  network,  Δt

the time step of the considered Lorenz dynamic, ntrain  and npred  the number of

time steps in the training and prediction phases, respectively,  and δ the period
of the moving time window for the error calculation. Very  similar parameters
have also been used in [18].

we  employed  a  different  criterion,  based  on  the  projection  on  proper
elements (PoPe), using the Euclidean distance as the measure to quan-
tify  the  error  of  the  system  to  reproduce  the  Lorenz  dynamic.  The
PoPe  method  is  described  in  detail  in  [36–38]  and  here  we  provide
only a brief explanation for our purposes.

Let us assume that we have a set of data d  {xi, yi, zi}1≤i≤npred
 pro-

vided  by  the  RC  technique.  The  PoPe  method  is  employed  to  deter-

mine to what extent the set of data d, produced by the RC  technique,
has  been  generated  by  the  Lorenz  system  given  by  equation  (1).  This

is done by computing the coefficients (a, b, c) that better fit d. 
For this purpose, let us note that the Lorenz system can be rewrit-

ten as follows: 

x

 a(y - x) + αx (a)

xz + y + y

 b (b)

-xy + z

 -cz + αz (c)

(8)

where we have included αx, αy, αz for the sake of generality.  Such an

expression  highlights  the  linear  dependence  on  the  parameters

a, b, c, αx, αy, αz.  Therefore,  the  calculation  of  the  coefficients  that
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better  fit  the  RC  predictions  is  reduced  to  a  linear  regression.  To  do
this,  the  time  derivatives  on  the  left-hand  side  of  equations  (8)  are

computed  from d  using  an  arbitrarily  high  precision  method  (in  the
present  paper  we  use  a  fourth-order  finite  difference  scheme).  These

derivatives are denoted as x

, y


, z


.

The Lorenz equations can then be rewritten in a matrix form, com-

bining the RC-predicted  trajectories di with the expression of the com-
puted time derivatives 

Mi  Ni · Γ (9)

with  Mi  x

i, y



i + xizi + yi, z

i - xiyi,  Ni  [(yi - xi, xi, -zi), (1, 1, 1)]

and Γ  (a, b, c), αx, αy, αz. The linear regression consists in calcu-

lating Γ★  (a★, b★, c★), αx
★, αy

★, αz
★, which minimizes

ε  

i1

n

(Mi -Ni · Γ
★)2. (10)

Hence, it translates into the condition

∂ε

∂Γ★
 -

i1

n

2Ni
T · (Mi -Ni · Γ

★)  0. (11)

Further mathematical derivations lead to

Γ★  NT ·N
-1

· NT ·M (12)

where  M  and  N  are  the  matrices  containing  the  considered  data
points,  that  is,  M  {M1, M2, …, Mn}  and  N  {N1, N2, … , Nn}.

Therefore,  the  coefficients  a★, b★, c★, αx
★, αy

★, αz
★  better  fitting  the

RC-predicted  trajectories can be compared to the ones that were used
for  the  numerical  integration  of  the  Lorenz  system,  namely

(a, b, c, 0, 0, 0).  Such  a  comparison  provides  the  error  ϵpred  between

the numerical integration of equation (1) (what we call the exact solu-
tion)  and  the  prediction  made  by  the  AIS.  The  error  is  finally
expressed  as  the  Euclidean  distance  between  the  two  set  of  coeffi-
cients, that is: 

ϵpred  (a - a★)2 + (b - b★)2 + (c - c★)2 + αx
★2 + αy

★2 + αz
★2 . (13)

Note also that another way to measure the prediction error can be
used,  where  the  distance  between  the  exact  and  the  predicted  trajec-
tory is computed. However,  for chaotic time series this is not a useful
quantity,  since any small error gets amplified.  Therefore,  even though
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the systems are physically close to each other,  their time series can be
very disparate. For this reason, we better quantify the prediction error
through  relation  (13).  Let  us  stress  also  that  the  prediction  error  is

computed  based  on  the  coefficients  a★, b★, c★, αx
★, αy

★, αz
★  via  a  lin-

ear regression using 3npred  data points. Therefore, the prediction error

may depend on the length of the prediction phase npred. 

It is worth highlighting that the PoPe method requires prior knowl-
edge  of  the  system  governing  equations.  For  this  reason,  using  the
PoPe method for evaluating the prediction accuracy of the model-free
RC  technique  is  not  generally  allowed.  Nevertheless,  the  purpose  of
the  present  study  is  the  parametric  validation  of  the  RC  algorithm  in
reconstructing  the  Lorenz  dynamic,  whose  equations  are  fully
available. For this reason, the use of the PoPe method to evaluate the
quality of the RC prediction is justified. 

In this paper,  we quantify the accuracy of the RC  approach to pre-
dict the Lorenz dynamic through a scan on the number of neurons Dr

and the spectral radius ρ of the Erdos–Rènyi network. In addition, we
explore the impact of the length of the prediction phase on the predic-
tion error,  equation (13). As already stated, the RC  approach is based
on  the  fact  that  all  the  parameters  of  the  system  are  initialized  ran-
domly,  except those of the output layer.  This  implies that the training
phase  is  reduced  to  a  simple  linear  regression.  But  this  also  implies
that the results may depend on the random initialization of the param-
eters.  To  overcome  this  difficulty,  for  each  point  in  our  scan  (Dr, ρ),
we  perform  N  500  realizations.  Each  of  them  will  be  different,
since  the  initialization  of  the  network  and  of  the  input  layer  is  ran-

dom.  For  each  realization  s,  we  calculate  ϵ
pred
(s)

 and  we  use  the  ensem-

ble averaged quantity,

ϵpredrls 
1

N


s

ϵ
pred
(s) ,

where the subscript rls stands for realization. 

The  prediction  error  can  be  calculated  in  two  different  ways:
(1) for time windows whose left endpoint is set to 0 and the right end-
point  is  upper-bounded  by  tpred  25  and  increasing  for  each  time

window  as  κδ,  with  δ  1.25  and  κ ∈ [1, 2, … , n]  denoting  the  num-
ber  of  the  time  window;  (2)  for  moving  time  windows  of  the  same
length  and  whose  endpoints  are  increasing  as  [κδ, (κ + 1)δ],  with
δ  1.25 and κ ∈ [0, 1, 2, … , n]. In other words, in the first  way,  the
error  is  computed  over  time  windows  whose  lengths  are  increasing,
considering therefore the dynamics from tpred  0 up to κδ; and in the

second  way,  the  prediction  error  ϵpred  is  calculated  over  moving  time
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windows  of  fixed  length  δ  1.25.  In  the  following,  we  use  the  first
method  to  compute  the  errors.  We  call  this  method  increasing-time-
window  procedure.  In  this  way,  the  dynamic  of  the  entire  considered
prediction  phase  is  taken  into  account  in  calculating  the  deviation
from the actual Lorenz trajectories. Nonetheless, it could be useful to
compare  these  results  with  the  moving-average  error,  that  is,  the  sec-
ond  procedure  described,  as  is  done,  for  instance,  in  Section  3.3.  The
choice of the time window length of δ  1.25 yields a sufficient  num-
ber of points to calculate the linear regression and the subsequent pre-

dicted coefficients  (a★, b★, c★, αx
★, αy

★, αz
★) in each time window of the

moving-error  procedure.  However,  if  not  otherwise  noted,  the  stan-
dard  procedure  for  computing  the  errors  is  the  increasing-time-
window procedure. 

Finally,  it  is  also  instructive  to  quantify  the  training  error  ϵtrain,
which  is  computed  using  the  same  Euclidean  distance  as  in  equa-
tion (13), but applied only to the training phase. 

Results3.

The  training  and  prediction  errors  averaged  over  all  the  realizations
are  plotted  in  Figures  2(a)  and  (b),  respectively,  fixing  the  length  of
the  prediction  phase  to  tpred  25,  that  is,  npred  1250.  The  isocon-

tours of the averaged training and prediction errors are represented in
logarithmic  scale  as  a  function  of  the  number  of  neurons  Dr  and  the
spectral radius ρ of the reservoir network. The  error in the prediction
phase  is  calculated  for  the  entire  prediction  time,  that  is,

tpred  [0, 25].  It  is  observed  that  the  training  error  is  minimum  in  a

rather  narrow  region  in  the  (Dr, ρ)  plane.  Moreover,  mild  variations
of  (Dr, ρ)  may  lead  to  an  abrupt  increase  of  the  training  error.  This
means  that  there  is  a  strong  restriction  in  the  allowed  values  of  Dr

and ρ.
It is particularly important to realize that increasing the number of

neurons does not necessarily reduce the averaged training error.  More-
over,  we can observe that the averaged prediction error is significant,
increased  by  several  orders  of  magnitude  with  respect  to  the  training
error.  The  values  selected  in  [18]  were  Dr  300  and  ρ ∈ {1.2, 1.45},
which fall into the beneficial narrow region where the training error is
minimal,  as  the  markers  in  Figure  2(a)  show.  Yet,  it  is  observed  that
the averaged prediction error is far from being negligible, considering
the  entire  prediction  phase  tpred  25.  Within  the  set  of  scanned

parameters  in  Figure  2,  a  region  where  〈ϵpred〉rls  is  minimized  is  noted

for  Dr > 400  and  ρ > 1.5.  In  the  remainder  of  the  paper,  such  a
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region,  and  the  configuration  included  therein,  will  be  called  favor-
able. It is stressed again that, although the ESP originally required the
spectral  radius  to  be  ρ < 1,  the  range  of  values  of  the  spectral  radius
leading to optimal forecasting is obtained for ρ > 1, consistently with
the  results  of  [51].  Furthermore,  the  region  where  Dr > 300  and
ρ < 1.2  presents  the  largest  measured  averaged  errors  of  the  analyzed
range of parameters in the prediction phase. For this reason, it will be
termed  as  the  unfavorable  region  of  the  (Dr, ρ)  plane.  It  must  be
noted  that,  although  in  a  different  framework  from  the  present  para-
metric validation study,  very similar dependencies of the errors on the
spectral radius have also been reported in a recent publication [45]. 

(a) (b)

Figure 2. A  scan  of  the  error  2  ,  in  logarithmic  scale,  over  the  input  param-

eters  Dr  and  ρ  of  the  reservoir  network  is  displayed  for  the  training  and  the
prediction  phases,  in  panels  (a)  and  (b),  respectively.  The  errors  are  averaged

over  the  whole  set  of  realizations  N  500  for  each  couple  (Dr, ρ).  The  red
markers show the configurations employed in [18].

Large Statistical Variation of the Errors due  to
Random Initialization

3.1

It is also observed that the averaged errors in both training and predic-
tion  phases  for  each  couple  (Dr, ρ)  may  be  accompanied  by  a  large
variation  within  the  set  of  performed  realizations.  In  Figure  3,  the
standard deviation σ of the averaged errors within the set of N  500
realizations is plotted as a function of the number of neurons Dr  and
the  spectral  radius  ρ  for  the  training  and  the  prediction  phases  in  (a)
and  (b),  respectively.  The  set  of  realizations  is  the  same  displayed  in
Figure  2,  and  the  errors  shown  in  panel  (b)  for  the  prediction  phase
are calculated for tpred  [0, 25], consistently with Figure 2. The  large

dispersion  that  can  be  appreciated  by  measuring  σ  demonstrates  the
strong  impact  of  randomness  on  the  prediction  of  Lorenz  chaotic
trajectories  by  the  RC  technique.  The  plot  in  Figure  3(a)  provides
additional  evidence  that  the  possible  efficient  configurations  of  this
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AIS  based  on  the  RC  approach  for  the  prediction  of  chaotic  trajecto-
ries  are  limited  to  a  narrow  region  in  the  (Dr, ρ)  plane.  Furthermore,
similarly  to  what  has  been  observed  in  Figure  2,  the  difference  of  the
standard  deviation  for  the  set  of  realizations  between  the  training
phase  and  the  prediction  phase  is  significant,  especially  in  the  favor-
able  region  of  the  scan.  Indeed,  this  proves  the  more  frequent  occur-
rence  of  large-error  events  in  the  prediction  phase,  which  are  then
also  responsible  for  the  increase  of  the  averaged  prediction  error
within the set of the realizations with respect to the training phase.

(a) (b)

Figure 3. The standard deviation σ of the logarithm in base 10 of the errors,

for both training (a) and prediction (b) phases, within the set of N  500 real-
izations is displayed for the same scans reported in Figure 2. The  large varia-
tion within the whole set of realizations can be thus be appreciated.

Insightful information on the randomness of the RC  prediction can
be found by further analyzing the two specific  cases described in [18].
From  the  statistically  relevant  averaged  results  illustrated  in  Figure  2,
we  can  infer  that  the  case  with  (Dr, ρ)  (300, 1.45)  performs  better
than the case with (Dr, ρ)  (300, 1.2) (respectively,  red diamond and

red  star  in  Figure  2),  as  the  ϵpredrls  is  minor  for  the  former  case  but

not for the latter case. This  result might not be in full agreement with
what  is  reported  in  [18],  where  the  case  with  (Dr, ρ)  (300, 1.45)  is
shown  to  be  less  accurate  at  predicting  chaotic  trajectories,  with
respect to the case with (Dr, ρ)  (300, 1.2). This  might be due to the
random  initialization  of  the  input  layer  and  the  reservoir  array.
Indeed,  for  one  single  realization,  the  case  with  (Dr, ρ)  (300, 1.2)
can  perform  better  than  that  with  (Dr, ρ)  (300, 1.45),  consistently
with [18]. This  is illustrated in Figure 4, where the time traces of x, y

and  z  are  plotted  for  Dr  300  and  the  two  values  ρ  1.2  (left  col-
umn  panels)  and  ρ  1.45  (right  column  panels).  In  each  panel,  the
realization  with  minimum  error  is  plotted  by  a  red  curve.  Another
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randomly  chosen  realization  is  plotted  by  the  blue  curve.  As  a  refer-
ence,  the  exact  solution  is  given  by  the  dashed  black  curve.  It  is
observed  that  depending  on  the  realization,  the  case  ρ  1.2  can  per-
form better or worse than the case ρ  1.45. 

Figure 4. The  dynamics  of  the  three  components  of  the  Lorenz  system,  pre-
dicted  by  the  RC  method,  are  shown  for  the  two  configurations  studied  in

[18],  that  is,  (Dr, ρ)  (300, 1.2)  (left  column)  and  (Dr, ρ)  (300, 1.45)
(right  column).  The  black  dotted  curves  are  the  actual  chaotic  trajectories
obtained through numerical integration of the Lorenz equations with the RK4
method  (labeled  as  Ground  Truth  in  the  legend).  Red  and  blue  curves  show,
respectively,  the  best  and  a  non-favorable  solution  obtained  through  the  RC

technique over the whole set of N  500 realizations.

Statistical Analysis on the Error Distribution3.2

Given  the  large  statistical  variation  exhibited  by  the  measured  errors,
we  analyze  the  relevance  of  using  the  mean  value  as  an  indicator  of
the error for each single (Dr, ρ) configuration  within the set of realiza-

tions.  The  histograms  of  log
10ϵpred  for  four  couples’  (Dr, ρ)  configu-

rations  are  shown  in  Figure  5.  The  same  analysis  on  the  error  in  the

training  phase  log10(ϵtrain)  revealed  analogous  results.  These  four
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(a) (b)

(c) (d)

Figure 5.  The  error  in  logarithmic  scale  in  the  prediction  phase,  calculated  at

tpred  25,  of  an  incremented  set  of  N  5000  realizations  is  shown  in  his-

togram  plots  for  four  different  RC  configurations.  The  distribution  is  binned

in nbins  100 samples. The  black dashed curves represent the unimodal nor-
mal  PDF,  whose  mean  value  and  standard  deviation  are  the  mean  value  and
the  standard  deviation  of  the  error  distribution  functions  for  the  correspond-
ing configuration.

different cases are chosen to represent: (a) a favorable case, (b) and (c)
the same cases studied by Pathak et al. [18] and (d) a case in the unfa-
vorable  region  of  the  (Dr, ρ)  plane.  In  this  particular  analysis,  the
number of realizations has been increased up to N  5000 to improve
the  statistical  relevance  of  the  dataset,  and  the  histograms  are
captured  in  nbins  100  bins  evenly  spaced.  As  can  be  seen,  the  his-

tograms  are  shifted  to  large-error  values  going  from  panel  (a)  to
panel  (d).  In  the  four  panels,  the  Gaussian  probability  density  func-
tion (PDF), whose mean and standard deviation are respectively equal
to  the  statistical  mean  and  standard  deviation  of  the  corresponding
set of realizations, is over-plotted with black dashed lines. In this way,
it  is  straightforward  to  compare  the  histograms  and  the  Gaussian
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PDFs. Whereas for panels (b) and (c) the distribution of the error over
the  set  of  realizations  follows  a  Gaussian,  for  panels  (a)  and  (d)  the
histograms exhibit a departure from the normal PDF.  In particular for
the configuration  (Dr, ρ)  (550, 0.9), an inset with the rightmost tail
of the distribution function is displayed in a log-log plot. In this way,
it  is  possible  to  appreciate  the  deviation  for  the  large-error  events  of
such  a  configuration  from  the  tail  of  the  Gaussian  distribution.  This
deviation  is  present  in  all  the  analyzed  configurations  of  the  unfavor-
able  region  of  the  (Dr, ρ)  plane.  Therefore,  the  accuracy  of  using  the
statistical mean is demonstrated; that is, the first moment of the distri-
bution  function,  to  quantify  the  error  in  both  training  and  prediction
phases  for  a  significant  range  of  analyzed  configurations.  Yet,  the
unfavorable region of the (Dr, ρ) plane presents a non-negligible devia-
tion  from  the  Gaussian  distribution,  especially  concerning  the  large-
error events.

Additionally,  it  could  be  observed  that  the  slight  deviation  of  the
histograms  from  the  normal  distribution  function,  especially  in  panel
(d),  can  be  explained  by  studying  the  third  and  fourth  standardized
moments  of  the  PDF,  that  is,  the  skewness  μ3  and  the  kurtosis  μ4,
respectively.  The  skewness measures the loss of asymmetry of a distri-
bution  function.  For  a  symmetric  PDF  the  skewness  is  null  (μ3  0),
hence  a  positive  (negative)  value  indicates  that  the  dataset  is  skewed
to the right (left) with respect to the principal mode—the mean value
for  a  unimodal Gaussian  PDF.  On  the  other  hand, the  kurtosis  prop-
erty  measures  the  flatness  of  the  PDF.  Generally,  the  kurtosis  is  com-
pared  to  the  kurtosis  of  a  Gaussian  distribution  function,  which  is

equal  to  3  (μ4  3).  Therefore,  the  excess  kurtosis  μ

4  is  commonly

used,  which  is  the  kurtosis  rescaled  to  3  (μ

4  μ4 - 3).  A  large  excess

kurtosis  thus  indicates  that  the  distribution  has  strongly  populated
tails.  Therefore,  by  inspecting  the  loss  of  asymmetry  (skewness)  and
strength  of  the  tails  (excess  kurtosis)  together,  it  is  possible  to  evalu-
ate  the  behavior  of  the  measured  PDFs.  The  measured  distribution
function in Figure 5(a) and (d) reveals a positive skewness, denoting a
major  broadening  toward  large-error  values,  as  can  also  be  inferred
from the plots. Whereas  for the configuration  (Dr, ρ)  (470, 2.2) the
skewness  is  mildly  above  zero,  the  RC  method  with
(Dr, ρ)  (550, 0.9)  shows  a  four-times  larger  value  of  the  skewness,
which  evidences  the  more  frequent  occurring  of  large-error  events.
For  this  latter  configuration,  the  rescaled  fourth  moment,  the  excess
kurtosis,  is  positive  and  large,  indicating  that  the  distribution  of  the
dataset  is  strongly  peaked  around  the  mean  value.  In  conclusion,  the
statistical properties of the cases in panels (a), (b) and (c) indicate that
the  distribution  functions  could  be  well  approximated  with  a  Gaus-
sian  around  the  corresponding  mean  values.  On  the  other  hand,  for
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the unfavorable case in panel (d), the statistical mean value is strongly
affected by a more frequent occurring of large-error events. 

Dependence of the Error on the Prediction Phase Length 3.3

To  shed  some  light  on  the  validity  of  the  RC  method  to  reconstruct
the  Lorenz  dynamic,  we  additionally  explore  the  dependence  of  the
prediction  error  on  the  maximum  length  of  the  prediction  phase.  As
illustrated  in  [18],  the  AIS  based  on  the  RC  approach  correctly  pre-
dicts the short-term trajectories, while significantly  deviating from the
actual  Lorenz  trajectories  in  the  long-term  phase.  The  considered
length of the prediction phase has thereby a strong impact on the com-
puted  error.  Therefore,  we  analyze  the  dependence  of  the  averaged
prediction error ϵpred  on the length of the prediction phase in the two

different procedures that have been described at the end of Section 2.
The results are illustrated in Figure 6. Hence, in panels (a)–(c) the pre-
diction  error  is  calculated  for  time  windows  whose  period  is  [0, κδ],
with  δ  1.25  and  κ  [1, 2, …, n],  up  to  tpred  25.  Indeed,  panels

(d)–(f) represent the prediction error calculated in the second fashion,
for  which  the  period  of  the  time  windows  is  [κδ, (κ + 1)δ],  with
δ  1.25  and  κ  [0, 1, 2, …, n].  The  two  procedures  are  labeled  in
the  figure  as  increasing-time-window  average  error  and  moving-
average error,  respectively.

Figure 6. The  error  in  the  prediction  phase  is  displayed  as  a  function  of  the
length  of  the  prediction  phase  for  different  configurations.  The  prediction
error  is  calculated  at  increasing  width  of  the  time  windows  in  panels  (a)–(c),
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and  with  a  moving  time  window  of  fixed  period δ  1.25  in  panels
(d)–(f).  The  configurations  reported  are  picked  from  all  the  scanned  cases,
with  the  purpose  of  representing:  (a)  and  (d)  favorable  cases,  (b)  and  (e)  the
same cases reported in [18] and eventually (c) and (f) cases from the unfavor-

able region of the (Dr, ρ) plane explored in Figure 2.

As  has  already  been  noted,  even  for  the  favorable  cases  in  panel

6(a)  in  previous  sections,  the  log10ϵpredrls  indicator  is  very  large

compared  to  the  error  in  the  corresponding  training  phase.  It  is  also
observed  that  there  is  a  strong  dependence  on  the  length  of  the pre-
diction phase in the short-term prediction. Focusing on the increasing-
time-window  average  procedure,  after  the  prompt  increase  in  the
short-term  prediction,  the  error  remains  constant  (after  an  elbow)  in
the long-term prediction, consistently with [18]. Such behavior is also
actually present for the favorable configurations  when the error is cal-
culated  with  the  moving-average  procedure,  as  panels  (d)  and
(e) show.  

Furthermore,  smoother  curves  in  the  time  evolution  of  the  calcu-
lated  error  appear  when  the  increasing-time-window  average  proce-
dure is employed. This is to be understood as, in this latter procedure,
the calculation has a kind of “memory”  from previous time windows,
since the analyzed time period increases by also including the dynam-
ics of the previous time windows. On the other hand, there is no such
“memory  effect”  in  the  moving-average  procedure,  as  the  solution
coefficients  are  calculated  for  each  time  window  independently  from
the previous ones. 

Another  striking  observation  comes  from  the  value  of  the  error  at
the  end  of  the  first  time  period  of  the  prediction  phase

tpred ∈ [0, 1.25].  Indeed,  the  average  prediction  error  〈ϵpred〉rls  already

presents a value much larger than the error evaluated for the training
phase  for  the  same  configuration.  The  difference  between  these  two
values  can  also  be  inferred  from  the  plots  in  Figure  2.  Especially  for
the  favorable  configurations,  the  difference  could  also  be  more  than
four  orders  of  magnitude.  Therefore,  the  RC  approach  could  also
show  a  strong  disparity  from  the  expected  dynamic  for  tpred < 2.5,

that  is,  for  only  3 ∼ 4  oscillations  of  the  Lorenz  system.  This  could
essentially  be  due  to  two  reasons:  either  the  reservoir  layers  have
failed to be trained and the error is thereby propagated in the predic-
tion  phase  inevitably,  or  the  RC  technique  predicts  strongly  different
dynamics  in  the  short-term  phase.  The  former  condition,  for  which
the  training  phase  already  produces  a  large  error  and  thus  the
reservoir  layers  are  not  well  trained,  is  less  frequent,  as  the  lower
mean values of the error in Figure 2(a) and the standard deviations in
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Figure 3(a) illustrate. Nevertheless, if a large-error event occurs in the
training phase, this inevitably also produces a large-error event in the
prediction  phase,  since  the  RC  is  ill  trained  and  so  unable  to  recover
the  correct  Lorenz  dynamic.  The  latter  condition,  for  which  the  RC
network is well trained but fails in predicting the short-term dynamic,
is  indeed  the  most  frequent.  As  a  result,  the  average  error  in  the  first
time window of the prediction phase is much higher than the one mea-
sured in the training phase. 

Dependence of the Error on the Train Phase Length3.4

Now we consider the effect of the length of the training phase on the
error  in  predicting  the  Lorenz  trajectories  by  means  of  the  RC  tech-
nique.  In  Figure  7,  the  dependence  of  both  〈ϵtrain〉rls  and  〈ϵpred〉rls  on

the  length  of  the  training  phase  is  displayed  for  various  chosen  reser-
voir configurations.  The  plots illustrate the result for ntrain > 1000, as
for  a  smaller  number  of  time  steps,  the  RC  definitely  fails  in  being
trained and subsequently in predicting the chaotic dynamic of the sys-
tem.  The  parameters  of  the  various  configurations  are  the  same  ana-
lyzed in panels (a) and (b) (and also (d) and (e)) of Figure 6. The error
in  the  prediction  phase  is  considered  for  the  entire  prediction  phase
tpred  [0, 25]. A  striking observation about the training phase for the

configurations  with  (Dr, ρ)  (430, 2.3)  and  (Dr, ρ)  (470, 2.2)  is
the  non-monotonic  behavior  of  the  function.  Indeed,  for  a  narrow
range of the training phase length, the 〈ϵtrain〉rls  curves present a mini-

mum.  Such  behavior  has  also  been  found  in  other  configurations
within  the  favorable  region  of  the  (Dr, ρ)  plane.  Instead,  for  the  con-
figuration  setups  with  (Dr, ρ)  (300, 1.2)  and  (Dr, ρ)  (300, 1.45),
the  same  analyzed  by  Pathak  et  al.  in  [18],  the  error  in  the  training
phase is basically decreasing with the increasing number of considered
time  steps  for  training  the  system  until  a  plateau  is  reached.  This
plateau  could  be  expected  due  to  the  quasi-periodicity  of  the  chaotic
oscillations of the Lorenz system. Regarding the prediction phase, the
behaviors  of  all  the  detailed  configurations  are  similar.  After  a  sharp
decrease for ntrain > 1000, the curves mildly continue to decrease until
ntrain  4000 ∼ 5000,  where  they  become  averagely  constant.  There-
fore,  the  increase  of  the  number  of  time  steps  in  the  training  phase
beyond  ntrain  10 000  leads  to  enhanced  elapse  time  and  complexity
of the system, without improving the prediction of the chaotic trajec-
tories  significantly.  Consistent  results  have  also  been  recovered  in
[25], although a modified  version of the Lorenz 96 chaotic model [52]
was employed as a test-bed system instead of the original Lorenz sys-
tem here studied. Furthermore, note the jagged behavior of 〈ϵpred〉rls  as

a  result  of  the  number  of  time  steps  ntrain.  Consecutive  points  of  this
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particular  scan  could  lead  to  very  different  results.  Thus,  increasing
ntrain  does  not  automatically  lead  to  an  improvement  of  the  results,
but it could indeed be detrimental on average.

Figure 7. The  errors  in  the  training  (a)  and  in  the  prediction  phases  (b)  are
shown  as  a  function  of  the  length  of  the  training  phase  for  four  different
input  configurations  of  the  reservoir  network.  The  configurations  are  the
same  as  analyzed  in  Figures  5  and  6.  The  abscissas  are  expressed  both  in
length  of  the  training  phase  in  normalized  time  ttrain  and  in  number  of  time
steps ntrain in the training phase.

Studies on the Time  Evolution of the Predicted
Lorenz Coefficients

3.5

Additional analyses have been carried out on the evolution in time of

the  coefficients  a

, b

, c

, α


x, α


y, α


z,  which  better  fit  the  prediction

obtained  by  means  of  the  RC  technique.  In  the  Lorenz  system,  such
coefficients  are  constant  throughout  the  whole  time  trajectory.
This  assumption,  together  with  the  constraint  of  having

α

x, α


y, α


z  (0, 0, 0), is crucial for the validity of the Lorenz system.

Therefore,  in  order  to  ensure  the  reliability  of  the  predicted  dynamic
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of the chaotic system, the fitted  coefficients  have been plotted for two
different  RC  configurations,  which  minimizes  the  prediction  error  at

the end of the prediction phase ϵpredtpred  [0, 25] in Figure 8. These

two  configurations  are  the  same  analyzed  by  Pathak  et  al.  in  [18],
that  is,  (Dr, ρ)  (300, 1.2)  and  (Dr, ρ)  (300, 1.45).  As  has  already

been  explained,  a

, b

, c

, α


x, α


y, α


z  are  the  coefficients  that  better  fit

the  Lorenz  equations  for  the  RC  predicted  dynamic  in  the  prediction
phase.  In  this  particular  analysis,  the  coefficients  are  calculated  for
consecutive  moving-time  windows  of  the  prediction  phase  with  a
period of δ  1.25. The same procedure has already been described in
Section  3,  when  the  calculation  of  moving  error  was  applied  to  pro-
duce  Figures  6(d)–(f).  We  repeat  that  this  choice  of  δ  1.25  enables
us to have sufficient  elements in each time window for the calculation
of  such  predicted  coefficients  by  linear  regression  techniques  and  to
grasp,  thereby,  their  time  dependence  in  the  prediction  phase.  Thus,
in  the  first  two  columns  of  Figure  8,  the  coefficients  of  the  solution
are  plotted  against  the  time  of  the  prediction  phase  tpred,  while  in  the

rightmost  column,  the  actual  Lorenz  dynamic  is  compared  to  each
component of the AIS  predicted systems. However,  it is observed that

Figure 8. The  coefficients  (a

, b

, c, α


x, α


y, α


z)  corresponding  to  the  best  solu-

tion  of  the  RC  application  for  the  configurations  also  explored  in  [18]  are
shown in the first  two columns. The horizontal dashed lines represent the val-
ues  of  the  relative  coefficients  in  the  actual  Lorenz  system.  In  the  third  col-
umn, the predicted dynamics of these two configurations  are compared to the
actual Lorenz dynamic (labeled “Ground truth”).
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in  this  optimized  case,  the  setup  with  (Dr, ρ)  (300, 1.45)  performs
better than (Dr, ρ)  (300, 1.2), consistently with what is displayed in
Figures 6(b) and 3 (b) and (e). Indeed, the three predicted coefficients
for  (Dr, ρ)  (300, 1.45)  oscillate  around  the  actual  initial  Lorenz

coefficients (a, b, c)  (highlighted  in  black  horizontal  dashed  lines  in
the panels of the first  column) throughout the whole prediction phase.
The  deviations  from  the  exact  coefficients  of  the  studied  Lorenz  sys-
tem  appear  almost  negligible ±5%.  Regarding  the  case  with
(Dr, ρ)  (300, 1.2),  a  significant  deviation  is  noted  in  the  time  win-
dow  around tpred  11.  Nevertheless,  this  deviation  does  not  impair

the  whole  prediction  phase,  as  the  actual  coefficients  are  promptly
recovered  after  the  deviation  occurring.  If  the  third  column  of  Fig-
ure 8  is  inspected  for  the  configuration  (Dr, ρ)  (300, 1.2)  (blue
curves),  it  is  possible  to  see  that  around  tpred  11  there  is  a  pattern

loss,  which  determines  the  high  spike  in  the  calculation  of  the  pre-
dicted  coefficients.  Yet,  such  an  instantaneous  deviation  from  the
exact Lorenz trajectory does not prejudice the overall dynamical prop-
erties of the predicted system.

However,  as  has  already  been  noted,  the  solution  plotted  in  Fig-

ure 8 is the predictions that minimize ϵpredtpred  25 within a statisti-

cally relevant set of N  5000 realizations for each RC  configuration.
Therefore, the reader must be cautious when evaluating it, since in the
same sample of realizations, cases with large measured errors were fre-
quently  observed,  as  the  average  prediction  error  in  Figure  2  and  the
PDF  of  the  prediction  error  in  Figure  5  demonstrate.  The  optimized
cases reported in this section, indeed, are located in the tail of the cor-
responding  PDF,  and  therefore  the  probability  of  their  occurrence  is
quite low.  

A more detailed analysis of the α coefficients  is performed and the
results  are  illustrated  in  Figure  9.  Here,  the  PDF  of  the  α  coefficients

α

x, α


y, α


z  for  the  configuration  with  (Dr, ρ)  (300, 1.45)  is  plotted

for  three  different  time  windows  in  the  prediction  phase,  that  is,
tpred  ([0, 1.25], [11, 12.5], [23.5, 25]).  The  PDFs  are  binned  in

nbins  500. The same analysis has also been carried out for other con-

figurations  in  the  favorable  region  of  the  (Dr, ρ)  plane,  yielding  simi-
lar results. What can be inferred here is that the distribution functions

of  the  α


 coefficients  are  centered  around  zero,  strongly  broadening
with  increasing  time  in  the  prediction  phase.  Measuring  the  width  of
the  PDFs,  notice  that  it  is  significantly  enhanced  going  from
tpred  1.25  to  tpred  12.5  for  all  the  three  coefficients,  whereas  no

such  a  difference  is  measured  from  tpred  12.5  to  tpred  25.  To  cor-

roborate  this  result,  the  standard  deviation  σ  of  the  α


 coefficients
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within the set of N  5000 realizations is plotted in logarithmic scale
against  tpred.  The  green  vertical  dashed  lines  represent  the  upper

boundary  of  the  analyzed  time  windows.  It  is  observed  that  after  the
first  time  window,  σ  already  increases  more  than  two  orders  of
magnitude.  Then,  it  reaches  a  quasi-stationary  phase  with  jagged
behaviors. Therefore, as already proved by Figure 9, the frequency of
large-value  events  occurring  is  already  higher  after  the  first  time  win-
dow,  but it does not increase additionally in the rest of the prediction
phase. However, the standard deviation presents some spikes (especia-

lly  for  α

y  and  α


x),  which  are  symptomatic  of  a  more  frequent  occur-

ring of the large value events. These large value events, indeed, are cor-
related with the large-error events in the prediction phase, as the rela-
tion (13) proves. To  conclude, the analysis performed here shows that

in  the  predicted  Lorenz  system  the  α


 coefficients,  measured  by  the
PoPe  method,  are  centered  around  zero.  However,  quite  frequently
they  differ  from  the  null  value,  indicating  that  the  actual  Lorenz
dynamic  is  definitely  impaired.  Moreover,  the  solutions  displayed  in
Figure 8 are only representative of the tail of the probability distribu-
tion, as the frequency of their occurrence is very low.  Hence, even for
favorable  configurations,  the  accuracy  of  such  an  RC  approach  must
be evaluated cautiously.  

Figure 9. The  probability  distribution  function  of  the  coefficients  α

x, α


y, α


z

for  the  RC  configuration  with  (Dr, ρ)  (300, 1.45)  is  shown  in  histograms

for  three  different  time  windows  of  an  incremented  set  of  N  5000  realiza-

tions.  The  distribution  is  binned  in  nbins  500  samples.  The  standard  devia-
tion of the PDFs is shown in Figure 10 for the entire prediction phase.
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Figure 10. The  evolution  in  time  of  the  standard  deviation  σ  of  the  α  coeffi-
cient PDFs displayed in Figure 9 is shown in logarithmic scale for the predic-

tion phase up to tpred  25. The  green dashed vertical lines represent the time

windows displayed in Figure 9.

Conclusion4.

In  this  paper,  we  have  analyzed  the  validity  of  the  reservoir  comput-
ing  (RC)  machine  learning  (ML)  technique  applied  to  reconstruct  the
dynamical  coefficients  of  the  predicted  trajectories  of  the  Lorenz  sys-
tem,  a  well-known  chaotic  system,  by  the  projection  on  proper  ele-
ments (PoPe) method. Such a method is briefly  explained in Section 2
(more  details  can  be  found  in  [37,  38]).  The  validity  of  the  RC  tech-
nique  is  statistically  measured  by  running  N  500  realizations  for  a
large  set  of  configuration  parameters.  Thus,  it  has  been  shown  that  a
good accuracy is achieved only for a small range of (Dr, ρ) configura-
tions of the reservoir.  Yet,  the error in the prediction phase is signifi-
cantly increased with respect to the error in the training phase, with a
significantly  large  variation  of  the  error,  as  Figure  3  shows.  This
implies  that  quite  frequently  the  RC  approach  produces  predictions
strongly affected by large errors of the Lorenz system. It is shown that
this is essentially due to the intrinsic randomness of the RC  technique,
which inevitably leads to also having large-error events frequently for
the  favorable  configurations  of  the  network.  Additional  scans  on  the
relevant  parameters  of  the  ML  technique  such  as  the  length  of  both
training and prediction phases are carried out, showing that the range
of  validity  of  this  RC  approach  is  even  further  narrowed.  Indeed,  a
minimum  number  of  time  steps  in  the  training  phase  is  required  to
achieve acceptable results, as Figure 7 illustrates, but only for predict-
ing the short-term dynamic of the Lorenz system. The  deviation from
the exact Lorenz dynamic in the long-term prediction phase is shown
to  become  very  large.  Such  results  are  also  analyzed  more  deeply  by
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means  of  detailed  studies  on  the  time  evolution  of  the  Lorenz  coeffi-
cients computed by the artificial  intelligence system (AIS). It is shown
that  the  large  variation  of  the  Lorenz  coefficients  computed  from  the
predicted solution can be significant.  Therefore, the solution predicted
by the AIS based on the RC  approach is not necessarily representative
of a Lorenz system.

This paper,  in the context of the RC  approach to reconstruction of
complex  dynamical  series,  is  helpful  to  establish  the  range  of  validity
of this AIS technique. It also suggests that further developments of the
RC  paradigm,  as  recently  proposed  in,  for  example,  [53,  54],  are
required  in  order  to  robustly  achieve  a  good  accuracy  in  predicting
chaotic time series. 
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