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Several theoretical principles suggest the existence of large numbers of very massive parti
cles. Such particles have negligible effect in the present universe, but may have been impor
tant in the very early universe. It is shown that under some circumstances their presence 
could completely change the equation of state and expansion rate of the very early universe, 
and could have important effects on baryon-number generation. Possible cosmological con
straints on the complexity of grand unified gauge models are discussed. 

I. INTRODUCTION 

The simplest grand unified gauge model is based 
on the gauge group SU(5), and contains Higgs bo
sons in the 2 and 24 representations. l To avoid in
consistency with the measured light-fermion-mass 
spectrum,2 and to allow generation of the observed 
cosmological baryon asymmetry in the early 
universe,3,4 this minimal model must be supplement
ed by an additional 2 or 45 Higgs-boson representa
tion. The resulting model involves at least 100 par
ticle degrees of freedom. Low-energy phenomenolo
gy potentially provides a few indications that this 
model should be extended. A voidance of instanton
induced CP violation in QeD without necessity for 
an observable axion suggests doubling the 24 Higgs 
multiplet, and requires an additional 2 Higgs multi
plet. 5 Observation of small neutrino masses or oscil
lations would support models based on the gauge 
group S0(10).6 Explanations of results from present 
or anticipated experiments do not appear to require 
models more complicated than these. However, ex
plicit implementations of several general theoretical 
schemes do appear to involve significantly more 
complicated models, containing many more particle 
degrees of freedom. Supersymmetric models suggest 
at least a doubling in the number of fundamental 
fields, and often require additional fields to obtain 
the required pattern of symmetry breaking.? Models 
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with "hypercolor" require large numbers of particles 
to arrange for appropriate mixings and mass spec
tra.s For example, the SOt 10)5 model of Ref. 9 in
volves at least 225 gauge bosons, 305 fermions, and 
11485 Higgs bosons, giving a total of 12015 funda
mental fields. Models with subquark structure im
ply many effectively pointlike particles, including 
radial and orbital excitations. Models based on 
reduction from above four dimensions yield an in
finite sequence of "particle" states corresponding to 
quantized excitations in the compactified dimen
sions. lO 

Low-energy phenomena are for the most part 
unaffected by the presence of large numbers of very 
heavy particles. Only in the early universe are suffi
cient energies available such that the presence of 
heavy particles may be significant. The purpose of 
this paper is to consider the consequences of very 
complicated gauge models for the evolution of the 
early universe, and to use existing cosmological ob
servations to infer constraints on the particle content 
of these models. In most cases, the overall structure 
of complicated models is defined by general theoret
ical principles, but details such as values of Higgs
boson couplings and other parameters are left un
determined. We attempt, therefore, to obtain results 
which depend only on gross properties of models, 
and are insensitive to their details. In some cases, 
we resort to a statistical analysis, and extract general 
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features from averages over statistical ensembles of 
models with distributions of values for undeter
mined parameters. 

This paper assumes the standard "hot big bang" 
model for the early universe. Most of its results 
nevertheless also apply in the "hot" phases of "infla
tionary" models. 

II. EXPANSION OF THE UNIVERSE 

Assuming isotropy and homogeneity (and zero or 
negligible cosmological constant), the Robertson
Walker scale factor R of the universe expands ac
cording to (e.g., Ref. 11) 

[ ]

1/2 

RIR= ~ 
3 2 ' mp 

where p is the energy density ' of matter in the 
Universe, and mp~1019 GeV is the Planck mass. In 
the standard cosmological model, it is usually as
sumed that at sufficiently high temperatures all 
matter can be approximated as a weakly interacting 
gas of ultrarelativistic particles in thermal equilibri
um. The resulting energy density is then linearly 
proportional to the number of particle degrees of 
freedom ~ in equilibrium at a particular tempera
ture; in a very large gauge model, the expansion rate 
of the early universe thus increases as VI. Such an 
increase in the expansion rate must' be matched by 
an increase in interaction rates if processes are to 
remain in thermal equilibrium (see, for example, 
comments on baryon-number generation below). 

The approximation of a weakly interacting ul
trarelativistic gas leads to an equation of state 
p =p13 for the pressure p in the early universe. As 
discussed at length elsewhere, this equation of state 
may be modified by phase transitions associated 
with the restoration of spontaneously broken sym-

. 12 A . h metnes. component Wit an equation of state 
p = -p corresponding to an effective cosmological 
term is then introduced. The usual p =p13 equation 
of state can also be modified in complicated gauge 
models by the presence of effective couplings which 
become strong at high energies and which lead to 
strong interactions in the gas. 

The behavior of effective couplings is governed by 
a set of coupled renormalization-group equations. 
In the leading-logarithm approximation, all cou
plings typically exhibit Landau singularities (e.g. 
Ref. 13) at either high or low momenta (or tempera
tures) . For example, QCD in the leading-logarithm 
approximation yields a Landau singularity at low 
energies (Q~A~0.5 GeV)" but is asymptotically 
free at high energies. The leading-logarithm ap
proximation becomes inaccurate near the Landau 
singularity. Nevertheless, beyond the region of the 

Landau singularity, a region of strong coupling is 
reached. QED also exhibits a Landau singularity, 
but at very high energies ~mee I / a. Grand unified 
models may under some circumstances also exhibit 
Landau singularities at high energies, yielding 
strong couplings and potentially modifying the 
equation of state for matter and thus the expansion 
rate of the early universe. 

The effective temperature-dependent gauge cou
pling g2( T2) for a grand unified model in the 
leading-logarithmic approximation takes the form 

2 2 g2( T02) (2) 
g (T )~ l-g2(To2).8oln( T2ITo2) , 

where 

is the lowest-order coefficient in the .8 function and 
KV,F,S are, respectively, the total combinatorial 
weights associated with all vector, two-component 
spinor, and real scalar-boson representations whose 
masses are much less than T. To is the temperature 
at which the coupling is normalized. For a group 
with an adjoint representation of dimension N A , the 
K; of a particular representation is given in terms of 
its dimensionality N; and quadratic Casimir invari
ant C; by K;=C;N;INA • Thus, for example, with 
the gauge group SU(5), the ~ representation has 
K=I, the 10 has K=3, the 24 (adjoint) has K=lO, 
the 45 has K = 24, and the 75 (popular in some re
cent supersymmetric models) has K = 50 (e.g., Ref. 
14). The effective gauge coupling of Eq. (2) ceases 
to be asymptotically free at high temperatures if 
.80> 0 and it exhibits a Landau singularity at the 
temperature for which its denominator vanishes. 
Equation (2) shows that these effects occur if the 
number of fermions and Higgs scalar bosons be
comes large compared to the number of gauge vec
tor bosons. The number of vector bosons is, howev
er, always given by the dimensionality of the adjoint 
representation of the gauge group, and is fixed for a 
particular gauge group. The number of fermions 
and particularly Higgs bosons may however usually 
be chosen in an apparently arbitrary manner. 

For an SU(5) model with three families, asymp
totic freedom is lost in Eq. (2) when K s ~ 175, which 
is attained with 4 or more 45 representations of 
Higgs scalar b~sons or 87 ~ representations. With 
a =g2 I( 47T) = 40 at T = 1015 GeV, I the SU(5) effec
tive gauge coupling exhibits a Landau singularity 
below the Planck mass mp~1019 GeV if Ks ~340, 
corresponding to 7 or more 45 representations with 
mass ~1015 GeV. When many Higgs bosons have 
masses « 1015 GeV, as in models involving "inter
mediate" mass scales, the effective coupling may 
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start to increase at lower temperatures, and a Lan
dau singularity below the Planck mass is achieved 
with fewer Higgs bosons. For example, in the 
S0(10) model of Ref. 15, a Landau singularity ap
pears below mp for some choices of parameters even 
with the "minimal" complement of three 126, a 54, 
and a complex 10 representation of Higgs bosons. 
Asymptotic freedom may be lost not only through 
the presence of large numbers of Higgs bosons, but 
also by the effects of many fermions. Models based 
on SO(n) have the special feature that if fermions 
are restricted to the spinor representations, their 
number grows like 2n/2 , while the dimensionality of 
the vector-boson adjoint representation grows only 
like n 2 so that the contributions of fermions alone 
destroy asymptotic freedom if n > 22. 

The variation of effective fer~ion Yukawa cou
plings and Higgs self-couplings with temperature is 
analogous to that given in Eq. (2) for the effective 
gauge coupling. Typically, however, these couplings 
are smaller then the gauge coupling, so that any 
Landau singularity appears at the lowest tempera
ture in the gauge coupling. Nevertheless, if there ex
ist sufficiently massive quarks [> 200 GeV (Ref. 
16)] the fermion Yukawa couplings are sufficiently 
large that they alone yield a Landau singularity 
below the Planck mass. Such massive quarks are, 
however, supposedly forbidden by the stability of 
the effective potential. 17 

If a Landau singularity is reached, the matter in 
the Universe would become strongly interacting at 
high temperatures, and its equation of state would 
presumably deviate from the ideal-gas form P =p/3. 
There are, however, few reliable indications of the 
possible equations of states attained. For classical 
gases with short-range interactions (and potential 
energy always much less than kinetic energy) one 
finds 0 -::;'P -::;,p/3. IS These inequalities are preserved 
if electromagnetic or other conformally invariant in
teractions are introduced. 19 However, in general it 
appears that the inequalities may be violated20 

(first-order corrections might be obtained by a virial 
expansion, but relativistic and hence particle pro
duction effects must be included), although there are 
indications that in most cases P =c 2p -::;,p, where c is 
the velocity of sound.2o 

One possibility is that the equilibrium statistical 
properties of a strongly interacting system of ele
mentary particles may be approximated by those of 
a weakly interacting gas of bound states of these par
ticles.21 The resulting effective system always yields 
P -::;,p/3. The relation between energy and tempera
ture depends on the level density for the bound 
states. A power-law density is obtained from simple 
(essentially nonrelativistic) potential models, and is 
to some extent supported by low~energy hadron 

spectroscopy. With such a density, p increases with 
temperature faster than T 4, leading to a lower in
crease of temperature at early times after the "big 
bang." An exponentially rising level density is sug
gested by the Veneziano model and statistical 
bootstrap approaches to strong interactionsY Such 
a level density would lead to a maximum tempera
ture/I, II beyond which any increase in energy gen
erates particles with higher rest masses, rather than 
increasing particle kinetic energies. Degrees of free
dom which become significant only above the max
imum temperature would not appear in the early 
universe. (Phase transitions associated with restora
tion of symmetries at higher temperature would not 
occur, and their associated magnetic monopoles 
would thus not be produced.) In addition, the ex
pansion of the early universe would be more ra
pid.21 ,11 

Many proofs in general relativity assume either 
the "strong" energy condition p ~ -p/3 or the 
"dominant" energy condition Ip I -::;,p.22 If the 
strong energy condition is violated (as by an effec
tive cosmological constant giving p = -p), then the 
expansion of the early universe is greatly slowed, 
and no particle horizons survive, so that causal 
dynamical processes could give rise to the observed 
homogeneity and small density fluctuations (galax
ies). In general, with an equation of state of the 
form p = (r -1 )p, the Robertson-Walker scale fac
tor of the Universe expands with time according to 
R _t 2l3y. 

"Stifr' equations of state with p > p/3 appear to 
have little direct effect on the early universe, al
though it appears that they may lead to a significant 
increase in the rate of primordial black-hole forma
tion.23 

Regardless of strong coupling, the presence of 
many particle species increases the density of the 
Universe, and reduces the interaction length for all 
particle species. Ultimately, the interaction length 
may become shorter than the thermal Compton 
wavelength of each particle (typically when the 
number of species exceeds 1/a), leading to the possi
blity of important collective quantum-mechanical 
effects. 

III. BARYON-NUMBER GENERATION 

Grand unified models generically involve very 
massive gauge and Higgs bosons whose couplings 
violate baryon-number (B) conservation. Exchanges 
of such bosons should lead to proton decay. In the 
very early universe their presence would cause any 
baryon number introduced as an initial condition to 
be destroyed (unless this is prevented by other abso
lute conservation laws), so that the apparent baryon 
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excess in the present universe must have been pro
duced through subsequent CP-violating B-violating 
processes. 

Baryon asymmetry may be generated through the 
decays of heavy (usually Higgs) bosons, but tends to 
be destroyed by the corresponding inverse decays 
and by B-violating two-to-two scattering reactions. 
These processes are represented by the three terms 
on the right-hand side of the Boltzmann transport 
equation for the time development of the baryon
number density relative to photon-number density B: 

B::::<~ (rx)[Ex(X -Xeq)-BXeq]-Bny(av) . 
x 

(3) 

Here X represents the number density (relative to the 
photon-number density ny) of each species of B
violating bosons, with total decay width r x, CP
violation parameter EX, and equilibrium number 
density xeq. (av) gives the cross section for B
violating 2_2 scattering reactions. 

Consider first the simple case (discussed in Sec. 
4.4 of Ref. 24) of N identical B-violating bosons all 
with mass m and decay width r = A[am /( 87T). If 
the back reactions represented by the second and 
third terms in Eq. (3) were absent, the final asym
metry generated in this case would increase linearly 
with N. However, larger N also leads to larger 
back-reaction effects, tending to reduce the final 
baryon number. The importance of these back reac
tions depends critically on the magnitude of the 
2-2 scattering cross section. This cross section is 
obtained as a sum over amplitudes for the exchange 
of each of the N bosons. If all these amplitudes 
were of the same sign, they would add coherently to 
give a total cross section 0 (N 2 ); if they carried ran
dom signs, they would add incoherently to give a re
sult 0 (N). In practice, the amplitudes for ex
changes of many bosons in a single irreducible rep
resentation of the gauge group are related by 
Clebsch-Gordan coefficients. The cross section 
relevant for Eq. (3) is summed over all possible ini
tial and final states, weighted with the square of the 
baryon-number difference between them.24 Ignoring 
this weighting factor (and thus considering the total 
cross section) one may sum over exchanged bosons 
and possible initial and final states by standard 
methods. For the t-channel exchange diagram, one 
obtains a combinatorial factor (e.g., Ref. 25) K}N, 
where Kf is related to the quadratic Casimir invari
ant for the fermion representation, as in Eq. (1). 
The s-channel exchange diagram yields the same re
sult, while the u-channel diagram gives Kf F 3/N 2, 

where F is the total number of initial and final fer
mions. Diagrams involving interference between ex
changes of bosons in different irreducible represen-

tat ions vanish after summing over all possible initial 
and final states. These results suggest that the total 
cross section obtained with N bosons grows roughly 
linearly with N. We shall thus assume in Eq. (3) a 
cross section aV::::<967TA2a 2NT2/m 4 for T < m. Nu
merical results using this form were given Tn Ref. 4. 
For large N, a simple analytical approximation to 
Eq. (3) yields for the final baryon number the result 

B::::< ~E exp [- m~ N(O.002aA[+7a2A2) [ , 

(4) 

where S is the total number of particle species 
(whether B-violating or not) contributing to the ex
pansion rate of the universe, as in Eq. (1). 1.[ and 1.2 
are model-dependent parameters, and typically 
1.[ < 1 and 1.2> 10 [for example, in the SU(5) grand 
unified model,"' the relevant Higgs-boson couplings 
give 1.[::::<1 and 1.2::::<14, while in the SOOO) grand 
unified model (with symmetry broken to 
SU(3)®SU(2)®UO» 1.[::::<0.13 and 1.2::::<16 Ref. (4)] . 
Equation (4) manifests the exponential decrease of 
the final baryon number for large N as a conse
quence of increased back-reaction effects. Notice 
that the small numerical coefficient in the first term 
of Eq. (4) typically renders inverse decay unimpor
tant compared to 2_2 scattering processes. Since 
present observations imply B 2:, 10- 10, Eq. (4) poten
tially provides an important constraint on N. In ac
tual grand unified gauge models, however, one must 
account for the finite spread in B-violating boson 
masses. Ignoring the resulting modifications for 
now, one may make some simple estimates based on 
Eq. (4). Taking A2~ 10 and neglecting the term in
volving Air Eq. (4) implies N .:.:40 for a 2mp/m=0.1 
and N < 1000 for a2mp/m =0.01, assuming that the 
CP-violation parameter ~ 0.01 and taking 
S::::<160+N. The largest Higgs-boson couplings (re
sponsible for the t quark mass) are expected to give 
a 2mp/m 2:,5 X 10-2, yielding a significant con
straint on N. 

The derivation of constraints for actual grand un
ified models requires more detailed consideration of 
the mechanisms of baryon-number generation. The 
results of Refs. 3, 4, and 24 show that gauge-boson 
decays do not usually involve sufficient CP violation 
to yield significant baryon asymmetry: all baryon 
asymmetry must therefore come from Higgs-boson 
decays, with CP violation arising from one-loop dia
grams involving exchange of a B-violating Higgs bo
son or in some cases a gauge boson. The contribu
tion to CP violation in the decay of a boson X [ from 
exchange of a heavier boson X 2 decreases as 
mx /mx. The sign of the contribution depends on 
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the Clebsch-Gordan coefficients involved. If a large 
number N of bosons with approximately equal 
masses and couplings of random sign are exchanged, 
then their net contribution decreases like llYN for 
large N. In addition, asymmetry arising from CP 
violation generated by X rexchange corrections to 
X I decays is cancelled by the asymmetry from X I 
exchange in X 2 decay if XI and X 2 have nearly 
equal masses and couplings. Net asymmetries can 
arise only if the bosons have different couplings or 
are not degenerate. 

The results of Ref. 4 indicate that in most cases 
the final net baryon asymmetry is dominated by the 
decays of the longest-lived B-violating species: ef
fects of shorter-lived species are typically eradicated 
by back reactions involving the longer-lived species 
(except when additional conserved or partially con
served quantum numbers exist, as mentioned below). 
For an adequate final baryon number to survive, it is 
therefore necessary that back reactions to the decays 
of the longest-lived species be suitably small. The 
magnitude of the back reaction depends on the cou
plings of the decaying species, usually Higgs bosons. 
In contrast with the case of proton decay, the rate of 
B-violating Higgs-boson interactions in the 
early universe is determined by the largest Hig9s
Yukawa coupling, presumably -g(mt l mw) .2:, 10 ' 
rather than by their couplings to the lightest fer
mion flavor. With such a coupling, back reactions 
lead to an asymptotically exponential damping of 
baryon number produced by a single decaying 
species when its mass is below about 5 X 1014 GeV.24 
When more than about a hundred B-violating bo
sons with these couplings and all with masses of 
roughly 5 X 1014 GeV are present, back reactions 
reduce the final baryon number by a factor > 106, 

leaving an inadequate asymmetry. If the boson 
masses are ::::::1015 GeV, only about 20 boson species 
are permitted if the observed baryon asymmetry is 
to be accounted for. Because of the exponental 
dependence of back reactions on the number of con
tributing species, these bounds are much more 
stringent than those obtained solely from multiple 
B-violating exchanges in proton decay. 

The magnitude of back reactions, and thus the 
importance of large numbers of B-violating species, 
depends crucially on the couplings of the relevant 
Higgs bosons. Two effects may increase these cou
plings over the estimates used above. First, if suffi
cient Higgs bosons or fermions are present for 
asymptotic freedom to be lost, as discussed in Sec. 
II, then the effective Higgs-Yukawa couplings will 
increase as described by the appropriate 
renormalization-group equation. Second, in many 
models some of the Higgs bosons which couple to 
fermions do not attain vacuum expectation values, 

so that the magnitudes of their couplings are not 
constrained by the values of the light-fermion 
masses. 

While gauge-boson decays rarely generate baryon 
asymmetry, gauge-boson exchanges contribute back 
reactions which destroy baryon number. As dis
cussed in Sec. II, however, the number of gauge bo
sons (which is determined by the dimensionality of 
the adjoint representation of the gauge group) is typ
ically much smaller than the number of Higgs bo
sons. In addition, gauge-boson couplings connect 
only fermions of the same chirality in a single ir
reducible representation of the gauge group; Higgs
boson couplings may connect fermions in different 
irreducible representations and must flip the fermion 
chirality. [For SU(n) gauge groups, reducible fer
mion representations are required for axial anomaly 
cancellation. With other gauge groups, a single ir
reducible fermion representation usually suffices.] 
Thus gauge-boson reactions may neither affect 
asymmetries between different fermion irreducible 
representations [e.g., ~ and 10 in SU(5)), nor destroy 
the total asymmetry in fields of a given chirality in 
an irreducible representation. One "zero mode" ex
ists in the Boltzmann transport equations for each 
irreducible fermion representation when only 
vector-boson exchanges are included.26 Thus 
gauge-boson exchanges alone are usually insufficient 
to destroy all asymmetries which have been generat
ed.4,27 

The discussion above indicates that for an ade
quate baryon asymmetry to survive, a few B
violating Higgs bosons must be significantly lighter 
than the rest. In general, Higgs-boson masses are 
determined by minimization of the effective Higgs 
potential and diagonalization of the resulting mass 
matrices. Some models exhibit approximate sym
metries, broken on scales « 1014 GeV, which lead 
to approximately degenerate sets of Higgs bosons 
corresponding to irreducible representations of the 
approximate symmetry. Models with large approxi
mate symmetry groups may therefore be unable to 
account for the observed baryon asymmetry. In the 
absence of approximate symmetries, one must usual
ly resort to a purely statistical treatment, taking the 
boson masses as random variables. In the simplest 
case, one takes the boson masses to be independent 
random variables, distributed over a definite, say, 
unit, interval. With 5 particles, the average spacing 
of the lowest two masses is then ::::::0.16; the spacing 
decreases to ::::::0.09 for 10 particles, to ::::::0.04 with 
20, and to ~0.03 with 50. With more than 20 parti
cles, the probability that the lowest two particles are 
separated by more than 10% in mass falls below 0.1. 
An alternative and perhaps more realistic approach 
takes the elements of the boson-mass matrices to be 
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independent Gaussian random variables (with, say, 
zero mean and unit variance). [Note, however, that 
the Clebsch-Gordan coefficients on which the mass 
matrix elements depend are not in fact Gaussian dis
tributed at least in the case of S0(3) .2B] The distri
bution of eigenvalues for such matrices becomes 
semicircular when the dimension n of the matrix 
exceeds about 5.29 Monte Carlo simulation shows 
that the mean spacing between the lowest masses, ' 
normalized by the total range of masses, falls rough
ly linearly with n, taking on a value -0.1 for n= 10. 
For n 2:, 20, the probability for a spacing larger than 
10% between the lowest masses again falls below 
0.1. 

IV. DISCUSSION 

The implementation of general theoretical princi
ples in grand unified gauge models often appears to 
require the introduction of very large numbers of 
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